Fixed points for right reversible semigroups
satisfying controllable punctual inequality
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Abstract

In this paper, we give some fixed point results for right reversible semitopologi-
cal semigroups acting on convex subsets of Banach spaces and satisfy ” controllable
punctual inequality”. These results extend some ones established by W. A. Kirk ”
Glasgow. Math. Journal, Vol 2(1), 6-9, (1971)”.
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1 Introduction

Throughout this paper, if X is a Banach space and A is a nonempty subset of X then
A and co(A) denote respectively the closure and the convex hull of A in X.

Let S be a semitopological semigroup, in other words a semigroup with a Hausdorff
topology such that the mappings s € S — st and s € S — ts are continuous from §
into S for each t € S. S is called right reversible if any two closed left ideals of S has
non-void intersection. In this case, (5, <) is a directed system when the binary relation
"<” on S is given by 1 < a9 if and only if {z1}JSz1 D {z2} | Sx2, 21,72 € S and
1 < x2 means that 1 < 2 and x1 # x3. The family of right reversible semitopological
semigroups contains in particular those of commutative semigroups and right amenable
semitopological semigroups as discrete semigroups [7, 8, 9, 10, 11, 12, 13, 14, 18]. By
the same way, we can define left reversible semigroups. S is called reversible if S is
both left and right reversible.

Let 1*°(S) be the Banach space of bounded real-valued functions on S with the
supremum norm. For s € S and g € [°°(S), the left and right translations of g in {°°(.S)
are defined by

lsg(t) = g(st) and rsg(t) = g(ts)

forall t € S.

Keywords: Banach space, convex subset, semitopological semigroup, right reversible semigroup, invariant
mean, common fized point, controllable punctual inequality, retraction.

Corresponding author address: Department of Mathematics and Informatics

University of Souk-Ahras,P.O.Box 1553, Souk-Ahras 41000, Algeria

E-mails: dehicikader@yahoo.fr



Let Z be a closed linear subspace of [*°(S) containing constants and invariant under
translations, i.e., {5(Z) C Z and r5(Z) C Z. A linear functional p € Z* is called a left
invariant mean on Z if ||u|| = p(1) = 1 and p(lsg) = pu(g) for each s € S and g € Z. By
a same way, we can define a right invariant mean. Let C(S) be the closed subalgebra
consisting of all continuous functions on S and let LUC(.S) be the space of left uniformly
continuous functions on S, i.e. all functions f € C(S) such that the mappings s € S —
lsf from S to C(.5) are continuous if C(S) is equipped with the sup norm topology. The
space of right uniformly continuous functions on S denoted by RUC(S) can be defined
by the same way. For more details, we quote for example [2, 7, 8,9, 10, 11, 12, 13, 14, 18].
Additionnaly, in these citations and the references therein, we can find a rich results
and contributions on fixed point theory of semigroup actions on convex subsets of
Banach spaces and some convergence results are investigated. These results solved
many problems in this direction which are related to the Bruck’s conjecture [3] asserting
that weak fixed point property (w-FPP) is equivalent to the weak fixed point property
for left reversible semigroups.

Let K be a nonempty subset of a Banach space X with a norm ||.||. An action of S on
K is a mapping of the set S x K into K, denoted by (s,z) — s.x = Tsz for which
(s152).x = s1.(s2.z) for all s1,s2 € S,z € K. The set of mappings S = (Ts,s € S) is
called a representation of S.

Let G C S, a point x € K is a common fixed point of G with respect to this action if
s.x =Tsx = x for all s € G. The set of common fixed points of G is denoted by F(G).
An action of S on K is called generalized nonexpansive if it satisfies that for all s € S

sz = syl = |[Tsx — Tsy||

< aqllz — yl| + a2z — s.z|| + aslly — s.z|| + aul|ly — s.y|| + asljz — s.y|| for all x,y € K.
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where a; > 0 for all ¢ = 1,...,5 and Zai = 1. In the case where «; = 0 for all
i=1

i=2,...,5 (consequently a; = 1) then the action is called nonexpansive.

If for each x € K and s € S the maps s — Tsx from S into K and x — Tyx from K
into K are continuous then the action is called jointly continuous.

In [7], A. T. Lau and C. S. Wong gave fixed point results for a generalized nonexpansive
action on convex compacts subsets of strictly convex Banach spaces and they assert
that these results hold for the case of Haussdorff locally convex topological spaces for
which the topology is induced by a family of seminorms. Recently, A. Dehici [4] has
established fixed point results for Kannan’s actions (a1 = a3 = a5 = 0,09 = ay = 1)
of weakly continuous mappings on weakly compact convex subsets of strictly convex
Banach spaces.

