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Abstract

In this paper we study a class of nonlinear elliptic problems involving the p (x)-
Laplacian operator. Under some additional assumptions on the nonlinearities, the
corresponding functional verifies the Palais-Smale condition. So, we can use the
Mountain Pass Theorem to prove the existence of nontrivial solution.
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1. Introduction

The aim of this paper is to prove some existence results for nonlinear elliptic problem

—Apoytt = AV () [l 2w+ f(x,u), x eRY
(1.1)
u>0,u#0,ueWw

A p(x) 18 so-called p (x)-Laplacian operator i.e. A,xu = div(|VulP® =2 Vu). In the
case p (x) = p, thendiv (| Vu|P~? Vu) is well-known p-Laplacian and the problem is the
usual p-Laplacian equation. f isreal-valued function with domain RY x R; 1 is unknown
real valued function defined in R" and belonging to appropriate function spaces; A is
positive parameter; p and ¢ are reals functions satisfying p (x),q (x) € C+ (R" )

Problems involving the p (x)-Laplacian operator arise from many branches of math-
ematics as in the study of elastic mechanics (see [22]), electrorheological fluids (see [1],
[7]), (see [17]) or image restoration (see [6]).

Let the eigenvalue problem involving variable exponent growth conditions intensively
studied is the following

—Apu = AV () [u[fP 2y, in Q. (1.2)

where € is bounded domain in RY , n > 3, with smooth boundary 9€2,
In [21] the author studied the problem (1.2) in bounded domain where V (x) = 1,
under the assumption 1 < ming (x) < minp (x) < maxgq (x) , the continuous spectrum
Q Q Q

is proved.

However [18] the author established in bounded domain, using the simple variational
arguments based on the Ekeland’s principle, that there exists A* > 0 such that for any
A € (0, 1) is an eigenvalue for the above problem.

This paper is organized as follows. In Section 1 we recall some previous results.
In Section 2, we state some basic results for the variable exponent Lebesgue-Sobolev
spaces, which are given in Fan and Zhao (see [11]), O. Kovicik, J. Rikosnik (see [19]).
In Section 3, we give sufficient conditions on V and f to obtain the existence of solution
for the problem (1.1) above.

2. Preliminary results

We recall some background facts concerning the generalized Lebesgue-Sobolev spaces
and introduce some notations used below.
Let

C,(QQ={peC():px)>1, foreveryx € Q }

pT =max{p(x) € Q}et p” =min{p (x) € Q} forevery p € C1 (R2) .

Denote by M (£2) the set of measurable real-valued functions defined on 2.
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We introduce for p € C4 (£2), the space
LYW (Q) = {u € M () such that, / lu (x)]PN dx < +oo}
Q

equipped with the so called Luxemburg norm

px)
|u|p(x)7Q:inf t>0/ del .
Q

In what follow |u|, ) will denote |u| . g~ . It is well-know that this norm confers a
reflexive Banach structure.

Define the variable exponent Sobolev space W the closure of C§° (RN ) under the
norm

u (x)
t

el poey = [Vl pixy -

Moreover, we recall some previous results.

Proposition 2.1. (I8]) If p € Cy (RY), then L?™) (RY) and W' (RY) are sepa-
rable and reflexive Banach spaces.

Proposition 2.2. ([8]) The topological dual space of LP™ (R") is L” @) (RY), where

T
px)  p(x)

Moreover for any (u, v) € LP™ (RV) x LP'™ (RY), we have

/ uvdx
]RN

Let us now define the modular corresponding to the norm |.| (. by

1 1
= (p__ + (p,)—> ]y 0]y = 2 1l pioy 0]y -

p = [ ulr®dx.
RN
Proposition 2.3. ([111,[19]) For all u € L?™ (R"), we have

. - + - +
min {jul? ) fulf | < p @) = max {luif )it

In addition, we have
M) |ulppy <l@esp.=1;>1) & p(u) < I (resp. =1;> 1),

- +
i(x) S )O (u) S |u|p(x) 9

(11) |u|p(x) >1= |Lt| p



3876 Abdelmalek Brahim, Djellit Ali, and Ghannem Lahcen

er

(i) ulpey > 1= lulb ) < p @) <lulb .,

) u
@iv) ,0( ) = 1.
] pxy

Proposition 2.4. ([8]) Let p (x) and s (x) be measurable functions such that p(x) €
L (RN) and 1 < p(x)s(x) < oo almost every where in RN Ifu € LW (]RN) ,
u # 0, then

