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1. Introduction

Let (X, |||) be an infinite-dimensional Banach space. The open ball of X will be denoted by Bx
and its closure by Bx. We denote by C(X) (resp., £(X)) the set of all closed densely defined
linear operators (resp., the space of all bounded linear operators) on X. The set of all compact
operators of £(X) is designed by X(X). Let T € C(X), we write //(T) C X for the null space
and R(T) C X for the range of T. We set a(T) := dim N(T) and B(T) := codim R(T'). The set of
upper semi-Fredholm operators is defined by

@, (X) = {T € C(X) such thata(T) < oo, R(T)closed in X}, (1.1)
and the set of lower semi-Fredholm operators is defined by

@_(X) = {T € C(X) such that f(T) < oo (then R(T) closed in X) }. (1.2)
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D(X) =D, (X)ND_(X) is the set of Fredholm operators in C(X), while D, (X) := D, (X)UD_(X)
is the set of semi-Fredholm operators in C(X). If T € ®(X), the number i(T) := a(T) - (T) is
called the index of T. The spectrum of T will be denoted by o(T'). The resolvent set of T, p(T),
is the complement of o(T) in the complex plane. A complex number A is in @.7, ®_7, D7, or
Drif A -Tisin @.(X), D_(X), D.(X), or D(X), respectively. In the next proposition we recall
some well-known properties of those sets (see, e.g., [11, 16, 30]).

Proposition 1.1. Forany T € C(X),
(i) Dy, D_p and Or are open,

(ii) i(A = T) is constant on any component of dr.

There are many ways to define the essential spectrum of a closed densely defined linear
operator on a Banach space. Hence several definitions of the essential spectrum may be found
in the literature; see, for example, [16] or the comments in [30, Chapter 11, page 283]. Various
notions of essential spectrum appear in the applications of spectral theory (see, e.g., [13, 16,
21]). Throughout this paper we are concerned with the so-called Schechter essential spectrum.

Definition 1.2. Let T € C(X). Define the Schechter essential spectrum of the operator T by

oess(T) = (| o(T +K). (1.3)
Ke X(X)

The following proposition gives a characterization of the Schechter essential spectrum
by means of Fredholm operators.

Proposition 1.3 (see [30, Theorem 5.4, page 180]). Let T € C(X). Then
Mg 0Oess (T) iff L € DY, (1.4)
where (DOT = {A € Orsuch that i(A-T) =0}.

Definition 1.4. An operator T € £(X) is said to be weakly compact if T(B) is relatively weakly
compact for every bounded subset B C X.

The family of weakly compact operators on X, W(X), is a closed two-sided ideal of £(X)
containing A (X) (see [8, 12]).

Definition 1.5. A Banach space X is said to have the Dunford-Pettis property (for short property
DP) if for each Banach space Y every weakly compact operator T : X — Y takes weakly
compact sets in X into norm compact sets of Y.

It is well known that any L;-space has the property DP [9]. Also if Q is a compact Haus-
dorff space, C(Q2) has the property DP [15]. For further examples we refer to [5] or [8, pages
494, 497, 508, and 511]. Note that the property DP is not preserved under conjugation. How-
ever, if X is a Banach space whose dual has the property DP, then X has the property DP (see,
e.g., [15]). Furthermore, if the Banach space X has the property DP, then 10(X)W(X) C X(X),
where W(X)W(X) = {JK : J,K € W(X)} (see [18, Lemma 2.1]). For more information we
refer to the paper by Diestel [5] which contains a survey and exposition of the Dunford-Pettis
property and related topics.
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One of the central questions in the study of the Schechter essential spectrum of closed
densely defined linear operators on Banach spaces X consists of showing what are the
conditions that we must impose on K € £(X) such that, for T € C(X), Oess(T + K) =
Oess(T). If K is a compact operator on Banach spaces, then Oess(T + K) = 0ess(T) (see
Definition 1.2). If K is a strictly singular on L,-spaces, then Oes(T + K) = 0Oess(T) (see
[25, Theorem 3.2]). If K is weakly compact on Banach spaces which possess the Dunford-
Pettis property, then Oess(T + K) = 0Oess(T) (see [23, Theorem 3.2]). If K € £(X) and
(A-T)"'K is strictly singular (resp., weakly compact) on Ly-spaces p > 1 (resp., on Ba-
nach spaces which possess the Dunford-Pettis property), then Cess(T + K) = 0ess(T) (see
[17, 18]). In [19], Jeribi extended this analysis of the Schechter essential spectrum to the
case of general Banach spaces and he proves that Oess(T + K) = 0ess(T) for all K € £(X)
such that A\ -T)'K € 9(X), where 9(X) is an arbitrary two-sided ideal of £(X) sat-
isfying X(X) C 9(X) C ¥(X), where ¥(X) = {F € ZL(X)suchthatF + U € ®(X)
whenever U € ®(X)}. Recently, in [20], the Schechter essential spectrum is characterized by

