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Abstract The present paper is concerned with the spectral analysis of a transport-like
operator derived from a model introduced by Rotenberg describing the growth of a
cell population. Each cell of this population is distinguished by its degree of maturity
1 and its maturation velocity v. The biological boundaries of # = 0and u = a (a > 0)
are fixed and tightly coupled through mitosis. At mitosis daughter cells and mother
cells are related by a general reproduction rule which covers all known biological
ones. We first discuss in detail the spectrum of the streaming operator for smooth and
partly smooth boundary conditions. Next, we discuss the existence and nonexistence
of eigenvalues of the transport operator in the half plane {» € C: ReA > —o} where
—o denotes the spectral bound of the streaming operator. In particular, the strict
monotonicity of the leading eigenvalue (when it exists) of the transport operator
with respect to different parameters of the equation is also considered. We close the
paper by describing in detail the various essential spectra of the transport operator
for wide classes of collision and boundary operators.
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1 Introduction

In [26] M. Rotenberg proposed the following partial differential equation

oy oy ¢ / / /
5 (w,v,0) =-v _ (K,v,0) —o(, V)Y (U, v, t)+/ r(p, v, V)Y (u, V', dv
t on 0

= Axy = Sk¥ + By (1.1)

to describe the growth of cells of a population where Sk denotes the streaming
operator and B stands for the collision operator (the integral part of Ag). In this
model cells are distinguished by their degree of maturity u € [0, al, a > 0, and their
maturation velocity v € [0, c], ¢ > 0. The degree of maturation u is then defined so
that u = 0 at the birth and x = a at the death. Equation (1.1) describes the number
density of cell population as a function of the degree of maturation p, the maturation
velocity v and time ¢. The function r(., ., .) denotes the transition rate at which cells
change their maturation velocities from v to v'.

This model is one of the models of structured population dynamics with inherited
properties. Inherited property models allow memory of generation time and among
such models are the age-time and maturity-time models of proliferating cells popu-
lation with inherited cycle length of Lebowitz and Rubinow [20]. These models are
based on the assumption that the duration of the cycle from cell birth to mitosis is
determined at birth.

Rotenberg discussed essentially the Fokker-Plank approximation of (1.1) for
which he obtained numerical solutions. Using eigenfunction expansion technique
Van der Mee and Zweifel obtained analytical solutions for a variety of boundary
conditions [29]. The first theoretical approach to establish the well-posedness of (1.1)
supplemented with Lebowitz and Rubinow boundary conditions can be found in
[8, 28]. We quote also the works [18] and [19] where a stationary nonlinear version
of Rotenberg was considered. Here the transition rate and the total transition cross
section were allowed to depend on the density of population while the boundary
conditions are modeled by a nonlinear reproduction law. Despite these works, to
our knowledge, the spectral analysis of the operators Sx and Ak even for simple
reproduction laws has not yet been investigated. The main purpose of this work is
to fill this gap and to discuss various aspects of the spectral theory of the operators
Sk and Ag. The boundary conditions will be modeled by a general linear boundary
operator, i.e., at the mitosis the daughter cells and parent cells are related by a
general reproduction rule containing in particular all those considered in the papers
[8, 20, 26, 28, 29]. The paper is organized as follows:

— Introduction,

— Notations and preliminaries,

— Spectral properties of Sk,

— Compactness results,

— Existence of the leading eigenvalues of Ak,

— The strict monotonicity of the leading eigenvalue of Ak,
— Essential spectra of Ag.

In Section 2 we make precise the functional setting of the problem and establish
some preparation results required in the rest of the paper. The aim of Section 3 is
to deal with the spectral theory of the streaming operator Sk involving both smooth
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(compact) and partly smooth transition operators (cf. assumptions (A1) and (A2)).
Very precise results are given, in particular, the spectrum of the transition operator
K enters in play and it behaves like a collision operator at the boundary. Section 5
deals with the existence of eigenvalues of A in {A € C such that ReA > —o'} where o
denotes the spectral bound of Sg. Existence and nonexistence results of eigenvalues
are given. The problem concerning the strict monotonicity of the leading eigenvalue
of the operator Ak with respect to the parameters of the equation is the main
purpose of Section 6. We use the comparison results of the spectral radius of positive
operators obtained in [21]. We show, in particular, that the leading eigenvalue (when
it exists) increases strictly with respect to K and B. Finally, in Section 7, we will
describe the various essential spectra of the operator Ax for general transition
operators. Our analysis is based on the compactness results of Section 4 (Theorem
4.1), Proposition 7.1 and the knowledge of the precise picture of essential spectra
of the operator Sy (i.e. K = 0). We show, in particular, that for collision operators
B satisfying the assumption (A3) (cf. Section 4) and a sizable class of transition
operators K the essential spectra of Ag and S, coincide.

2 Notations and Preliminaries

In this section we introduce the different notions and notations which we shall need
in sequel. Let us first make precise the functional setting of the problem. Let

X, = L,([0,a] x [0, c]; dudv)

where a >0, ¢>0 and 1< p <oo. We denote by X9 and X} the following
boundary spaces

X)) == L,({0} x [0, c]; vdv),
X, = Ly({a} x [0, c]: vdv)

endowed with their natural norms. In the sequel X 2 and X !1, will often be identified
with L, ([0, c]; vdv).
We define the partial Sobolev space W, by

0
W, = {w € X, suchthatvaw € Xp}.
"

It is well known (see [2] or [8]) that any v in W), has traces on the spatial boundary
{0} and {a} which belong to the spaces X 2 and X ;, respectively. They are denoted,

respectively, by ¥ and .
Let K be the following boundary operator

. 1 0
[K: x> x
u— Ku
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We define the free streaming operator Sx by

Sk : D(Sk) C Xp — Xp
0
v — Skvr(u.v) = —va‘l’:w, v) — o (s V)Y (1. v)

D(Sk) = {¢ € W, such that y* = Ky},

where the function o (., .) is bounded below and belongs to L}Uc[(O, a) x (0, ¢)].
Consider now the resolvent equation for the operator Sk,

=S¥ =9, (2.1)

where ¢ is a given function of X, A € C and the unknown ¢ must be sought in
D(Sk). Let o be the real defined by

o = ess-inf{o (i, v), (i, v) € [0, a] x [0, c]}.
For Re) > —o the solution is formally given by
1 ru " ondu 1 H RS d
Y, ) = Y (0, v) e Jo Ooro o’ / e e J T Gy dpl.(222)
v Jo

Accordingly, for u = a, we get

a , , 1 a a
V(a, v) = ¥ (0, v) e~ JoOFo (W ond’ / o~ v Jw Gtov)de oW, v) di. (2.3)

v Jo
In the sequel we shall need the following operators
P, : Xg — X;, u — (Pau)(0,v) := u(0, v) e Jo Oto (W vdy,

Q11 X — Xp 1 —> (Q310)(0,v) := u(0, v) e~ fi Grondi’;

HA:XP—>X;,

1 [ "

¢ — (L), v) = / e JuGro@nde o1y dy';

0
and
B, X, — X, -
1 1 o(t

9 — (291, v) := v/ e CHe @I o7 vy dp

0

Clearly, for A satisfying Rer > —o, the operators P,, Q;, I1, and E; are bounded.
One readily checks that the norms of P, and Q; satisfy

1P| < e <R+ and [|Q,]| < (p (Reh+0)) 7.