— ul” ) p*
|u|P(x)S(X) S 1 |u|p(x)s(x) S "ulp * 5 (x) S |u|p(x)s(x) ’
> 1] = P’ < ||u|P™ < ul?
|u|p(x)s(x) - |u|p(x)s(x) — |u| s(x) — |u|p(x)s(x) :

In particular, if p (x) = p is a constant, then
— 1P
“ulp}s(x) - |M|ps(x) :

Proposition 2.5. ([11]) If u,u, € L?* (RV), n = 1,2, ..., then the following
statements are mutually equivalent:

(1) nll>nolo |un - ulp(x) = O,
(2) lim p (up —u) =0,
n—oo

(3) u, — u in measure in R and lim p (u,) = p (u).
n—oo

Let p* (x) be the critical Sobolev exponent of p (x) defined by

NP o) < N
Py ={ N7PWw ,
400 for p(x) > N

and let %' (RV) be the Lipschitz-continuous functions space.

Proposition 2.6. ([111,[9]) If p (x) € C%l (RN ) , then there exists a positive constant
¢ such that

ul ey < Cpeoy [Vitlpiy,  forallu € WHPO (RY).

Proposition 2.7. ([9]) 1) Ifs € LY (RY) and p(x) < s (x) < p* (x), Vx € R", then
the embedding
Wl,p(x) (RN) s Ls(x) (RN)
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is continuous but not compact.
2) If p is continuous on €2 and s is a measurable function on €2, with p(x) < s (x) <
p* (x), Vx € Q, then the embedding

WP (Q) s LI (Q)

is compact.

3. Main result and proof

Definition 3.1. u € W is a weak solution of (1.1) if forall v e W,

/ IVu|P9 =2 VuVodx — ,\/ V() ul? 2 uvdx — | f (x,u)vdx =0,
RN RN RN

u
The present paper is studied under the following hypotheses. Put F (x, u) = / f(x,t)dt.
0

(H1) We suppose that the functions p, g are continuous and satisfy p (x) < N, along
with1 < p~ < pT < g~ < g7 < p*(x). In particular, p verifies the weak
1
Lipschitz condition, namely, | p(x) — p(y)] < ¢ holds for |x — y| < =
[log [x — yl| 2
and x, y € RV,

(H2) We assume f : RY x R — R is a the Caratheodory function and satisfies f €
' (RY x R, R) and

20 N
| f (x,u)] <ax)ul*®, V(x,u) e R xR.

Here a € L*W (RN ) , 1S nonnegative mesurable function, along with +
1

=1
p (x)

o (x)

(H3) Suppose that 0 < 6 F (x,u) < uf (x,u), suchthat p©™ <6 <¢~, x e RV.

1
o am

(H4) The potential V € L™ (RN )N L™ (RN ) is nonnegative, and
Remark 3.2. As in [3] the hypothesis (H3) implies that, for all t > 1, F (x, tu) >
1’ F (x, u) . Moreover, in vew of (H1), W = WP,

The main result for this paper is given by the following theorem.

Theorem 3.3. If the hypotheses (H1)-(H4) fulfilled, then the problem (1.1) has a non-
trivial weak solution for all A > 0.
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We need some lemmas to prove main result. The energy functional corresponding to
problem (1.1) is defined by

i (u):/ LquIP(x)dx—/ A@qudx—f F (x,u)dx
rr P (X) nogq(x) n

and we put

1
o) = / VaulPD g,
re P (x)

v (u) = / ) |9 dx,
re q (X)

KW = / F(x,u)dx.