oes(T) = [ o(T+K), (1.5)
Ke M, (X)

where T € C(X) and M,(X) := {A € £(X) : (AB)" € X(X), VB € £(X)}. In our paper, using
the concept of measure of noncompactness, we show in Theorem 3.1 (see Section 3) that, for P
and Q two complex polynomials such that Q divides P -1 and y is the Kuratowski measure of
noncompactness, we have

(i) if y(P(T)) < 1, then Q(T) € ®,(X),
(ii) if y (P(T)) < 1/2, then Q(T) € ®(X).

We apply this result to give a new characterization of the Schechter essential spectrum (see
Theorem 3.5) by means of the measure of noncompactness and we give sufficient conditions
on the perturbed operator (see Corollary 4.12) to have the invariance of the Schechter essential
spectrum on Banach space which possesses the Dunford-Pettis property. More precisely, we
show that in (1.5), the set #,,(X) can be replaced by the more general class:

Gr(X) = {K € LX) : y([A-T-K)'K]") < % VA € o(T + K)} (1.6)

(see Theorem 3.5), and we prove that for X having the property DP and T € C(X),
Oess (T + K) = 0¢ss(T), for all K in a subgroup of G7(X).

Finally, we apply the obtained results to study the Schechter essential spectrum of the
multidimensional neutron transport equation which governs the time evolution of the distri-
bution of neutrons in a nuclear reactor (cf. [7, 14, 22, 32]). In [24], it was shown that if K is
a regular collusion operator, then the Schechter essential spectrum of one-dimensional trans-
port operator with general boundary conditions on L; spaces is given as 0ess(T + K) = {1 €
C such thatRe A < -1"}, where T is the streaming operator and A* := lim infjz o0 (¢). The possi-
bility of the above result is due to the fact that, in slab geometry, if K is regular, then (A - T) 'K
is weakly compact (cf. [24, Proposition 3.2(i)]). Unfortunately, for multidimensional neutron
transport equation, (A — T) 'K is not compact nor weakly compact. For this reason, in [26], the
authors have shown only the following inclusion oess(T + K) C {A € Csuch thatRe < —1*}
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(see Theorem 5.3). In this paper, we give sufficient conditions to replace the above inclusion by
equality (see Theorem 5.3).

Our paper is organized as follows. In Section 2, we consider one axiomatic approach
to the notion of measure of noncompactness. In Section 3, we use the notion of measure of
noncompactness to establish some results concerning the class of Fredholm operators and to
apply the obtained results to give a new characterization of the Schechter essential spectrum.
The main result of this section is Theorem 3.5. In Section 4, we prove that under some condi-
tions on the perturbed operator, we get the invariance of the Schechter essential spectrum on
a Banach space which possesses the Dunford-Pettis property (see Corollary 4.12). Finally, in
Section 5, we apply the result of Theorem 4.11 to investigate the Schechter essential spectrum
of the multidimensional neutron transport equation.

2. Measure of noncompactness

The notion of measure of noncompactness turned out to be a useful tool in some problems of
topology, functional analysis, and operator theory (see [1, 3, 6, 27, 29]). In order to recall the
measure of noncompactness, let (X, ||-||) be an infinite-dimensional Banach space. The open ball
of X will be denoted by By and its closure by Bx. We denote by My the family of all nonempty
and bounded subsets of X while Nx denotes its subfamily consisting of all relatively compact
sets. Moreover, let us denote by conv(A) the convex hull of a set A C X.