2 Main Results

First of all, we give the following basic definition.

Definition 2.1 Let S be a right reversible semitopological semigroup. Suppose that
S acts on a convex subset C' of a Banach space X. We say that S satisfies ”controllable



punctual inequality” if S has a minimal element min(S) satisfying that Ty,5) = o
and for all z € C and all a, 8 € S\{min(95)}, there exists y(x) € S\{min(S)} with
~v(x) < @ and y(z) < 8 such that

[Tax = Thz|| < |lz — Ty(z)x|| (%)

Let n > 2 be an integer. Under the notations of Definition 2.1, we denote

=, ={I C S, totally directed, card(l) =n and
v(z) € I\{min(I)} for all x € C,a, B € I\{min(])}}

For I € £,,, define
%n,l = {f = ZﬁaTay Zﬁa = 17Tmin1 = I¢ and 5min([\{minl}) > O}
acl ael

Our first result is given by the following theorem

Theorem 2.1 Let S be a right reversible semitopological semigroup which acts on a
convex subset C' of a Banach space X. If S satisfies a ” controllable punctual inequality”,
then for every integer n > 2 and for all I € =,,, we have

F(Sn,l) :F(I)

Proof. 1t is easy to observe that F(I) C F(S3y, ). Now to prove the converse, let
xo € F(Sy,1) thus for every T' € S, 1, we have T'(zg) = zo. Hence, there exists a finite
set of positive real numbers (8,) C [0, 1] with Z Ba = 1 and Buin(n\fminry) > 0 such

acl
that Tinins = Ic and T = > _ BT, Thus
acl
’_fxo = <Z BaTa> o = Xg,

acl

which gives that
_ B\ g |

To = Z m a | o (ﬁmin(]) # 1 since Bmin([\{min([)}) > 0).

a€I\{min(I)}

Let 0 = sup{||Tazo — Tpxo|,r, 8 € I}. Assume that 6 > 0, the fact that the action
S satisfies the ”controllable punctual inequality” proves that there exists a minimal
element y(xo) € I\{min(/)} such that

6 = |lzo — Ty (g)Tol|-

Since Z 5704 =1, it follows that
: - Bmin(I)
a€l\{min(I)}

xo = 0,Tpxo + (1 —6,)z, I, €]0,1]



where z € co{Tpxo,« € I\{min(/), min(/\ min{/})} and g = min(J\{min(7)}). Thus

6 = [|wo = Ty(zg)@oll =[I0pTpwo + (1 = 6)2 — Ty (zg) ol
<6ullTuwo — Tywymoll + (1 = 6) |12 — Ty(we)oll

(2) If y(zo) = p, this is a contradiction, since we obtain that ||T,(,,)Z0 — Ty(z) ol =
0=0.

(12) If v(xg) > p, by the assumption () and the definition of the family Z,,, we obtain
the existence of 6 € I\{min(I)} with 8 < u < ~y(x¢) such that

6 < HT/L:BO - Tv(:vo)xOH < HZEU - TGmOH

which gives that [[zg — Tyxo|| = 6 and contradicts the fact that ~y(z¢) is the

smallest element in I\{min(/)} such that § = ||z — T,xol||. Necessarily, we get
d =0 and ||zg — Thao| = 0 for all a € I, consequently xo € F(I) which achieves
the proof.

Corollary 2.1 (see Theorem 2 in [6]) Let C be a convex subset of a Banach space X
and let T' be a nonexpansive selfmapping on C. Let n > 1 be an integer. Denote by

n
Sp = Z \T* (with the notation T° = Ir)
1=0

n
where (A;)i~, C [0,1] together with A\; > 0. and Z Ai = 1. Then F(S,) = F(T).
i=0

Proof. The result follows from Theorem 2.1 by taking S = {0} | JNand I = {0, 1, .....,n},
in this case the action is given by .o = T"x for all x € C. The fact that this action satis-
fies the ”controllable punctual inequality” is easy to check. Indeed, it suffices to observe
that for all integers r,p > 1 (p < r) and all x € C we have |77z —TPz| < ||x —T" Px|.
Consequently, in this case we can take v(z) = r — p for each x € C.

Remark 2.1 In the definition of the family S, 1, the assumption that By fminry) >
0 is crucial to obtain the result of Theorem 2.1. In Corollary 2.1, this assumption is
reduced to the fact that Ay > 0. To see this, let T': [0,1] — [0, 1] given by T'(z) = 1—=x,

1
we have F(T) = {=} moreover if we take the real polynomial P(z) = = + —?, thus we
have F(P(T)) = F(1,,)) = [0,1] which implies that F(T) & F(P(T)), however it can
be observed that F(P(T)) = F(T?).