Lemma 3.4. The functional J; is well defined and C ! (W, R) . Moreover

(J;<u),v):/

By (H2) togheter with (H4), it is easy to see that J; belongs to the topological dual
of W.

(IVMIP(X)_2 VuVo — AV (x) [u|992 uv) dx — f(x,u)vdx.
Rn

n

Lemma 3.5. There exists positives constants R and p such that J, (u) > p on ||lull ;) =
R.

Proof. By the Holder inequality, we get

/IF(x,u)Idx < /
n Rf’l

= Wl 7

a(x)
q (x)

|u|q(x) dx

[A

p(x)

C1 i
= q__ |a|a(x) ”u“;],(x) >

i = +if ||u||p(x) >1, andi = — if ”u“p(x) <1
and we are
V (x 2
/ L|u|q(x)dx < _|V|r(x) |u|¢1(x)’
R® 4 (.X) q_ r'(x)
2 q'
< - Vo 1l oy )
=<

(6) i
o= Vo Il

i = +if ||u||p(x) > 1, andi = — if ”M”p(x) <1
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Jy(u) = / ( ! IVulp(x)—kV()l Iq(x)>dx—/ F (x,u)dx
re \ P (%) g (x) "

1 2)\C2 2 1 i
(x) q' q
> p__|_ R |vu|[) Ydx — |V|r(x) ||M|| p(x) q- |a|a(x) ”u”p(x)
1
> ||u||

2c1 i
|V|V(X) ”u”p(x) q- |a|oz(x) ||I/t||(117(x)

1 20c 2¢
= p “u”p(x) q- |V|r(x) + (]_ |a|oz(x) ”M”p(x)

where ¢y, ¢, are positives constants. So, for all . > 0, and u € W with [[u|l ,) = R
sufficiently small, there exists p > 0 such that

Jr(w)=p>0
[ |
Lemma 3.6. There exists e € W with |le]| ,(,) > R such that J, (e) < 0.
Proof. Choose ug € W, |lugll () > 1. For ¢ large enough we obtain
1 Vv
Jy (tug) = f ( |Viug|P™) — Aﬁ |m0|q0‘)) dx — f F (x, tug) dx
n P (X) q ()C) n
1 1
< — | IViug)"Pdx —r— [V (x) |tuo]?™ dx
P Jrr q" JrRr
tPt + 2xetd
= ol — o [V 0 o ax.
- p(x) g+ R
This yields J, (tug) — —o0, ast — +00 since
0= [ V@ mol"® dx < 26 Vi ol
[ |

Lemma 3.7. The functional J,, satisfies the Palais-Smale condition (PS),, for any ¢ € R.

Proof. Let (u,) be a (PS), sequence for the functional J, in W i.e. J, (u,) is bounded
and J, (u,) — 0. Then the sequence u, is bounded in W.
Indeed, since Jy, (u;) is bounded, we have

Cc, > Juun):/ (mmnw %wm“))dx—/ F (x,uy) dx

> / ( ! IVunlp(x)—Amlun|Q(x)>dx—f F (x,u,)dx
R \ P (%) (x) n

V()C) Up
px) q(x) _ -n
> / (p(x) [Vu,| dx q(x) lu;, | )dx ‘/‘” 2 f(x,uy)dx.
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Furthermore

(] (un) , un) = / Vi [P — AV () g9 dx — | f (x, up) updx
]Rn

n

Then

1 1
Ci IVun PO dx — — [ AV (x) |un]?™ dx + 5 (7 ) )

p+ Rn q R~
1 1
—5/ |V, |P dx+5/ AV () |un 7% dx
n Rn

11
(p—+—5>/ |V, [P dx

11 1
T

Arguing by contradiction, we assume that (u,) is unbounded in W. In particular we
can choose |lu,| > 1 for n sufficiently large. Hence, there exists Cz > 0 such that

(A%

_C3 ”un”p(x) <J}L (un) un) = C3 ”un”p(x)

since J; (u,) — 0. To this end,

1 1 1
p
c > (p—+— ) it | (x)+< ) R”AV(x)mnw(“dx—gCa et p
1 1 1

This implies a contradiction.

