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A posteriori error estimates for generalized Schwarz
method for HJB equation related to management of
energy production with mixed boundary condition

S. Boulaaras, M. C. Bahi, M. Alnegga and A. Zarai

Abstract. In this paper, a posteriori error estimates for the generalized
Schwarz method (GSM) for evolutionary Hamilton-Jacobi-Belmann equa-
tion with linear source terms related to management of energy produc-
tion with mixed boundary condition (MBC) are established, using a theta
scheme with a Galerkin spatial approximation and the techniques of the
residual a posteriori error analysis.

M.S.C. 2010: 65M60, 34A37, 65K15, 49J40, 49M25.
Key words: evolutionary inequalities; a posteriori error estimates; algorithms; HJB
equations; GODDM; DBC; PQVL

1 Introduction

We consider the following evolutionary inequalities: find u (x,t) such that u € L? (0,T; K (u)),
uy € L* (0,T; L*(2)) and

Ou’ + max (fAui + abu' — fi) =0, in K,

1.1
(1.1) ot  i=1,.,M

where K is an implicit convex set defined as follows:
u' € L* (0, T,H}(Q)) NC 2 (0, T, H (),
K={ v (z)<l+u* v*=0inT, u*=0in /Ty, ,
u' (2,0) = uh in Q,i =1,..., M.
Q is a bounded smooth domain in R?, d > 1, ¥ is a set in R x R? defined as ¥ =
[0, T] x Q with T' < 400, and aj) € L?(0,T,L>(Q))NC °(0,T,H"(Q)), i € 1, M
and the right hand side fi € (L% (0,7, L2(Q)) N C * (0,7, H-1(2)))".
The problem (1.1) can be approximated by the following system of the continuous
parabolic inequalities: find (ul,uz7 7uﬁ/[) € (L2 (O,T, H} (Q)))M, solution to
ou’
ot

Avppriep SCIENCES, Vol.19, 2017, pp. 22-30.
© Balkan Society of Geometers, Geometry Balkan Press 2017.

+ A < flin K,




A posteriori error estimates for HJB equation 23

which is similar to that in [4] and [7] which investigated the evolutionary free bound-
ary problems. The problem (1.1) can be transformed into the following system of
evolutionary quasi variational inequalities: find u’ € L? (0, T, H§(£2)) solution of

(88—“;,@ —ui>Q +a (ui,v —ui) > (fi,v — ul)ﬂ + (cpi,v — ui)ro ,
(1.2) u® =01in T'/Ty, u® (2,0) = uf in Q,
ou’

=¢'inTg,iel, M,
on

where @’ (., .) is the bilinear form defined as: for u,v € Hj(Q) : a’ (uf,u’) = (Vu', Vu')—
(abu’,u') and ag € L?(0,T, L>(Q)) N C ° (0,7, H~*(2)) is sufficiently smooth func-
tions and satisfy the following condition: ag(¢,z) > > 0, (3 is a constant.

M is an operator given by Mu® = k+ i;lfu“ where & > 0 and > 0 and I'y is the
i

part of the boundary defined by: I'g = {x € 90 =T such that V¢ >0, x+¢ ¢ Q}
where 71 is the normal vector, the symbol (., )Fo stands for the inner product in
L?(Tg) and in [11] M is satisfying the following proprieties: for all u,v € C(Q), we
have

M(bu+(1—-0)v) >M(u)+ (1 —0) M (v),

Foralln e R, M (u+n)=M(u)+n.

The system of evolutionary quasi-variational inequality (1.1) emerged from many
scientific, engineering and economic problems, e.g., from the heat control problem,
the Stefan problem, and the American option problem [1].

In this paper, we prove an a posteriori error estimates for the generalized over-
lapping domain decomposition method with Dirichlet boundary conditions on the
boundaries for the discrete solutions on subdomains of evolutionary HJB equation
with linear source terms using the theta time scheme combined with a finite element
spatial approximation, similar to that in our published papers in [3, 4, 7, 8], which
investigate the Laplace operator.