Let us recall the following definition.

Definition 2.1 (see [3]). A mapping u : Mx — [0, +oo[ is said to be a measure of noncompact-
ness in the space X if it satisfies the following conditions:

(i) the family Ker(u) := {D € Mx : u(D) =0} is nonempty and Ker(y) C N,
for A, B € Mx, we have the following:

(ii) if A C B, then u(A) < u(B),

(iii) p(A) = p(A),

(iv) p(conv(A)) = u(A),

(V) yAA+ (1= 1)B) < Au(A) + (1 - V)u(B), forall A € [0,1],

(vi) if (Ap),en is a sequence of sets from My such that A1 C A, A, = A, (n=12,...)
and limy, .ot (A,) =0, then A, = (;2;A, is nonempty and A, € Ker(u).

The family Ker(u) described in Definition 2.1(i) is called the kernel of the measure of
noncompactness pi.

Definition 2.2. A measure of noncompactness y is said to be sublinear if for all A,B € My, it
satisfies the following two conditions:

(i) p(LA) = |A|u(A) for A € R (p is said to be homogenous),
(ii) p(A+ B) < u(A) + pu(B) (u is said to be subadditive).

Definition 2.3. A measure of noncompactness y is referred to as measure with maximum prop-
erty if max(u(A), u(B)) = u(AU B).
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Definition 2.4. A measure of noncompactness y is said to be regular if Ker(y) = N, sublinear,
and has maximum property.

For A € My, the most important examples of measures of noncompactness (see [27])
are

(i) Kuratowski measure of noncompactness

y(A) =inf {€ >0 : A may be covered by finitely many sets of diameter < ¢}, (2.1)

(ii) Hausdorff measure of noncompactness

¥(A) = inf {e >0 : A may be covered by finitely many open balls of radius < ¢}. (2.2)

Note that these measures y and y are regular. The relations between these measures are given
by the following inequalities, which are obtained by Dane$ [4]:

Y(A) <y(A) <2y(A), forany A€ Mx. (2.3)

Let T € £(X). We say that T is k-set-contraction if for every set A € Mx, we have y(T(A))
< ky(A). T is called k-ball-contraction if y(T'(A)) < ky(A) for every set A € Mx. We define
y(T) and y(T), respectively, by

y(T) :=inf{k : Tis k-set-contraction}, (2.4)
Y(T) :=inf{k : T is k-ball-contraction}. ’
In the following lemma, we give some important properties of y(T) and y(T).
Lemma 2.5 (see [2, 10]). Let X be a Banach space and T € L(X).

(i) (1/2)y(T) < 7(T) < 2y(T).
(ii) y(T) = 0 if and only if ¥(T) = 0 if and only if T is compact.
(ifi) If T, S € £(X), then y(ST) < y(S)y(T) and 7(ST) < F(S)F(T).
(iv) If K € X(X), then y(T + K) = y(T) and ¥(T + K) = y(T).
(v) y(T*) <y(T) and y(T) < y(T*), where T* denotes the dual operator of T.

3. A characterization of the Schechter essential spectrum

Let X be a Banach space. The open ball of X will be denoted by Bx and its closure by EX. We
start our investigation with the following useful result.

Theorem 3.1. Let X be a Banach space, T € £(X), and P, Q two complex polynomials satisfying Q
which divides P — 1.

(i) If Y (P(T)) < 1, then Q(T) € ®,(X).
(i) If y(P(T)) < 1/2, then Q(T) € ®(X).

To prove this theorem the following lemma is required.
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Lemma 3.2. Assunie that the hypotheses of Theorem 3.1 hold true. Let M C X and let A = {x € By :
Q(T)(x) € M}. If M is compact and y(P(T)) < 1, then A is compact or empty.