Moreover, a simple calculation using the Holder inequality shows that
ITLI| < (Rer+0) "7 and |8l < (Reh+0)”"

where q is the conjugate exponent of p,i.e.q = P’_’ , - Using the operators above and
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the fact that ¢ must satisfy the boundary conditions, (2.3) may be written abstractly
in the form

y' = PLKy' + . (2.4)
Similarly, Eq. (2.2) becomes

Throughout this paper we denote by A the real

j - —0 ifra(K) < 1
B =0 + S log(rs (K)) ifro(K) > 1.

Clearly, the solution of Eq. (2.4) reduces to the invertibility of the operator /(1) :=
I — P, K (which is the case if ReX > Ag). This amounts to

Y= UMWY e
where {UU(V)} ! = Z(PA K)". This together with (2.5) gives

n>0

¥ = O K{UMN} ' Te + Esg.

Accordingly, for Reir > Ak, the resolvent of the operator Sx may be written in
the form

=S =) OK(P,K)'TI; + E;. (2.6)

n>0

Let X be a Banach space and T a linear operator on X. As usually we denote
by o(T), o.(T), 0,(T), 0,(T) and p(T) the spectrum, the continuous spectrum, the
residual spectrum, the point spectrum and the resolvent set of 7, respectively. We
say that Ay € 0, (T) is the leading eigenvalue of T if Ay € R and, for every A € o (7),
Rel < A¢. The set of all bounded linear operators on X will be denoted by £(X). If
T € L(X), we denote by r,(T) the spectral radius of 7.

We close this section by recalling some facts about positive operators on L,
spaces. Let  be an open subset of R”, m > 1, and let £, := L,(), 1 < p < oo,
be the Banach space of equivalence classes of measurable functions on 2 whose p’th
power is integrable. It’s dual space is £, where g = P’_’ .- The positive cone E;,o of
E, is given by

E;O ={f€E,: f(x) >0 pae xeQ}
The set of strictly positive elements in £, is denoted by
Ej:={feE,: f(X) >0 pae xeQ)
Note that £} coincides with the set of quasi-interior points of £, i.e.
E; ={fe E;o < fif>>0Vf ¢ E;"O\{O}}

where < ., . > is the duality pairing.
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Definition 2.1 We say that T € L(E,) is positive on E, if T(E} ) € E} . T is called
strictly positive if T(E, ,\{0}) € E;.

Definition 2.2 An operator T € L(E)) is called irreducible if, for all f e E;O\{O},
there exists n € N\{0} such that 7" f € E;.

Consider two positive operators A and B in L(E,). It is well known that if A and
B satisfy A < B (i.e. A — B is positive), then r,(A) < ry(B). The next result owing
to I. Marek [21, Theorem 4.4] provides sufficient conditions under which the latter
inequality is strict. More precisely:

Theorem 2.1 Let A and B be two positive operators in L(E,) satisfying A < B and
A # B. If A is not quasinilpotent, B is irreducible and power compact (i.e. B" is
compact for some integer n > 1), thenr,(A) < r,(B).

The next two results are also required below. The following one is established in
[14, p. 67].

Theorem 2.2 Let T € L(E) be a positive compact operator satisfying
dp >0, ¢ #0 anda > Osuch that Ty > agp.

Then T has an eigenvalue Ly > o with a corresponding nonnegative eigenfunction.

Corollary 2.1 Let T € L(E,) be a positive compact non quasinilpotent operator.
Then r,(T) is an eigenvalue of T with a corresponding nonnegative eigenfunction.

Proof Let A € C be an eigenvalue of T such that |A| = r,(T). We have T(¢) = Ap
with ¢ # 0. This implies that |A| |¢| < T(|g|). It follows from Theorem 2.2 that there
exists Ag > |A| = r,(T) which completes the proof. O

For the theory of positive operators on general Banach lattices (resp. L ,-spaces)
we refer to [14] or [22] (resp. [31]).

Remark 2.1 Note that for . > —o, the operators P;, O,, I, and E are positive in the
lattice sense. Hence, it follows from (2.6) that, if K > 0, (A — Sx)~! is also positive
on X, forall A > A.

3 Spectral Properties of Sk

The purpose of this section is to derive, under reasonable hypotheses on the
transition operator K, a precise description of the spectrum of the streaming operator
Sk. We shall also discuss the influence of the transition operators on the leading
eigenvalue (when it exists). To do so, we will first consider the case of smooth
transition operators, i.e., K satisfies the assumption:

K is a positive operator (in the lattice sense)
and some power of K is compact.

(Al {

@ Springer



Acta Appl Math (2006) 92: 37-62 43

We define the sets
U = {x € Csuch that Rex > —0} and P(Skx) =c(Sx)NU.

Our first result is the following.

Theorem 3.1 Let p € [1, +00) and assume that the transition operator K satisfies the
hypothesis (A1). Then:

(1) P(Sk) consists of, at most, isolated eigenvalues with finite algebraic multiplicity.
(i) If P(Sk) # O, then Sk has a leading eigenvalue A(a).
(iii)) P(Sk) # ¥ if and only ifklim 7o (P, K) > 1. Furthermore, if A(a) exists, then

—o < M) < —0 + Z log(ry (K)). (3.1)

In particular, if o(u,v) =0, then P(Sk) # 0 if and only if r,(K) > 1
(regardless of a).

@iv) Ifr,(K) <1, then P(Sk) = 0 for all a.

) Ifry(K) > 1, then P(Sk) # ¥, at least, for small a and )(a) — +oco as a — 0.

Proof Let us first observe that if r,(P3K) <1 for all A € U, then I — P, K is
boundedly invertible. Hence, the solution of (2.4) can be written as

yl=U - P,K) 'Mp, VieU.
This shows that U C p(Sk) and then P(Sg) = 9.