Definition 2.2 Let X be a Banach space and let C, D be two nonempty subsets of X
such that C' C D. A continuous mapping P : D — C'is called a retraction from C' to
D if Pr =z for all x € C.

The property of sunny retraction and it’s characterization in the case of smooth Banach
spaces plays a crucial role in the theory of nonexpansive mappings, the investigation



of their fixed points and the convergence results related to them (see [17]). In 1975,
J. B. Baillon [1] proved the following first ergodic theorem which asserts that if C' is
a closed convex subset of a Hilbert space and T is a nonexpansive selfmapping on C
with F(T) # 0, then for each z € C, the Cesaro mean

Sp(x) = %ZT’CQJ
k=1

converges weakly to some y € F(T'). As it’s indicated in [14], if we put Pz = y for all
x € C, thus P is a nonexpansive retraction from C to F(T) such that PT =TP = P,
and Pz € co{T"xz,n = 1,2,...... } for each x € C. By Corollary 2.1, it is easy to

conclude that since — > 0 for all integer n > 1 we deduce that F'(S,) = F(T) for all

n
integer n > 1. In [5], Hirano and Takahashi obtained the existence of such retraction
in the case of Banach spaces and improved many results in the literature.

In the following result, we establish the existence of average mappings and retractions
for the family of mappings 3, ;.

Theorem 2.2 Let X be a reflexive Banach space and let C be a closed convex subset
of X. Assume that S is a right reversible semitopological semigroup of nonexpansive
mappings which acts on C' and for which RUC(S) has a right invariant mean. If there
exists an element in C' with a bounded orbit, then for all integer n > 2, T}, 4, . 4, is
a nonexpansive average mapping of C' such that f}17t27,_._7tna: € co{Tuz}aer,1ez, for all
z € C and there exists a nonexpansive retraction P on C such that YN’tl,tQ,.._,,tHP = P.
Moreover, if P is affine, we have j:’thtz,....,tnp = Pﬁl,t%“’tn =P

Proof. Denote ﬁl,t%_m,tn = Z B¢, Ty, where Z By, = 1. It is easy to observe

that Tthtz,....,tn is an average nonexpansive mapping of S. The existence of a retraction
P on C such that TsP = PT; = P (see the proof of Lemma 6 in [10]) for each s € S

implies that ﬁlth,_._,,tnP = P. Now, if P is affine, we infer that P( Z B, Tt,) =

Remark 2.2 Observe that if the set I € =, has a bounded orbit in C then the family
Q.1 has also a bounded orbit and F(I) = F(Sy, 1) even in the empty case if the action
satisfies the controllable punctual inequality.

3 Some remarks and questions

In the case of nonexpansive mappings, it is easy to construct much examples T for
which the set {T™,n > 1} is infinite. To see this, it suffices to take X = R equipped
with it’s usual norm and 7' : R — R given by Tz = V22 + 1. A sample calculation
shows that 7' is nonexpansive. Additionally, we have T"x = /22 +n for all n > 2.
Thus, T™ # T™ for all integers n, m with n # m.



Let X be a Banach space and let C' be a nonempty subset of X. Define the families
21,0 and Y, o of selfmappings on C' by

satisfying that

[Tz — ||| T2 — yl + [Ty — yl[ Ty — «||
1Tz =yl + [Ty — ||

||T‘7J7Ty”§ ) $ay€C,$7éy

with the additional assumption that |Tx — y|| + || Ty — || # 0
and
doc={T:C—0C}
satisfying that
[Tz =Tyl < arllz =yl + ca(llz = Tzl + lly = Tyll) + es(lle = Tyll + [ly — T[],
for which
aq,ao,a3 > 0 and 3a1 + 20 + 4a3 < 1

It is easy to observe that ) ; » and ) , - are nonempty families since they contains
constant mappings.

Ezample 3.1 Let X = R and C = [0,1]. Define T : [0,1] — [0,1] by Tz = 1 — z.
Thus T' € >, jo1- However, T2 ¢ >_1,j0,1] Since T?=1.

It is shown that for all 7' € ), ~ (i = 1,2) and for all x € C, if n,m > 1 are arbitrary
integers with n # m, we have ||T"z — T™z|| < ||l — Tz|| (see [15, 16]).

Question: Is it possible to find a Banach space X and a nonempty subset C' of X such
that for all 7' € Y, » (i = 1,2) and for all integer n > 2, we have T" € ). ~ (i =1,2)
and the set {T"},>1 of mappings is infinite.
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