Proof. Assume that A is not empty. According to the hypothesis Q divides P-1, there exists H, a
complex polynomial such that P = HQ + 1. Consider x € A and z € M such that Q(T)(x) = z,
then we get H(T)Q(T)(x) + x = H(T)(z) + x, which implies x = P(T)x — H(T)(z). Since a
continuous image of a compact set by a continuous operator is also compact, it follows that

A={-H()(z) : ze M} (3.1)

is compact as well. Obviously, A ¢ P(T)A + A, so using the regularity of y, we get

¥(A) <y (P(DA) +7(A) < y(A)y (P(D)). (32)
Since y(P(T)) < 1, then y(A) = 0. Consequently, by Definition 2.1 and the fact that A is closed,
we infer that A is compact. OJ

Proof of Theorem 3.1. (i) First we prove that a(Q(T)) < oo. To do so, it suffices to establish that
the set U(Q(T)) N By is compact, where A(Q(T)) and By denote, respectively, the null space
of the operator Q(T) and the closed unit ball of X. The result follows from Lemma 3.2 with
M = {0}.

In order to complete the proof of (i), we will check that R(Q(T)) (the range of Q(T))
is closed. Indeed, since A(Q(T)) is finite dimensional, then there exists a closed infinite-
dimensional subspace Y in X such that X = A(Q(T)) @Y.

We claim that there exists 6 > 0 satisfying 6]|Q(T)(x)|| > ||x|| for every x € Y. Assume the
contrary, for every n € N, there exists x, € Y satisfying ||x,|| = 1 and [|Q(T)(x,)|| < 1/n. Hence
Q(T)(x,) — 0 (when n — +o0). It follows from Lemma 3.2 with M={Q(T)(x,) : n € N} U {0}
that the sequence (x;),cy admits a subsequence (xy, ),y Which converges to xo € Y. Clearly,
lxoll = 1 and Q(T)(xo) = 0. This is a contradiction. This proves the claim.

Using [31], it is easy to conclude that R(Q(T)) is closed. This ends the proof of (i).

(ii) Assume that y(P(T)) < 1/2. Combining the assertions (i) and (v) of Lemma 2.5 one
has y(P(T)") <2y(P(T)) < 1, where P(T)" stands for the dual of the operator P(T). Arguing as
in the proof of (i), we get a(Q(T)*) = B(Q(T)) < oo. This completes the proof of the theorem.

O

As a consequence of Theorem 3.1 we have the following corollary.

Corollary 3.3. Let X be a Banach space, T € £(X), and let P be a complex polynomial nonconstant
satisfying P(0) = 1.
(i) Ify(P(T)) <1,then T € ®,(X).
(ii) If y(P(T)) < 1/2, then T € ®(X).
(iii) If y(I+T) <1, then T € ®(X).
Proof. (i)-(ii) Since P(0) = 1, then Q(z) := z divides (P(z) — 1) and the result follows from
Theorem 3.1.
(iii) If y(I + T) < 1, then limg_.o0o(y(I +T))¥ = 0. So, there exists kg € N* such that

(Y + T))ko < 1/2. Using Lemma 2.5(iii), we deduce that y((I + T)ko) < 1/2. So, the result is
consequence immediate from (ii) with P(z) := (1 + z)ko and Q(z) = z. O
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Corollary 3.4. Let X be a Banach space and T € L(X).
If y(T™) < 1, for some m > 0, then (I —T) is a Fredholm operator with i(I - T) = 0.

Proof. If y(T™) < 1, then limy_,.,q, (y(T’”))k = 0. Arguing as in the proof of Corollary 3.3(iii),
there exists kg € N* such that y(T"*) < 1/2. So, applying Theorem 3.1 with P(z) := z"% and
Q(z) :=1 -z we conclude that Q(T) := (I - T) € ®(X). Next, note that for t € [0,1], we have
y((tT)mkD) < 1/2 and therefore (I —tT) is a Fredholm operator on X. On the other hand, the fact
that the index is constant on any component of ®(X) (see Proposition 1.1) and the compactness
of [0,1] imply that i(Q(T)) =i(I —tT) = i(I) = 0. O

In what follows, we will give a refinement of the definition of the Schechter essential
spectrum. For this, let X be a Banach space and let n € N*. For each T € C(X), we denote

oy (M= () oT+K), (3.3)
KeGh(X)

where GI(X) = {K € £(X) : y([A-T-K)7K]") <1/2 VA € o(T +K))}.
The main result of this section is the following theorem.