Now we suppose that r, (Py K) > 1 for some A € U. Clearly, for all > > —o, we
have P, < e <®+t9) [ where I denotes the identity operator on L, ([0, c]), vdv). (Here
we make the identification X ; ~ Xg ~ L,([0, c]), vdv)). Consequently,

PK <e CtIK WA= —0o (3.2)

On the other hand, by (Al), there exists N € N* such that (K)" is compact.
Moreover, (3.2) implies (P, K)V < (K)N VA > —o. So, applying the Dodds-Fremlin
comparison theorem for compact operators [3], we find that (P, K)" is compact for
L > —o. Next, using the analyticity of the operator valued function U 3 A — (P, K)V
[13, p. 365 ], we infer the compactness of (P; K)" for all A in U. On the other hand,
the inequality (P, K)N*! < P, KK" implies that

1P KON < 1P K (KM

Since P; K — 0 strongly as A — +o0, the use of Lemma 3.7 in [13, p. 151] together
with the compactness of KV implies that P, K (K)¥ — 0 in the operator norm as
A — 4o00. This shows that ||(P; K)N*!|| — 0as A — +oo and therefore

re (P KON - 0 as i — oo. (3.3)

It follows from (3.3) together with Gohberg-Shmul’yan’s theorem (see [11, Theorem
11.4,p. 258]), that (I — (P; K)N*1)~! is a degenerate-meromorphic operator function
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on U (i.e. (I — (P, K)M*1)~!is holomorphic on U except for a set S of isolated points
where (I — (P, K)N*1)~! has poles and the coefficients of the principal part have
finite rank). From

I— (PN = - PK)U+ P,K+ ...+ (PLKY)
we conclude that
I—P K '=U+PK+..+P.KY)UA—-(P,K)NtH!

is degenerate-meromorphic on U. So, if A ¢ S, Eq. (2.4) becomes ¢! = (I —
P, K)~'I, 0. By inserting v! into (2.5) we get ¥ = (A — Sk)~'¢ where (A — Sg) ™' =
03K — P, K)7'TI,, + E,. Thus (A — Sx)~! is degenerate-meromorphic on U which
ends the proof of (i).

(i) If 1o € P(Sk), then there exists ¢ # 0 such that P, K¢ = ¢. Thus, (P, KNy =
¢ and therefore || < [(Pg, K)No| < (Pg, K)"|p| where By = Reko. This implies,

o (Pg, K)N) > 1. (3.4)

On the other hand, according to Theorem 0.4 in [23], r, ((Pp K)N) is a continuous
strictly decreasing function of g in | — o, +00[. Moreover, by the spectral mapping
theorem [4, p. 569], there exists a(By) € o (P, K) such that (a(Bp)" = r, (Pg, K)V),

ie. a(By) = f/ re ((Pg, K)N). Thus «a(B) is also a continuous strictly decreasing func-

tion of B in ] — o, +00[. On the other hand, (3.4) (resp. (3.3)) shows that a(8y) > 1
(resp. ﬂliT a(B) = 0). Accordingly, there exists (a unique) A > By such that ¢(A) =

1,i.e. A = A(a) which is the leading eigenvalue of Sk.

(iii) In order to prove this statement we restrict ourselves to o (Sx) N (—o, +00).
Hence, proceeding as in the proof of the second assertion we find that the leading
eigenvalue A(a) is characterized by

ro(PA(a)K) =1. (35)
Hence, A(a) exists if and only if Alim ro(M; H) > 1. If A(a) exists, using (3.2) and

(3.5) we get 1 < ec*@=9)y_(K). Hence,

0 <@ < ~0 + | log(r, (K).

Assume now o (u,v) =0, then P_, <[ and consequently P_, K < K which
completes the proof of (iii).
(iv) Note that as in (i), P, K < K. Hence, if Alim rs(K) <1, then

lim r,(P; K) < 1. The assertion is then an immediate consequence of (iii).
A—>—0

(v) Let A be an arbitrary real satisfying . > —o. Clearly P, — I strongly asa — 0.
Now using the compactness of (K)¥ we see that liII(l) (P, KN — ()N =0
a—

and consequently lin(l) ro (P, K) =r,(K) > 1. This shows that, for a small enough,
a—

ro (P, K) > 1 and therefore A(a) exists and A(a) > A. Next using the fact that A is an
arbitrary real in | — o, +00[ we infer that A(a) — co asa — 0. O
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Theorem 3.2 Let p € [1, 00) and assume that K is a nonnegative compact transition
operator. Then the following statements hold:

(1) P(Sk) is bounded and, for every n >0, o(Sg) N{A € C: Rer > —o + 1} is
finite.

(i) Assume that o € L®[(0,a) x (0,¢)]. If r,(K) > 1, then there exists a positive
constant v such that A(a) > —||o |1~ +

(iii) Leto(u,v) =0.1If r,(K) =1, then —o € 0,(Sk).

Let X be a Banach space and denote by B its closed unit ball. A set J € L(X) is
collectively compact if and only if the set /B = {Kx : K € J, x € B} has compact
closure.

Before proving Theorem 3.2 we first establish the following lemma.

Lemma 3.1 Let K be an arbitrary compact transition operator. Then (I — P, K)™!
exists for A in the half plane {A € C : ReA > —o} with |Im| sufficiently large.

Proof Notice that if the transition operator K is compact, then there exists a se-
quence of finite rank operators which converges, in the operator norm, to K. Hence,
it suffices to establish the result for a finite rank operator, that is, K =Y ;_, Kx,
K= (.0 wherene N, 9, € X!, ¢ e Xg and g denotes the conjugate exponent
of p. Thus we may restrict ourselves to a transition operator of rank one which we
denote also by K, namely, K. := (., 9)¢ where { € X)) and ¥ € X.

Let A be a complex number such that ReA > —o. The dual of the operator P; K is
given by (P; K)* = K* P, where

P, X(} — Xf;, u— (?Au)(O, v) :=u(a, v) e v Jo o W o)dy (3.6)

and

K*: X) — X}, u — (K*u)(0,v) := (£, u)® (3.7)

where ¢ and ¢ are the functions appearing in the expression of K.

Let Ay be the real defined by

c
roi=—0 + . log(rs (K)).

Clearly, if ReX > A, then || P; K| < 1 and consequently, the half plane Re) > A
is contained in p(Sk). So, it suffices to establish Lemma 3.1 in the strip {A €
C such that — o < ReA < A¢}.

Claim 1 If A belongs to the strip —o < ReX < A, then (K* E) converges to 0, for
the strong operator topology, as |Imi| — +oo.
Letg € X, l} It follows from (3.6) and (3.7) that

C a ., ,
K*Pyp == (£, Pog)® = / P W)L ()e v b CFo WA g 4y dy
0
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Let (1,,), be a sequence of complex number such that &, = n + it, where n €] — o, A¢]
ant, — +ooasn — oo. Thus

¢ ra i rooai
|(K*P,,9)(a, v)| = ‘ / 9 ()E(W)e vl oo W g (g v/ yy'du |
0

Applying the Riemann-Lebesgue lemma we find

c .
lim ' / D) )e o o It DA o iy (g vy dy'| = 0 ace. on {a} x (0, ¢).
n—oo 0

Accordingly,

lim |(K*?Mg0)(a, v)| =0a.e.on {a} x (0, ¢).

n—+oo

Furthermore, for every integer n, we have:

|(K* Py, ¢)(a,v)]| < /0 19 )] £ lp(a, vV)'dv' € X,.

Then according to the dominated convergence theorem of Lebesgue, we have

Jim K P, el = 0.

This proves the first claim.