2 The discrete system of parabolic quasi-variational
inequalities

In [4], the problem (1.2) can be reformulated as the following coercive discrete system
of elliptic quasi-variational inequalities

bi uzek,vh—ui’e’k > J” gk_i_ﬂuzk l,vh—uze’k)
0.k 1,0,k
ey (0 (- at)),
0

on, ub?t = 0uit 4 (1—0)uF e Vi g e0,1],
fz@k_afi,k ( )fz,k: 1 szgwk+(1_9)<pk71,

where

b 1,0,k i,0,k\ _ 0,k i,0,k 1,0,k 1,0,k
uy T, vy — Uy, =pl\uy v — Uy Q+a uy T, v — Uy, s
(2-2) 1 P

= 9at ~ ot
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and
v e (L2 (0,7, Hy(2)) nC (0,7, H} (2))) ™,
(2.3) Vih — such that v}, |x= P, k € 7, v} <rp,Mvi,

vl (.,0) = vipg in Q, =" in Ty, v, = 0in T'\Ty,

o},
an
where P; Lagrangian polynomial of degree less than or equal to land r; be the usual
interpolation operator defined by

m(h)

rv =Y v (M) s (@)

i=1

3 The continuity space for the generalized Schwarz
method

We split the domain €2 into two overlapping subdomains €24 and 25 such that Q;NQs =
Qia, 00:NQ, =T, s#t and s,t =1,2. We need the spaces

Vo =H"(Q)NnH'(Q,) = {ve H' () | vog,non =0},

and
W, = H2 s)={ur,|veV, and v=0o0n 90\I's},

which is a subspace of

HE(T,) = {p e L*(T,) | = ¢r, for peV;, s=1,2},

with its norm = inf v .
lellw, =y, mE ol
1
We define the continuous counterparts of the continuous Schwarz sequences by uZ Romtl o
M
(HO(Q)) ,m=0,1,2,...,a = 1,..., M solution of
i (i,0,k,m+1 i,0,k,m+1
é (UT T R
Fib uzlﬁ,kfl,erl) v — uzl,e,k,mH)Q + ((pi’v . ui,@,k,m+1)FO 7
3.1 ; 1 1
(3.1) ubPPmTL — 0 on 90y NN = 09 — Ty,
i,0,k,m+1 i,0,k,m
o0k R
1 +au19k7n+ 2 +a1u19k7n on F17
87]1 (97]1

where 7, is the exterior normal to 5 and «y is a real parameter, s € {1,2}.

In the next sections, our main interest is to obtain an a posteriori error estimate,
we need for stopping the iterative process as soon as the required global precision
is reached. Namely, by applying Green formula in Laplace operator with the new



A posteriori error estimates for HJB equation 25

boundary conditions of generalized Schwarz alternating method, we get

{! ,L 1 v u% R, ) (v,l 1,0,R,m ,v (U 1 ,0,k,m ))
(951

s U1

(951
2,97k,m+1 7,0,k,m+1
_ 3“1 L i0,kmtl + 3U1 L i0,kmtl
, U1 — Uq , V1 — Uq
om 8% —T om
1—11 ry
. X 6ui79,k},m+l )
_ (vuzlﬂ,k,m+1’ v (v1 _ ull’e”“’m“)) _ 1 vy — Ot
Ql 87]1

Iy

and thus we can deduce
.0,k m+1

—Auzl’ k,m+ vy —

)

79k m—4+1 v 79 k,1n+1 v 79 k,vn—i—l
uz r ) ( uz (U uz ))
Q4

Q1
1,0, k,m+1 i,0,k,m+1
8“1 i,0,k,m+1 3“1 i,0,k,m+1
— | —,v1 —u + | —=——,v1—u
) 1 ’ 1
om Om
o0, —I' ry
0,k,m+1 i,0,k,m+1
- (i (),
Q1
8 ,0,k,m+1
i,0,k,m i,0,k,m+1 i,0,k,m+1
—— + a1 Uqy — Q1 Uy , U1 — Uy