Theorem 3.5. Foreach T € C(X),
Oess(T) = o7 (T). (3.4)

Proof. We first claim that 0ess(T) C o7, (T). Indeed, if A £ o}, (T), then there exists K € G7(X)
such that A € p(T + K). So, A € p(T + K) and y([(A -T - K)"lK]n) < 1/2. Hence, applying
Corollary 3.4(i), we get

[[+(A-T-K)"'K] e d(X), i[l+(\-T-K)"K]=0. (3.5)
Moreover, we have
A-T=A-T-K)[I+(A-T-K)"'K], (3.6)
then
(A-T) ed(X), i(A-T)=0. (3.7)

Finally, the use of Proposition 1.3 shows that A ¢ 0ess (T) which proves our claim.
On the other hand, since X(X) C G}(X), we infer that o7,,(T) C 0ess(T) which completes
the proof of the theorem. O

Corollary 3.6. Let n € N*, T € C(X), and let H(X) be any subset of L(X) satisfying K(X) C
H(X) C G (X).Then Oess(T) = (N ke wxy0 (T + K).

Proof. The fact is that H#(X) C G7(X) then () g, me)o(T + K) C Nke wx)o(T + K). Using
Theorem 3.5, we get Tess(T) C (ke w(x)0 (T + K). On the other hand, since £(X) C #(X), we
infer that (N ke 4 (x)O(T + K) C 0ess(T) which completes the proof. O
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Corollary 3.7. Let T € C(X). Consider that Or(X) is included in G}.(X), containing the subspace
of all compact operators K(X) and checking: for all K, K' € Or(X), K+ K' € J7(X). Then, for each
K e OT (X)/

Oess(T) = Oess(T + K). (3.8)
Proof. We denote that
o= (] o +K). (3.9)
Keor(X)

From Corollary 3.6, we have 0cs(T) = 07,/ (T). Furthermore, for each K € Jr(X), we have
Or(X) + K = 0r(X). Then o}, (T + K) = 0}, (T). Hence for each K € Ir(X), we get

Oess (T + K) = OJW(T +K) = OJI/V(T) = 0ess(T), (3.10)

which completes the proof. O

4. Invariance of the Schechter essential spectrum in Dunford-Pettis space

In this section, we will establish the invariance of the Schechter essential spectrum in a Banach
space X which possesses the Dunford-Pettis property. In what follows, we will assume that
T € C(X) and satisfies the hypothesis (), that is,

(i) for all R € £(X), there existA € R such that ]\, +oo[C p(T + R),

(ii) p(T)is a connected set of C.

Remark 4.1. Let T € C(X). If T generates a Cp-semigroup and p_ . (T) is a connected set, then T
satisfies the hypothesis (+#).

Definition 4.2. An operator R € £(X) is called T-Regular if, for all A € p(T), R(A - T) 'R is
weakly compact and p, (T + R) is a connected set of C.

We note that R7(X) is the set of all T-Regular operators. We start by giving some lemmas useful
for the proof of the main result of this section.

Lemma 4.3. Assume that R is T-Regular. Then, forall A € o(T+R)Nno(T), R(A-T - R)'Ris weakly
compact.

Proof. The result follows from the resolvent identity:
RA-T-R)'R-RA-T)'R=RMA-T-R)'R\A-T)'R. (4.1)
O

Remark 4.4. (i) If R is T-Regular then, forall A € o(T + R) N o(T), [(A-T - R)_lR]4 is compact.
(ii) If p . (T) is a connected set of C, then X (X) C Ry (X).

Lemma 4.5. Let Q be an open connected set of C, let Y be a Banach space, and let f : Q — L(Y') be
an analytic operator.
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Define K(f) = {A € Q such that f(\)is compact}. Then one of the two possibilities must hold:

(@) K(f) =€,
(b) K(f) does not have a point of accumulation in Q.