Claim 2 The family { K*FA, —o < Rel < A} is collectively compact.
Let B, denote the unit ball of the space X[} and let (¥,),en be a sequence in

Uy (K* ﬁABq), re (A eN(C : —0 < Re): < Ao}. Then there exists a sequence (@n)nen in
B, such that v, = K* P, ¢,, n =1, 2, .... Itis clear that the sequence (y, = P),¢n)neN
is bounded in X 2. So, it follows from the compactness of K* that (¥, = K*y,,),en has

a converging subsequence in U; (K* EBq). This ends the proof of the claim.

Claim 3 Let A be in the strip —o < ReAx < A¢p. Then lim r, (P, K)=0.

| Ima|——+o0
In view of the Claims 1, 2 and Proposition 3.1 in [1] we have

lim  [[(K*P;,)*| =0 uniformlyon {% € C : —o < Rei < Ao}

| Imx|—+o00
Therefore, since r, (K* E) < (K* E)” | » withn = 1,2, ..., we conclude that
lim 7, (K*P;) =0 uniformlyon {A € C : —o < Rekx < Ao}
| ImA|——+o0

Next, the use of the equality r, (K* ﬁx) = r, (P K) proves the claim.
@ Springer
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Now according to Claim 3, there exists M > 0 such that for any A in the strip —o <
Re) < A satisfying |Im)| > M, we have r, (P, K) < 1. This completes the proof of
Lemma 1. u

Proof of Theorem 3.2

(i) As mentioned above, if Red > Ay, then r, (P, K) < 1 and therefore o (Sx) N
{r € C : Rekx > Ao} = #. Next, using Lemma 3.1 we conclude that there exists
M > 0 such that

P(Sk) C{reC: —0 < Rex < Xpand |ImAr| < M}.

This proves the boundedness of P(Sk). Moreover, for any n > 0 such that
—o+n<xy PSk)N{r € C : —o +n < Rex < Ao} is confined in a compact
subset of the complex plane and, then, it is necessarily finite since it is discrete.

(i) Let & € (0, ¢) and define the operator K, by K, : u — I, Ku where I, de-
notes the operator I, : u — x.ou and xe. (.) stands for the characteristic
function of (g, ¢). Obviously, K, < K and ||K, — K| — 0 as ¢ — 0 (use the
compactness of K). Let ¢, be a positive eigenfunction of K, associated with
the eigenvalue 7, (K,). Let A > —o. It s clear that P, K¢, > P; K.¢.. On the
other hand, the fact that ¢, (v) = 0if v € [0, ¢[ implies that

it 00

Pk(ps 237 ( ¢ )§0£~

Similarly,
Aol oo
Pikeg = e U k.
Hence, P, K > e"’(HHUJLm )K, and consequently,
_a(uuaum )
r, (P, K)>e ¢ re (Ky). (3.8)

Owing to the fact that r, (P, ;) K) = 1, thus for A = A(a), (3.8) becomes

Aol oo
T S PR
Let ¢ be small enough so that r,(K,) > 1 (note that by Corollary 0.2 in [23],
ro(K.) = re(K) > 1as e — 0). Then
€
rMa) = —lloll~ + 4 log(rs (Ke)).

This ends the proof. 0

In the following we denote by A(K) the leading eigenvalue of the operator Sk
(when it exists). We will now discuss the monotonicity properties of A(K). To do so,
we consider two transition operators K; and K satisfying K; < K; and K; # K».
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Theorem 3.3 Let K| and K, be two transition operators satisfying (A1). If A(K;)
exists, then L(K3) exists and A(K;) < M(K3). Moreover, if there exists an integer m
such that (P k,)K»)™ is strictly positive, then A(K;) < A(K3).

Proof By hypothesis, there exist two integers n; and n, such that (K;)" and (K;)"
are compact. Let n3 = max(ny, np). It follows from (3.2) together with the Dodds-
Fremlin theorem [3] that (P; K;)™ and (P, K;)™ are compact for all A belonging to
1 — o, oo[. In particular, (P, k,)K)™ and (P, k,)K>)™ are positive compact operators
on X 11,. As already seen in the proof of Theorem 3.1, A is an eigenvalue of Sk if and
only if 1 is an eigenvalue of P, K. So we conclude that

o (Piuk) K1) > 1. (3.9)

On the other hand, since K; < K, and K; # K5, then P;,)K; < Pyk,) K> and
PA(KI)KI ;ﬁ P)\(Kl)Kz. ThlS 1rnphes that ra(PA(Kl)Kl) > ra(PA(Kl)KZ)- But P)»(KI)KZ iS
irreducible and power compact, then using (3.9) and Theorem 2.1 we infer that

Fol Pk Kol™ > 1. (3.10)

Clearly, [P; K;]™ is an analytic operator-valued function whose values are com-
pact for all » > —o. Moreover, we have Alim I[P, K21 =0 (see the proof of

Theorem 3.1), thus the use of Theorem 0.4 in [23] implies that the function ] —
0,400) 3 & — 1, ([P, K3]™) is strictly decreasing. This together with (3.10) implies
that there exists a unique A > A(K)) such that r, ([P, K>]") = 1. Now the spectral
mapping theorem yields A = A(K>) and the proof is complete. |

Let us now consider the case of partly smooth transition operators:

K =K+ K,withK; >0i=1,2, K, iscompact
if 1 < p < oo or weakly compact if p=1.

(A2) {

Theorem 3.4 Let p € [1, o0) and suppose that the hypothesis (A2) is satisfied. Then
the following assertions hold:

(i) o(Sk)N{reC : Re:r > rk,} consists of, at most, isolated eigenvalues with
finite algebraic multiplicity.
(i) Ifo(Sk)N{r e C: Rer > Ak} # 0, then Sk has a leading eigenvalue A(a).
(iii) Ifklim roe(PyKy) > 1, then o (Sg) N {A € C : Rer > Ag,} # 0.

—AKy

Proof
(1) Consider again the problem (2.1) which is now equivalent to solving in X 11, the
following one

Yl =P, Ky + P Koy + e, (3.11)

Clearly, if A > Ag,, then the operator I — P, K, is boundedly invertible and
(3.11) becomes ! = Fyy' + L, where F) := (I — P,K,)"'P, K> and L, :=
(I — P,K))~'TI,. As already mentioned, P, — 0 strongly as A — oo for all
p in [1,00). For p € (1,00), K, is compact and therefore | P, K;y|| — O as
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A — o0 in the operator topology (use Lemma 3.7 in [13, p. 151]). Now let p =
1, and Ay > Ag,. It follows from the estimate (I — P,K;)~' < (I — P;,K;)™!
(valid for A > i) that (F))? < (I — Py,K2) ' PyKy(F,)?¥YA > Ay. Since
K, is weakly compact, applying Corollary 13 in [4, p. 510] we infer that (F},)?
is compact. Using again Lemma 3.7 in [13, p. 151] we get

ICED* I < I = P, K) 7P Ko (F3y )Pl — 0 as & — oo

Since r, (F)) < ||Ff||»'1, n=1,2,3, ..., we have r,(F;,) — 0 as . — +o0 for all
p € [1,00). Now applying the Gohberg-Shmul’yan theorem [11] we get the
desired result.
(i) This assertion follows from the fact that (A — Sg)~! is positive for large A
(see [30]).
(iii) Let A > Ag;. The estimate F, > P; K, implies 7, (F})) > r, (P, K>). Hence, if
lim r,(P; K>) > 1, then

A~>AK1

lim 7, (F,) > lim r, (P, K) > 1.
A=k, A=Ak,

Moreover, since F> is compact on Xg, 1 < p < oo (see the proof of (1)) and
satisfies ;\lim I(FO3 | = 0, the use of Theorem 0.4 in [23] and the spectral mapping

theorem shows that r, (F;) is a continuous strictly decreasing function of 2 satisfying
lim r,(F;) = 0. Therefore there exists A > Ak, such that r, (F5) = 1 which is the
—+00

leading eigenvalue. O

4 Compactness Results

We now consider the transport operator Ax = Sx + B where B is the bounded
operator given by

B:X,— X,

v — / v, )Y (i, 0N 1)
0

with 7(., ., .) is a measurable function from [0, a] x [0, c] x [0, c] to RT.