Iy
0.k 1 1,0k, 1 1,0,k 1 i 1,0,k 1
:( 1,0,k,m+ V(Ul—ull’ e, m+ )) i (Oélull' Je,met- vt — b ;m+ )
Q1

Iy
0,k 1 i,0,k, 1 i,0,k 1 i,0,k 1
_ ( i,0,k,m+ V(Ul — b ,m+ )) + (a1u11, hmtl — b ;m+ )
Ql 1_‘1
1,0,k,m+1
_ 3“2 + alui,e,k,m vy — ui,e,k,erl
6 1 2 9 1 )
n r,

i,0,k,m+1 c Vv17

thus the problem (3.1) is equivalent to the problem of finding wu; such

that

1,0,k,m+1 i,0,k,m+1 1,0,k,m i,0,k,m+1
c( uj , U1 — U )+(a1u , U1 — Uy )F
1
0,k—1 1 .0,k 1 ; .0,k 1
(3 2) z, , ,m+ ),Ul 7u11, Jkym+ ) + (gol,vfuzl’ Jkym+ )
. Q Iy
1 0,k,m+1
i,60,k,m i,0,k,m+1
—— + o1us , V1 — U Vo, € Vi,
I8
1,0,k,m+1
and we have uy”*™* € V5,
i/ 1,0,k,m+1 ,0,k,m+1 i,0,k,m+1 1,0,k,m+1
c*(ug , V2 — Ug )+ (a2u2 , U2 — Ug )F
2
i/ 0,0, k—1,m+1 L a0,kmtl i i,0,kmtl
(3 3) Z (F (U’Q ),'UQ Ugy )Qz + (SO , U u )1"0
i,0,k,m+1
3U1 i,0,k,m i,0,k,m+1
87172 —+ Q2Uq , V2 — Ug
s

4 A posteriori error estimate

To define the auxiliary inequalities, we need to split the domain 2 into two sets of
disjoint subdomains : (21, Q3) and (Qs2,4) such that Q = Oy UQ3, with Q,NQ3 = &
Q:QQUQ4 and QQHQ4:¢.
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Let (u“™™ us¥™) be the solution of problems (3.1), we define the couple

(ui’k’m,ugk’m) over (91,€Q3) to be the solution of the following non-overlapping
inequalities
(4.1)

ui,k,m+1 B u'i,k—l,m+l

i,0,k,m+1 ik, 1,0k, 1 i,0 0,0, k—1,m+1Y\ -
— A Ol gk 0 kmtl > (u’l m+)1n91,

0,k +1At
wy”t"m T =0, on 91NN, k=1,..,n,

i,0,k,m+1 1,0,k,m+1
Ouy i,0,km _ Ouy
+ auj = +aiu

87}1

i,0,k,m
2 , onI'y,
87]1

and
(4.2)

ik,m+1 ik—1,m+1
Ug —us

1,0,k 1 i,k 0,k 1 0 i,0,k—1 1Y .
A ORmEL ik Okml s (ug, ””*)m Qs,

i,G,k,m+lAt
Uy =0, on 903NN,
,0,k,m+1 ,0,k,m+1
8u§’ yk,m+ P uzf yk,m+
———— fazuy on g = ——— a3

ui,Q,k,m
87]3 (9773 1

,onI'y.

We further take e?Fm = 50RmFl _yi0kmtl oy 1) the difference between the

overlapping and the nonoverlapping solutions ué’e’k’mﬂ and ué’g’k’mﬂ of the problem

(3.1) and (resp.,(4.1) and (4.2)) in Q3. Because both overlapping and the nonoverlap-