Proof. Let E = {A € Q; \ is point of accumulation of K(f)inQ}. If X € E, then there exists
(An), € K(f) such that A, converges to . Since f is continuous, then f(\,) converges to f(1).
As f(\y,) is compact, f(A) will be compact, so E ¢ K(f). We fix A € K(f) and we choose r > 0,
such that B(A,r) C Q. Since f is analytic in B(\,r), then f(z) = 3} ,.0An(z = 1)", where (A,),
are bounded operators and independent of z. We have two possibilities.

(i) A, is compact for all n € N, then B(A,r) C K(f). So, each point z € B(\,r) is an
accumulation point of K(f). We deduce that B(A,r) C Eand A € E.

(ii) There exists a smaller integer m, such that A,, is not compact. In this case, we write
for z € B(A, 1),

-1
f(z) =3 Az -V)f + (z-)"g(z), (4.2)
0

3

=
1l

where g(z) = 3 15 Amk(z - 1)¥. Furthermore g(\) is not compact, using the continuity of g,
we get a neighborhood V() of A including in B(A,r) such that g(u) is not compact for all
u € V(). Indeed, suppose that for all n > 0, there exists A, € B(A,1/n) such that g(\,) is
compact. Since lim,,_..,A,, = A and g is continuous, then g(\) is compact, contradicting g(1) is
not compact. So, f(u) is not compact for all ¢ € V(1). Hence 1 is an isolated point of K(f).
Let A € E, the first possibility holds, thus E is open. Let F = Q \ E. It follows from the
definition of E that F is open. Since Q = EU F, with EN F = @, and Q is a connected set, then
E = Q, in this case K(f) = Q, or E = &, in this case K(f) does not have a point of accumulation
in Q. O

Remark 4.6. It should be observed that the result of Lemma 4.5 remains valid if we replace K(f)
by Ki(f) = {A € Qsuch that f(1)is weakly compact}.

Lemma 4.7. If O is an open and connected set of C and F is a set of isolated points of O, then O’ = O\ F
is a connected set of C.

Proposition 4.8. Let R € £(X).
(1) If poss (T + R) is a connected set, then for all Kcompact operator, p(T + R + K) is a connected
set.

(ii) If Ris T-Regqular, then for all K compact operator, p(T + R+ K)Np(T + R) N p(T) has a point
of accumulation.

(iii) If R is T-Regular and p(T + R) is a connected set of C, then for all A € p(T + R), [(A =T -
R)™'R]* is compact.

Proof. (i) For all K compact operator, we have p.  (T+R) = p .. (T+R+K). Since p_ (T + R) is a
connected set, then from [20, Lemma 3.1],

C\ pg(T+ R+ K) = 0Oess(T + R+ K) = 0ess(T + R), (4.3)
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where p, (T + R + K) denotes the set of those A € p (T + R+ K) such that all scalars near \ are
in p(T + R + K). The result follows from the identity

p(T+R+K)
L€ o(T + R+ K); Lis an isolated eigenvalue of finite algebraic multiplicity }
(4.4)

= Co,, (T+R+K) \

and Lemma 4.7.

(ii) It suffices to show that p(T + R + K) N p(T + R) N p(T) is nonempty because
for every open nonempty set, all of its points are points of accumulation. Since T satis-
fies the hypothesis (<#), there exist A, Ap, and A3 € R such that JA;, + oo C p(T), JA2, +oo]
C p(T + R), and ]A3,+oo[C p(T + R + K). If we take A= max{\i, Ay, A3}, we have necessarily
]X, +oo[C p(T + R+ K)Np(T + R) N p(T). Then the set p(T + R+ K) N p(T + R) N p(T) has a point
of accumulation.