The purpose of this section is to give some compactness results which play a crucial
role in our subsequent analysis (cf. Sections 5, 6 and 7). Note that, in the classical
neutron transport theory, similar results are already present in the literature (see, for
example, [15, 16]).

Observe that the operator B acts only on the maturation velocity v’, so u may
be viewed merely as a parameter in [0, a]. Hence, we may consider B as a function
B():n €l0,a] — B(n) € Z where Z := L(L,([0, c, dv)).
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In the following we will make the assumptions:

the function B(.)is strongly measurable, (4.2)
(A3) there exists a compact subset C C Z such that

B(n) € Ca.e.on [0, a], (4.3)

and B(u) € K(L([0, c], dv)) a.e. on [0, a] (4.4)

where KC(L, ([0, c], dv)) denotes the set of all compact operators on L, ([0, c], dv).
Obviously, (4.3) implies that

B() € L*(10, dl, Z). (4.5)

Let € X,,. It is easy to see that (By)(u, v) = B(w) ¥ (u, v) and then, by (4.5), we
have

/0 [(BY) (. 0)]Pdv < 1BONY w001 2) /0 ¥ (. v)|Pdv

and therefore

/ / (B (. ) Pdvdie < 1BOI o 2 / / [V (. )| Pdvd.
0 0 0 0
This leads to the estimate

I1Bllzx,) < I1BOIL=qo.ar.2)- (4.6)
The interest of collision operators in the form (4.1) which satisfy (A3) lies in the

following lemma.

Lemma 4.1 Assume that (A3) holds true. Then B can by approximated, in the
uniform topology, by a sequence (B,), of operators of the form

k(i v, V') =y 1(1)0;(0) B; ()

=1

where n;(.) € L*([0,al,du), 6;(.) € L,([0,c],dv) and B;(.) € Ly([0, c], dv) (g de-
notes the conjugate of p).

Proof Let ¢ > 0. By the assumption (4.3) there exist By, .., By, such that (B;); C K
and K C] U  B(B;, &) where B(B;, ¢) is the open ball, in (L, ([0, c], dv)), centered

at B; with radius ¢.
Let A1 = B(Bl, 8), A2 = B(BQ, 8) — Al,.., Am = B(Bm, 8) — Amfl. Clearly, A,‘ N
Aj=0ifi # jandKCl U A, Let1 <i < m and denote by [; the set

I; = B7'(A;) = {1 €10, a[ suchthat B(u) € A;}.
Hence we have I; N I; =@ if i # jand ]0, 1[='91m 1.
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Consider now the following step function from ]0, a[ to Z defined by

Sy =) xi (W) Bi

i=1

where x;,(.) denotes the characteristic function of /;. Obviously, S(.) satisfies (4.2),
(4.3) and (4.4). Then using (4.5) we get B — S € L*°(]0, a[, Z). Moreover, an easy
calculation leads to

B — SllL=~qo.az) <e.

Now, using (4.6) we obtain

1B = Slcx,) < I1B—=Slrxqoa.z) <&

Hence, we infer that the operator B may be approximated (in the uniform topology)
by operators of the form

Uw =) ni(1)Bi
i=1
where n;(.) € L>([0, al, du) and B; € K(L,([0, c], dv)). On the other hand, each
compact operator B; on L, ([0, c], dv) is a limit (for the norm topology) of a sequence

of finite rank operators because L, ([0, c], dv) (1 < p < oo) admits a Schauder basis.
This ends the proof. g

Theorem 4.1 Assume that (A3) holds true. Then, for any A € C such that Re) > L,
the operator (. — Sk)~' B is compact on Xp, 1 < p < oo, and weakly compact on X.

Remark 4.1 Let A be such that Rei > Ax. We know from Eq. (2.6) that

(A—Sp'B=Y_ 0:K(P,K)'II, B + &,B.

n>0

To prove the compactness (resp. the weak compactness) of (A — Sx)~' B on X, (resp.
X1), it suffices to show that the operators IT;, B and E; B are compact (resp. weakly
compact) on X, (resp. X)). |

Lemma 4.2 Assume that (A43) holds true. Then the operators I, B and E; B are
compact on X, and weakly compact on Xj.

Proof Since (A3) is satisfied, then it follows from Lemma 4.1 that B can be
approximated, in the uniform topology by a sequence B, of finite rank operators on
L ([0, c], dv) which converges, in the operator norm, to B. Then it suffices to estab-
lish the result for a finite rank operator, that is «,(u, v, v') = Z';:l nj(w)8;()B;")
where 7;(.) € L*([0, al, dn), 0;(.) € L,([0,c],dv) and B;(.) € Ly([0, cl, dv) (g de-
notes the conjugate of p). So, we infer from the linearity and the stability of the
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compactness by summation that it suffices to prove the result for an operator B
whose kernel is in the form « (i, v, v') = n(n) 6(v)B(v’') where n(.) € L*([0, al, du),
0(.) € Ly([0, c],dv) and B(.) € Ly([0, c], dv).

Consider g € X,

c a 1 LAl
B = [ [ a0 e ST 5000, dpd
0 JO
= ]k Ug

where U and J, denote the following bounded operators
U:X, — L,(0,al,dp)
p — Upw = / B) ¢(p, v) dv
0

B Lp([0,al,dp)y  — X,

v — fow)e(”) e B0y 1) dp,

v

We first consider the case p € (1, 00). It is then sufficient to check that J; is compact.
This will follow from Theorem 11.6 in [10, p. 275] if we show

P

q '
d,u] vdv < +00

N() O(v) ¢~ hiro e
v

T

(/;. is then a Hille-Tamarkin operator). To do so, let us first observe that we have

M) O(v) e v hiHor e
v

.
0

which leads to

a O [T ks,
du < Il / ety
v4 0

10 (v) |7

< q
S

16 (v)[”

) aP.
(@(Red+0))1

1 fa q Z
OO JuOto@onde dﬂ] < Inli,

1Al

Integrating in v from 0 to ¢ we obtain

TI(M) 9(1)) e i f:(H»(r(T,v))d'r
v

LT

C 9 V4
5/ 2, W™ ydy,
0 (q(Rel +0))q

nenr
(q(Re) + a))s

Now we consider the case p=1. Let A be such that Rer > —o + [ In(lf). As
above, according to Lemma 3.1 it suffices to establish the result for an operator B

U
du] vdv

< Iml%
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with kernel of the form «(u, v, v') = n(u)6(v)B('), where n € L*°([0,al,dw), 6 €
L ([0, c], dv) and B € L*([0, c], dv). The operator II, B writes in the form IT, B =
', Rg where Ry and Iy, are the two bounded operators given by

Rp : Xy —> L([0,al, dp), u — (Rge) () := [y Bw)gp(i, v)dv
and

Ay Li([0,al, dp) — X/,
1 “ i 1 “ o(T,v T ’ /
9 — v/ ()0 ()e ™ S o T@nde oy dy.