Hence the sequence (u,) is bounded in W. Thus, there exists a subsequence, again
denoted (u,), weakly convergent to u in W. We prove that (u,) is strongly convergent
touin W.

To this end, we consider the following equality

(I ) — I} (), upy — u) = (1.3)
(@ ) — @' W), un —u) — (¥ (up) — ¥ (), up —u) — (K" (up) — K' (), un — u).

Obviously, the term in the left hand side tends to zero for n large enough. First, we
show that (K (un) — K' (u) ,up —u) > 0 as n — oo.

Let Br be the ball in RY of radius R centered at the origin and B}e —RY-B Rr. We
use well-know compacteness argument in unbounded domains. Roughly speaking, we
write

(K" (un) — K" (), up —u)| =

- (f Ccyup) — f (2, ) (up — u)dx

IA

/B|f<x,un>—f<x,u>||un—u|dx

+/B, |f Ceoun) = f (e, u)| |up —uldx

R
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Taking into account Proposition 2.7 togheter with the compactembedding W LP) (BR) —
LP®) (Bg), the first term in the right hand side of the above inequality vanishes as
n — o00. Contrariwise, the second term vanishes as R — oo. In fact, we have

/B |f(x7 un) - f(x,u)l |ul’l - uldx = 2|f(x’un) - f(xv u)|oz(x) |un - u|p(x),BR .

In virtue of (H2) the Nemyckii operator is bounded. Hence, we obtain

/B |f (,up) — f (x,u)| |luy —uldx <

| ™

On the other hand, we have

[ 17 o) = f (e =l <

R

f a () |t + a x0) |un PO ul + a @) |ulP® +a @) |ulPO7 u, | dx <
B

’
R

e
2 b
for R sufficiently / arg e. Indeed,

/ 0 () a7 dx < 2 lalgey |lia P
B

l
R

&
=< )
px) — 8

for R sufficiently [ arg e. Using the Young inequality, we get

J

for R sufficiently [ arge.

@ () a7 () dx 5/

a () (Il + 10" dx
By

i
R

< 2laly(x (‘lunlp(x)

p(x)
px) T ‘|u|

&
)<
r) — 8§

) £
In the same way, according to R, we show that both the two last terms are less than 3

Similarly, using the same arguments, the following holds
(W' un) =¥ @), un — u)

e N e M | [P
Br

+A/ V (x) (|un|q<x> 972 i+ ]I 4,y |92 unu> dx
B/

R

< 1 [V 0 (Il 2y = 172 0)| g = wly

r(x)

) <&
q(x)

+e2 IV (@)l (\mm(’” )

4 ‘|M|CI(X)
(x)
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for n, R large enough.
It appears from (1.3) that (¢" (u,) — ¢’ (u) ,up —u) > 0 as n — oo. Now, with
the aid of an elementary inequality in RY, we get if p(x) > 2

22—1’*/ IVitn] = |Vl [P dx - <
RN

f (qunlp(x)_ZVun—|Vu|p(x)_2Vu) (Vu, — Vuydx — 0 as n— oo
RN

Otherwise, use the following inequality in RY

(p=DIC=nP A+ < (IK1P2 =P n) @ —m) if 1 <p <2
and consider the following sets

Up={xeRV,px)>2}; V,={xeR" 1 <p©) <2}

Proof [ Proof of theorem 3.3]. Set
F={yeC(0,1]1,W):y(0)=0,y (1) =¢}

¢ := inf max J, 1)) .
yel'te[0,1] » (v (1)
According to lemma 3.5 and lemma 3.6, the energy functional J; satisfies the geometrical
conditions of the Mountain pass theorem. Hence c is a critical value of J; associated with
a critical point u € W, which is precisely one solution of (1.1). The proof is complete.
|
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