(iii) Let E = {A € p(T + R) suchthat [(A-T - R)_lR]4 is compact}. From Lemma
4.3, we have o(T + R) n ¢(T) C E. Applying the assertion (ii), p(T + R) N p(T) has a point
of accumulation. Finally, by Lemma 4.5, E = p(T + R). This completes the proof of the proposi-
tion. O

Lemma 4.9. Let K be a compact operator and assume that R is T-Regular. Then
(i) forallA € p(T + K)Nnp(T), RA-T - K)'Ris weakly compact,
(ii) forall A € p(T + R+ K), [\ =T = R— K)™'R]" is compact.
Proof. (i) By using the resolvent equation, we get the following identity:
RA-T-K)'R=RA-T-K)'K(A-T)'R+R(\-T)"'R. (4.5)
Since R(A-T - K)"'K(A-T) 'R is compact and R(A - T)"'R is weakly compact, then R(A—T -
K)~!Ris weakly compact.
(ii) For A € p(T + R+ K) N p(T), we have
(A-T-R-K)'R=(A-T)'R+(A-T -R-K) "(R+ K)(A-T) 'R = A1+ A, +As, (4.6)
where A; = (\-T)'R, Ay = (\-T-R-K)"'R(A-T)'R,and A3 = (A\-T-R-K) ' K(A-T)"'R.

Hence

34
[(A-T-R-K)'R]" = (A1 + A+ A5)* = 3 Q. (4.7)
j=1

For each j € (1,...,3%), the operator Q; is compact, so [(A-T - R - K)_lR]4 is compact. Let
E'={Ae€p(T+R+K) such that [(A-T-R —K)_lR]4 is compact}. We have o(T+R+K)no(T) C E'.
By Proposition 4.8(ii), E’ has a point of accumulation in p(T + R + K). By Proposition 4.8(i),
o(T + R + K) is a connected set. Finally, by Lemma 4.5, E' = o(T + R + K). O
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Lemma 4.10. Assume that R is T-Regular. Let 21 (X) be a subgroup of (£(X), +) such that 27(X) C
Rr(X) and let

Or(X) = {R+ K € £(X), such that K is compactand R € Jr(X)}. (4.8)
Then
(i) £(X) € 9r(X) C G1(X),
(ii) fOT all (R1 + K1), (Ry + Ky) € O7(X), then (R + K7) £ (R, + K3) € I07(X).

Proof. (i) Since the null operator 6 € 2r(X), then X(X) C Ir(X).
Let R+ K € O7(X) and let A € p(T + R + K). We have

24

[(A-T-R-K)'(R+K)]" =[A-T-R-K) 'R+ A ~-T-R-K)'K]' =3P, (4.9)

1

where each P; is a product of 4 factors formed from the operators (A-T - R-K )'R and

(A\=T - R— K)"'K.From Lemma 4.9, P, = [(A - T - R~ K)'R]" is compact. For j € {2,...,2*},
the operator K appears at least one time in the expression of P;. So P; is compact. Hence
[A-T-R-K)(R+ K)]4 is compact for all A € p(T + R + K).

(ii) It is clear that for all (R + K1), (R, + K») € Or(X), we have (R; + K1) £ (R, + K») =
(R1 + Rz) + (K1 :I:Kz) € 9T<X) ]

We are now ready to prove the main result of this section.

Theorem 4.11. Let 27 (X) be a subgroup of (£(X),+) such that 27(X) C Rr(X). Then for all R €
Ir(X),

Oess (T + R) = 0ess (T). (4.10)
Proof. The result follows from Lemma 4.10 and Corollary 3.7. O
Corollary 4.12. Let R € £(X) such that for all n € Z, nR is T-regular. Then

Ocss (T + R) = 0ess (T). (4.11)

Proof. Let 27(X) = {nR, n € Z}. We have Jr(X) C Rr(X) and for all Ry,R, € 2r(X),
Ri £ R; € 27(X). Then by Theorem 4.11, we have Oess(T + R) = Oess(T). O

5. Application to transport equation

In this section, we will apply the result of Theorem 4.11 to investigate the Scheter essential
spectrum to the multidimensional neutron transport equation which governs the time evolu-
tion of the distribution of neutrons in a nuclear reactor (cf. [7, 14, 22, 26, 32]):

0 0
—(P(x, u,t) = —v—qf(x, u,t) —o(V)g(x,v,t) + j k(x, v,V )g(x, v, t)dv'
ot ox v

= Aoy (x,v,t) = Tog(x,v,t) + Rg(x, 0, t),
¥ = 0, ¢(x,0,0)=g,(x,0),

(5.1)
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where Ty is the streaming operator and R denotes the integral part of A¢ (the collision opera-

tor), (x,v) € DxV,where D = DC RN and the velocity space V ¢ RN (N > 1). The unbounded
operator Ay is studied in the Banach space X; = L1 (D x V, dx dv). Its domain is