. g 1 i 1 ;
ping problems converge see [10] that is, u5®"™ 1 and ui?* ™+ tend to u®* (resp.
ué’e’k), then ell’e’k’m should tend to naught when m tends to infinity in V5.
By taking
) auiﬁ,k,m ) ) auiﬂ,k,m )
Agkym _ 2 + alu;ﬁ,k,m, Alfk’m _ 1 + a3u11’0’k’m,
521 ons
- aui, k,m ok aei,e,k:,m ok
(4.3) Ak = U + a4 2 + agedthm
0 1 (9771
b i,60,k,m
ikym _ OUq i,0,k,m
1 = —— + azuy ,
on3

and by using Green formula, (4.1) and (4.2) can be reformulated as the following
system of elliptic variational equations

» U1

7,0, k,m+1 i,0,k,m+1 i,0,k,m 1,0, k,m+1
c(uy U )+ (alu1 , U1 — Uq )F
1

; 1,0, k—1,m+1 i,0,k,m+1 ; 1,0, k,m+1
(4.4) > (F““)(uZ1 ), o —up )Q + (so%v —uyt )
1

To
k, 0.k, m+1
+ <A3m,’l)1 — Uy mt )F ,V”Ul eV
1

and

1,0,k,m+1 i,0,k,m+1 1,0,k,m+1
c(ug Uz — U3 ) 3 )

+ (Oégu
(4.5) > (Fi,e(ug,a,kﬂ,mﬂ)’vg B ué,&,k,m+1)g
3

ik, i,0,k,m+1
+(A21 m,vg—ug mt )F ,Vusg € V3.
1

i,0,k,m+1
V3 'U/Z?; o )
Iy

n (sai’ v — ugﬂ,k,mﬂ)
To
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On the other hand by taking

) ael ,0,k,m )
(46) o = S
om
we get
) auz,G,k,m a(ui,G,k,m o ui,Q,k,m) ) )
A;,B,k,m _ 5 +a uéﬂ k,m 4 2 5 3 + al(u;,ﬂ,k,m _ ug,@,k,m)
aui,e,k,m n aez,k,m n
(47) === — t a4+ = et
om om
auz,g,k,m . .
=3+ alug’e’k’m + Qi’k’m.
8771
By using (4.6), we have
(4.8)
) 8 1,0,k,m ) ) auz ,0,k,m ]
Az,k,erl _ + aluzﬁ,k,m + 01,k,m+1 + aluz ,0,k,m az,k,erl
3 8’[71 3 1 8’[73 1
i,0,k,m
. i,0,k,m 5“ i,0,k,m i,0,k,m ei,k,erl
= Q3Ug - 87 — Q3Uq + apug + 04
i,0,k L k i, k,m+1
1’7 b 7m Z? 7m 7’7 1m
= (a1 + az)ug — Ay +6;
and from the last equation in (4.8), we have
o’ 0,k,m 9 i,0,k,m
AbRmAl Uy i,0,k,m i,0,k,m Usg i,0,k,m
(4.9) 1 = - ag + aguy = QU - T — Q1 Ug +
0,k k,m ,0,k, ik, ks 1
asul® ™ g = (e + ag)uy?rm — AGPT 4 gyt
Lemma 4.1. [11] Let u¥ = uf, efFmtl = 0kmtl gk gng phm+l = Akmtl _ Ak,
Then for s,t =1,3,s # t, we have
i ( 0.0,k 1 1,0,k 1 0,k 1 ik 1
(4 10) cg(eg Jk,m—+ Vs _eg Jk,m—+ )_|_ (a e” Jk,m+ Vs —eé’ ,m—+ )FS
— (77;7 7m7vs _ ez,k,m—i—l) ,V’Us c ‘/S
s
and
(4.11)

ik.m i ik.m ik, i i,k,m i
(™), = (s + an)es™ +1’US)FS_(ni Y )r +(9t " )Fs VW E Ve

s

Theorem 4.2. [11] The following hold true:

0,0,k 1 1,0,k 0.k, 1 1,0,k 0.k 1 1,0,k
H“sz; ym+1l uzl,h, H 4 H i, m+ ug}; H <C uth, ,m+ ug, S, ,
’ ’ 1, ’ 1,Q3 ’ ’ Wy
i,0,k,m+1 1,0,k i,0,k,m+1 1,0,k i,0,k,m+1 1,0,k,m
H“zh —Uyp H + H“4h — Uy H <C 2, )
’ Q22 ’ 1,94 ’ Wa
and
i,0,k,m+1 z 0.k 7, 1,0,k i,0,k,m+1 i,0,k,m
Uy p H + ‘ Usg, h —Usp H <O ( Ui p — Uy,
1,92 Wi
m_uzakm 6 i,k+ lmH ‘ i,kJrlmH
1,h Wa 1,h 2.h Wa
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5 The main result

Theorem 5.1. Let ub?* = ui%F | where u is the solution of problem (1.1), the
sequences (ui’%k’mﬂ,ug’eh’k’m) are solutions of the discrete problems (4.4) and
’ ' meN

(4.5). Then there exists a constant C independent of h such that

1,0,k,m+1 i,@,k” H 1,0,k,m i,@,k”
U —u + ||uy —u E E + r.
‘ Lh Uodlne, Zh 2 1,92 K

i=1TeT,
where
7 ’ N H n AR
s h,s h,t Wi i,h W
and
1,0, k—1,% 1,0,k—1 1,0,k,*
o] PR o
s 2,0,k,* k i,0,k O
A w5 = (14 Aajig) uyy o1 Eeen i 0.E

where C' is a constant independent of h and k, and the symbol x corresponds to m+ 1
when s =1, and to m when s = 2.

[v)

1,0,k 3%

Proof. We have by using the triangle inequality
2
1,0,k 1,0,k,* i,0,k i,0,k
—u s uh s us,h

2
(5.1) Z‘ué h,s 1,0 SZ’u ~Uns ’19 +Z‘

s=1 e s=1 e s=1

1,0,

The second term on the right-hand side of (5.1) is bounded by

2
<CY nl
s=1

To bound the first term on the right-hand side of (5.1) we use the residual equation
and the technique of the residual a posteriori error estimation [10], to obtain for
v, € V" the following relation

2 2

>3

s=1i=1

1,0,k i
uh s

R w0 = el — o~ on )
1

Fif (uzof 1) +u;legk ¥ uA uz 9 k_
(vs — vp,s)ds

k 0k
o, (1+ ua;o) i
aui,ak‘ Z 0k
h,: Uy, /
- Z / [89] (Us — Uh, 5 Z / a ok Uh,s) ds
ECQ, s ECT, e

azé‘k
SYIaIE w@wwrww+@$%wﬁg

s
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where F? (u;lesk) is any approximation of F? (ui’e’k). Therefore, we have
(5.2)

2
3 el — v,

s=1
2 0 ( i0k i,0,k—1 1,0,k
F < >+uh€ + Auh,s
S E § 1 ng H’US_rU}hS”(LT
s=1TC + /Who Uh,s
2 1,0,k k
8“h,s
S35 o, - los = nll,z
s= 1 ECQ, e 0,E s= 1ECF 0,E
z .0,k
i,0,k OUp,s
P33 et - i ol vhs||0T+ZZ ol I T
s=1TCQy s=1TCQs 0,7
Then, using the inequality
i,0,k _ , 50,k i, T
1,0,k .0,k < c(ug Up o Vs T chbt)
ug”t =y < sup - T ,
1,9, vieEK ||Us +c s Hl,ﬂi

we readily infer

2 2 2
53 3 el i o+ ity < 3 ( 5 ni’T> S ol .
s=1

—1 s=1 \TCQ,

Finally, by combining (5.1) and (5.2), the claim follows. O

6 Conclusions

In this paper, a posteriori error estimates for the generalized Schwarz method (GSM)
for the evolutionary Hamilton-Jacobi-Belmann equation with linear source terms re-
lated to management of energy production with mixed boundary condition (MBC),
are established using a theta scheme with a Galerkin spatial approximation, using
the techniques of the residual a posteriori error analysis. The convergence of the new
scheme is established and the numerical example show that the new presented scheme
is efficient.
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