0

Thus it suffices to prove that A; is weakly compact. To this end, let O be a bounded
subset of L;([0, a], du) and let ¢ € O. We have

/ |(Ar@) (v)|vdv < ||77||oo|I<PII/ 16 (v)|dv,
E E

for all measurable subsets of [0, c]. Next, applying Corollary 11 in [4, p. 294] we infer
that the set A, (O) is weakly compact, since lim, g fE |6 (v)|dv = 0, where | E| is the
measure of E.

A similar reasoning allows us to reach the same results for the operator &, B. This
completes the proof. g

Proof of Theorem 4.1 This follows from Lemma 4.2 and Remark 4.1. O
5 Existence of the Leading Eigenvalues of A g

Denote by L,(dv) the space of functions L,[(0, ¢); dv]. Notice that L,(dv) is a
subspace of Xg and the imbedding L, (dv) — Xg is continuous. By B we mean the

integral operator on X, whose kernel is given by r(u, v, v') = r(“’;)’ v),

Theorem 5.1 Suppose that the operator B is bounded on X, and K is bounded from
Xg into L,(dv) with |[K|| < 1. Then o (Ax) N{x € C : ReAr > —c} =@ for a small
enough.

Proof Let Y € X, and put ¢ = By. Then we have

Y ,0)|P
ol <ab [ 10T g,
0 vP

and so,

a pc a pc P
/ / 1B, v)|Pdvdp < a(s“)/ / 0 DI
o Jo o Jo vP

=a"/ / | By (1, v)|Pdvdu
0 0

where ¢ is the conjugate of p. Thus, we can write

[ [ 120t oravan] < aimii
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which gives the estimate

1€, Bl < al Bl (.1)

On the other hand, the operator IT; satisfies the following inequality

1 (% rosorion 1 e
Ie(p, v)| < v/ e v (RAFD@ID) 1 (11 v)|dp < U/ lo(w, v)|du.
0 0

Using Holder’s inequality we obtain

al’ir e 1/p “e(w, v)|? 1/p
M, v)| < [f Iw(u,v)lpdu] sa”q[/ ot Idu] .
v 0 0 vP

Finally, we have the estimate

ITL, B|| < a'/?| BJ|. (5.2)

Next, the hypothesis on K together with the estimate || P, || < e~ < (R*+%) gives

|PLK| < 1 uniformlyon {A» € C : Rer > —0c}

which implies

=P K)7Y < , for Rexr > —o. 5.3
’ 1=Kl G

Moreover, a simple calculation leads to
103l 2L vy, x,) <a'?. (5.4)

Now combining (5.1), (5.2), (5.3), (5.4) together with the hypothesis on
K (I KullL, @ = p llullxg, p > 0), we may write

a'/?p a'?| B

_ -1
10— s B < 0 T ralB)
o= IKI Y
=712 &y J1Bla=r@.

Clearly, fis a continuously increasing function on [0, co[ which satisfies f(0) = 0 and
ali)rrgo f(a) = +o0. Hence there exists ap > 0 such that f(ag) < 1. This completes the
proof. g

In what follows, we turn our attention to the bounded part of the transport
operator Ak which we denote by N. We will discuss the relationship between the
real eigenvalues of A and those of AV. For the sake of simplicity we will deal here
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with the homogeneous case, i.e. o (u, v) = o(v) and r(u, v, v') = r(v, v'). Hence the
bounded part of Ak is then defined by

N2 L,([0, cl; dv) —> L,([0, cl; dv)
g — Np)) = —0 @) () + ; r(v, V)p)dv'

In the following we denote by P(Ax) (resp. P(N)) the set
oc(Ag)N{reC : Reir > Ak} @esp.a(N)N{r e C : Rer > Ag)).

Theorem 5.2 Suppose that B is a positive regular operator on X, and K < Id. Then,
if PIN) =0, then P(Ag) = Ya > 0 and the leading eigenvalue of A is less than or
equal to that of N. Moreover, the latter is less than or equal to —c + r4(B).

Proof Since B is regular, then according to Theorem 4.1, for all A such that
Rer > —o, (A — Sk)~' B is power compact on X, 1 < p < +o0. Applying Theorem
IIT in [30] we conclude that Ak has a leading eigenvalue A with a corresponding
nonnegative eigenfunction ¥, i.e. Axy¥ = A . This equation may be written as

a [
—v 8Z (i, v) = A+ o W)Y (r, v) + /0 r(v, V)¢ (u, v)dv' = 0. (5.5)

Set
o(v) = /0 V(. v)dp.

It is clear that ¢ > 0 and ¢ # 0. By integrating (5.5) with respect to ., we get

—v [¥(a,v) — ¥ (0, V)] — o (V)p(v) +/ r(, V)p)dv' = A o(v).
0
Taking into account of the hypotheses and the sign of ¥ we obtain

—v (Y@, v) = YO, = vl —¢I=—v - Ky <0 Vve(0,c.  (56)
Now, Egs. (5.5) and (5.6) lead to
—o(W)e + By > Ap
and therefore
[ (57)
Let A €] — o, +oo[ and define the operator B, on L,([0, c]; dv) by

I B; : L,y([0, cl; dv) —> L,([0, c]; dv)
_ ¢ r(v,v) o,
o — (B“”)(”)_/o S ewa
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Since B is a positive regular operator on X, then B, is positive and compact
on L,([0, c]; dv). It follows from Corollary 2.1 that r,(B,) is an eigenvalue of B,
depending continuously on A. On the other hand, using Eq. (5.7) and Theorem 2.2
we conclude that r,(B,) > 1. Since METOO ry(By) = 0, then there exists Ao > A such

that 7, (B,,) = 1. Consequently, there exists ¢y # 0 and ¢y > 01in L, ([0, c]; dv) such
that

Bko(/JO = ¢o- (58)

This leads to N'gy = Aopo and proves the first part of the theorem.
On the other hand, (5.8) may be written in the form

/0 (v, V)go(v)dv" = (ko + 0 (1))go(v) = (ko + )@o(v).