0
D(Ag) =9(Ty) = {([I € Xj, such that v% €X1, ¢y = 0}, (5.2)
where
I'_ = {(x,v) € 8D x V such that v is ingoing at x € 0D}. (5.3)

The function o(-) is called the collision frequency. The scattering kernel x(-, -, -) defines a linear
operator R by

R:Xi — X, ¢ — J k(x,v,7")g(x,v")dv'. (5.4)
v

Observe that the operator R acts only on the variables ©'. So, x may be viewed merely as a
parameter in D. Hence, we may consider R as a function

R():xeD — R(x) e Z, (5.5)

where Z = £(L,(V,dv)) denotes the set of all bounded linear operators on L;(V,dv). In the
following we will make the assumptions (hypothesis «/1):

(i) the function R(:) is strongly measurable,
(ii) there exists a compact subset C C £(L;(V, dv)) such that R(x) € C a.e.on D,
(iii) R(x) € X(L1(V,dv))a.e.onD,

where X (L1(V,dv)) denotes the set of all compact operators on L1(V; dv).
Obviously, the second hypothesis of <41 implies that

R(-) € L*(D, Z). (5.6)

Let ¢ € X;. It is easy to see that (Ry)(x,v) = R(x)y(x,v) and then, by «#/1, we have

[ 1®0) @ 0ldo < ROl [ N0, 57)
\%4 \%4

and therefore,

f ’[ |(Ryp) (x,v)|do < ||R(~)||LW(D,Z)J‘ I |g(x, v)|do. (5.8)
pJv pJv
Thus leads to the estimate

”R”—’J(X1) < ”R(')”LW(D,Z)' (59)
Definition 5.1. A collision operator R is said to be regular if it satisfies the assumption «#1 above.

We denote by R(X;) the space of all regular operator.
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It is well known that

0(Ty) = {A € C such thatReA < -)A"}, where A" := lilglq ig1f o(8). (5.10)

(see, e.g., [22, Corollary 12.11, page 272]). Note that the spectrum of the operator T, was ana-
lyzed in [28]. In particular, we have

Oess(To) = 0C(Tp) = {A € C such thatRe A < -1"}, (5.11)

where 0C(Tp) denotes the continuous spectrum of Tj. The existence of the eigenvalues of Tp + R
in the half-plan {1 € C such thatRe\ > —1"} is related to the compactness of some iterate of
(A = Ty) 'R (see [22, Chapter 12]).

Lemma 5.2 (see [28, Lemma 2.1]). Let K and H be two regular collision operators on X, and Re A >
11, where 1 is the type of the Co-semigroup generated by Ty.

() K\A=Ty)"H is weakly compact on Xj. If o(x,v) = o(v) and if D is convex, then
K\ -Ty)'His compact on X;.

(ii) If w > 1, then limymj—+o0 || K (X — To)’lHll = 0 uniformly in {1; Re A > w}.

Theorem 5.3. Let R be a regular operator such that, for alln € Z, p,. (To + nR) is a connected set of
C. Then

Oess(To + R) = 0ess(To) = {A € C such that Re A < —1"}. (5.12)

Proof. We claim that, for all n € Z, nR is To-regular. Indeed, we have that nR is regular and
so, by Lemma 5.2, nR(\ - TO)_lnR is weakly compact on Xj, for all A such that Re(A) > 5. The
use of Remark 4.6 and the fact that p(Tp) is a connected set of C shows that nR(\ - To) 'nR
is weakly compact for all A € p(Tp). So, for all n € Z, nR is Ty-regular. We define Jr,(X;) =
{nR, n € Z}. We have 271,(X1) C Ry,(X1) and for all Ry, Ry € 27,(X1), we have R1 £ R, € 1, (X4).
Finally, by Theorem 4.11, we obtain Gess(Tp + R) = 0ess(To) = {A € C such thatRe A < —A*}. This
completes the proof of the theorem. O
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