Since ¢y # 0 and ¢y > 0, applying Theorem 2.2 we conclude that r,(B) > o + Ag
which ends the proof. g

Corollary 5.1 Suppose that the hypotheses of Theorem 5.2 hold. If the operator
N is subcritical (i.e. P(N) C {L € R : A <0}), then the transport operator Ak is
subcritical V a > 0.

Remark 5.1 Let A bein p(Ag) N p(Ap) such that r, (A — Sk)~'B) < 1. Then

A=Sxk=B)"'=> [ =S 'BI"(.— Sx) .

n>0

The positivity of B and the fact that (A — Sg)~!' > (A — Sp)~! > 0 imply that

[A=S)'BI"O-—Sp) ' > (A =S 'ST1"A—Sp)™' >0

and therefore,

R()\, AK) > R()\., Ao) > 0. (59)

Next, using (5.9) and Proposition 2.5 in [24, p. 67], it follows that if P(Ay) # ¥, then
P(Ak) # 0.

6 The Strict Monotonicity of the Leading Eigenvalue of A g

The objective of this section is to study the strict growth properties of the leading
eigenvalue with respect to the parameters of the equation. We start our study by
discussing the incidence of the boundary operators on the monotony of the leading
eigenvalue. To this end, we consider two positive boundary operators K; and K,
satisfying K; < K, and K; # K,. We denote by A(K) the leading eigenvalue of Ag
(when it exists).
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Theorem 6.1 Suppose that the assumption (A3) is satisfied and LM(K,) exists, then
AMK>) exists and M(Ky) < A(K>). Further, if one of the following conditions (i) and
(ii) is satisfied, then L(K;) < M(K3).

(i) There exists an integer n > 1 such that (8, k,))]" is strictly positive.
n
(ii) There exists an integer n > 1 such that (QA(KI)KZ(I - P)L(KI)KZ)_IHA(K])B) is
strictly positive.

Remark 6.1 More practical criterions are given in Corollary 6.1.

Proofof Theorem 6.1 Since K, < K, then Ag, < Ag,. The positivity of the operators
Ki, K>, B and the fact that K; < K, imply that, for all » > Ag,, (A — SKI)*IB <
(. — Sk,)"'B and therefore r, (A — Sk,)"'B) <ry((A — Sk,)"' B). On the other
hand, by Theorem 4.1, (A — Sk,)~! B is power compact on Xp,1 < p < +400.S0, using
Gohberg-Shmul’yan’s theorem and arguing as in the proof of Theorem I11 in [30], we
infer that P(Ak,) consists of at most eigenvalues with finite algebraic multiplicity.
On the other hand, it is clear that A € P(Ag,) if and only if 1 is an eigenvalue of
(A — Sk,)~! B. Accordingly, since A(K;) € P(Ag,), we have

ro[OMKD) — Sk,) "' Bl = 1. 6.1)

Set x1 = (M(K;) — Sk,)"'Band x, = (A\(K;) — Sk,)~' B. By Theorem 4.1, x, is power
compact on X,. Moreover, if one of the conditions above is satisfied, then x, has a
strictly positive power. Now, the fact that x; < 2, (6.1) and Theorem 2.1 give

7o (x2) = ro[(M(K1) — Sk,) "' Bl > 1

But the function ]s(Sg,), +00[3 A — r,[(A — Sk,) ! B] is strictly decreasing. Hence,
there exists a unique A’ > A(K;) such that r,[(\' — Sk,)~! B] = 1. This immediately
implies that A" = A(K;) which completes the proof. g

We deduce the following corollary which provides a practical criteria of
monotonicity of A(K).

Corollary 6.1 Suppose that B satisfies the hypothesis (A3) and A(K;) exists. Then
A(K>) exists and A(K;) < A(K3). Further, if one of the following conditions is
satisfied, then A(K;) < A(K>).

(i) K is strictly positive and Ker(B) N{yp € X,, ¢ > 0} = {0}.
(i) There exists an integer n > 1 such that (P;,K>)" is strictly positive and
Ker(B)N{yp € X, ¢ >0} ={0}.

The proof of this corollary is similar to that of Theorem 6.1. It uses the fact that,
for A > —o, the operators P, and Q; are two multiplication operators by strictly
positive functions.

In the following, we shall study the strict monotonicity of the leading eigenvalue of
Ak with respect to the collision operators. In fact, consider B; and B, two operators
satisfying the hypothesis (A3), B; < B, and B, # B,. We denote by A(B) the leading

eigenvalue of Ax = Sk + B (when it exists).
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Proposition 6.1 Assume that B; and B, satisfy (A3) and A(B)) exists. Then A(K>)
exists and A(B;) < A(B,). Further, if one of the following conditions is satisfied, then
AM(B1) < A(Ba).

(i) There exists an integer n > 1 such that [E, p,)B2]" is strictly positive.
(i) There exists an integer n > 1 such that [Q K — PA(BI)K)‘IHMBI)Bz]” is
strictly positive.

Proof Since B, is regular, as in the proof of Theorem 6.1, we have P(Sx + By) # ¢
and A(B;) € P(Sk + B)). This implies that

ro[(M(By) — Sx) "' Byl > 1. (6.2)

Set x1 = (AM(By) — Sg)"'By and x> = (A(By) — Sx)™'B,. Clearly x; < x, and, by
Theorem 4.1, x, is power compact on X,. Moreover, if one of the conditions above
is satisfied, then x, has a strictly positive power. Using (6.2) and applying Theorem
2.1 we conclude that

o (x2) = 1. [(M(By) — Sk) ' Ba] > 1

Since the function JAg, +oo[3 A — r,[(A — Sx)~!B,] is strictly decreasing, there
exists a unique A’ > A(B)) such that r,[(\' — Sk)~! B,] = 1. This implies that A" =
A(B,) which completes the proof. [l

As an immediate consequence of Proposition 6.1, we have:

Corollary 6.2 Assume that A(B,) exists, then A(B,) exists and A(B;) < A(B;). Fur-
ther, if one of the following conditions is satisfied, then A(B;) < A(B»).

(i) K is strictly positive and Ker(B,) N{¢ € X,, ¢ >0} = {0}.
(i) There exists an integer n > 1 such that (P, )K)" is strictly positive and
Ker(By) N{y € X, ¢ =0} ={0}.

7 Essential Spectra of A g

The aim of this section is to describe in detail the various essential spectra of the
operator Ak for large classes of transition and collision operators. For the reader’s
convenience, we first recall some notations and definitions, referring for instance to
[5,6,9,13,27].

Let X be a Banach space. We denote by C(X) (resp. L(X)) the set of all closed,
densely defined (resp. bounded) linear operators on X. The subset of all compact
operators of £(X) is designated by K(X). An operator A € C(X) is said to be in
®, (X) ifits range, R(A), is closed in X and the dimension «(A) of the null space of
A, N(A),isfinite. [tissaid tobe in ®_(X) if R(A) is closed in X and the codimension
B(A) of R(A) is finite. Operators in 4 (X) := &, (X)U P_(X) are called semi-
Fredholm operators. For such operators the index is defined as i(A) = «(A) — B(A).
The set of Fredholm operators is defined by ®(X) := &, (X) N ®_(X). A complex
number Lisin ®; 4, P_y, Ppg or Oy if A — A belongs to P (X), P_(X), PL(X) or
®(X), respectively.
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Definition 7.1 Let X be a Banach space and let F € £(X). F is called a Fredholm
perturbation if U + F € ®(X) whenever U € ®(X). Let F(X) denote the set of
Fredholm perturbations on X.

Various notions of essential spectrum appear in the applications of spectral theory,
most are enlargement of the continuous spectrum. For A € C(X), let p;(A) := &4,
pz(A) =0 _4, ,03(A) = <D+A Ud_yu, p4(A) =Dy, ,05(A) the set of those A € Dy
such thati(A — A) = 0 and ps(A) the set of those A € ps(A) such that all scalars near
A are in p(A). Following [9], we let o,;(A) = C\p;(A), 1 <i < 6. These are called
essential spectra of A. Note that, in general, we have

063(A) - 084(A) < O'eS(A) - UEG(A)-
But if X is a Hilbert space and A is self-adjoint, then
Oel (A) = GeZ(A) = 0¢3 (A) = 084(A) = O¢5 (A) = 036(A)~

A simple consequence of these definitions is that o,;(.),i = 1, ..., 6, are closed subsets
of the complex plane.

Definition 7.2 Let X be a Banach space and let 7' € £(X). T is said to be strictly
singular, if for every infinite dimensional subspace M of X, the restriction of 7' to M
is not a homeomorphism. We denote by S(.X) the set of all strictly singular operators
on X.

For the properties of strictly singular operators we refer to [7, 12]. In general,
strictly singular operators are not compact and S(X) is a closed two-sided ideal of
L(X) containing K (X). If X is a Hilbert space, then S(X) = IC(X).

A detailed analysis of essential spectra on general Banach spaces by means
of the concept of Fredholm perturbations was done in [17]. On the other hand,
when dealing with the spaces L,(du) := L,(22, X, du), where (2, X, u) denotes
a positive measure space, we have

F(Lp(dw) = S(Lp(dp)) (7.1)

(cf. [17, p. 292]). Using (7.1), we can state the following result which is a special case
of Theorem 3.3 in [17].

Proposition 7.1 Let A and B be two elements of C(L,(du)). If, for some 1 € p(A) N
p(B), (h—A)"' — (A — B)~" € S(L,(dp)), then

0.i(A) =0,(B), i=1,...,5.

Moreover, if Co,5(A) [the complement of o,5(A)] is connected and neither p(A) nor
p(B) is empty, then

086(A) = JeG(B)~

After these preparations, we are now in a position to discuss the invariance
properties of essential spectra of transport operators.
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We know from Section 2 (Eq. (2.6)) that, if Rex > Ak, then & € p(Sk) and (A —
Sx)~!is given by

=S =) O K(PK)"T; + E;.

n>0

On the other hand, the operator E, is nothing else but (A — Sy)~', i.e. K = 0. So, if
Rel > Ag,then A € p(Sg) N p(Sp) and

h=SK) ' = =S =V (7.2)

where V), = Z 0, K(P; K)'IT,.
n>0
Let » € C be such that Rex < —x*. The solution of the eigenvalue problem
(A — So)¥ = 01is formally given by

¥ (. v) = k(v)e s GHo@, (7.3)

Moreover, ¥ must satisfy the boundary conditions, i.e., ¥* = 0. So, we obtain k(v) =
0 and consequently, ¥ = 0. This shows that the point spectrum of the operator Sy is
empty, i.e., 0,(Sy) = 9.

Let Sj denotes the dual operator of S. It is given by

S5 D(SH C X, — X,
d
v Sty v) = ”aZ (12 v) — 0 (s V)Y (1. v)
D(S}) = {¢ € W, such that ¢! = 0},

where g is the conjugate of p. Consider now the eigenvalue problem (A — S{)v =
0 with Rei < —A* (because o (So) = 0(S;)). In view of the boundary conditions, a
straightforward computation shows that the problem above admits only the trivial
solution, i.e. 0,(S§) = ¥. Now using the inclusion 0,(Sy) € 0,(S;) we conclude that
0,(So) = @. This leads to the following lemma.

Lemma 7.1 With the notations introduced above, we have
0 (Sp) =0:(Sp) ={A € C: Rer < —1"}.
As an immediate consequence of Lemma 7.1 and the fact that all essential spectra
are enlargements of the continuous spectrum we have
0,i(Sg) ={AeC: Rer < —0} for i=1,...,6. (7.4)

Note that the perturbation of the boundary conditions of the operator Sy leads to
the Eq. (7.2) above. So, if the transition operator K is strictly singular (in applications,
K is compact or weakly compact), then by Lemma 461 in [12], V), is strictly singular
too. So Lemma 7.1, Proposition 7.1 and (7.3) give

0i(Sk) ={(A€C : Rer<—0c}, i=1,2,3,4and5. (7.5)
@Springer
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Recall that the transport operator Ak is defined as a bounded perturbation of Sk,
i.e. Ax = Sk + B where B is the operator defined by (4.1). We now introduce the
class G(X,) of collision operators defined by

G(X,) = {BeE(X,,) : (A —Sk)"'B e S(X,) for some e,o(SK)}.

Clearly if B is a collision operator on X, satisfying (A3), then it follows from
Theorem 4.1 that (A — Sx)™' B is compact on X, for 1 < p < oo (resp. weakly
compact on X;). Hence, using the inclusion /C(X,) € S(X,) (resp. the fact that
the set of weakly compact operators on X coincide with S(X7) (cf. [25])), we infer
that B € G(X),). In particular, the set of collision operators with kernels in the form
r(v,v) = f(v) gv") with fe L,(0,c], dv) and ge L,([0,c], dv), g = p’jl, is
contained in G(X,). This shows that G(X ) # .

Let A € p(Sk) be such that r, (A — Sx)"'B) < 1,then A € p(Sx + B) and

A=A = =807 =) 10— S BI"G.— S (7.6)

n>1

Theorem 7.1 Let p € [1, 00). If the collision operator B € G(X),), then
0ei(Ag) = 0.i(Sk), for i=1,..,5.

Moreover, if K is strictly singular, then

0i(Ag) ={r€C : Rer < —0}, for i=1,..,5.

Proof Since B € G(X,), according to (7.4) and Theorem 4.1, (A — Ay)~' —
(A — Sx)~! € G(X,). Then, the first claim follows from Proposition 7.1. To establish
the second claim, observe that Egs. (7.2) and (7.5) give

A=A = =8S)™" =Vt Y (=S BI" .= S~
n>1
Next, if K is strictly singular, then V) is strictly singular too. This together with

Theorem 4.1 leads to (A — Ag)™' — (A — Sp) ™! € S(X,,). Again the use of Lemma
7.1 and Proposition 7.1 gives the result. g
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