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In this paper, we present a new hybrid method to solve a nonlinear unconstrained op-
timization problem by using conjugate gradient, which is a convex combination of Y.
Liu-C. Storey (LS) conjugate gradient method and Hager-Zhang (HZ) conjugate gradi-
ent method.

This method possesses the sufficient descent property with Strong Wolfe line search and
the global convergence with the strong Wolfe line search.

In the end of this paper, we illustrate our method by giving some numerical examples.
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1. Introduction
Consider the unconstrained optimization problem:
min{f(x):x € R"}, (1.1)

where f : R™ — R is a function continuously differentiable and bounded from below.
To solve this problem we use a sequence {xj} which is given as shown:

Tk+41 = Tk + Sk, Sk :akdka k:()a]-a"'an7 (12)
where aj > 0 is called the step length which is determined by line search and dj, is
the search direction generated by:

dr = —9k, k:Oa
T =gk + Brdr1, k> 1,
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where gi := V f(xy) is the gradient of f at zy, and 8 € R is the conjugate gradient
parameter which determines the different conjugate gradient methods. In order to
determine «y, , we usually use the strong Wolfe conditions (cf [6]) given by the
following forms:

flay + arde) — f(2x) < Songf dy, (1.3)

| gt 1di |< —ogidr, (1.4)

where 0 < 6 <o < 1.

Some well-known formulas for the conjugate gradient parameter §j are the Polak-
Ribiere-Polyak (PRP), Hestenes-Stiefel (HS)[4], Liu-Storey (LS)[5], Hager-Zhang
(HZ)[6] and Conjugate Descent proposed by Fletcher (CD)[3], which are given as

follow:
PRP _ GEVR-L pirs _ KU1 grs _ OKUko1
||gk—1||27 d%llyk—f —ng,ldk—f
2 2
Yk—1 gk 9k
517 _ (s 2y, Il gep_ il

df e’ dl_jyr— —di_1gk—1

Respectively, where ||.|| is the Euclidian norm and yx = gr+1 — gx. The aim of this
study is to find a new combination based on the previous works in [2], [5] and [6].
Note that, we based on the convex combination of Andrei [2] using LS and HZ
conjugate gradient methods. For the following section, we evaluate the parameter
0k, then we state the algorithm of the proposed method. In section 3 we prove that
dy, satisfies the sufficient descent condition and we discuss the global convergence.
Finally, to illustrate our method we give some numerical examples.

2. A Convex Combination

In this section, we deal with the convex combination of the conjugate gradient
parameters of the LS and HZ methods, we define BQLSH Z as follow:

BrtSHE = 1181 4+ (1= 0-1) B, (2.1)

where 6, € [0, 1] is named the hybridization parameter.

Obviously, if 8 = 0, then BQLSHZ = BHZ and if 0, = 1, then ﬁ,?LSHZ = ﬁ]fs.

On the other side, if 0 < 6, < 1, then ﬁ,};LSHZ which is a convex combination of
,{.‘S and B,’;{Z.

The direction dZLSH Z is given by:

- k=0
dhLS’HZ _ { 9o, ) 29
g —gk + B P d 1, k> 1. (22)

Theorem 2.1. If the relations (2.1) and (2.2) hold, then

i1 = Odi Sy + (1= ) di (2.3)
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Proof. From (2.1) and (2.2), we get

dZJLrigHZ — Gk+1 + 51@4{131{2
Tk 1Yk yll® \ 7 gr+1
=—gr+1 + 0k di + (1 — 0k) (yr — 2dy, dy,
’ —di g (=0 dfy ) dfy
r 2
Ir+1Yk lyxll* 7 grt1
=01 (—gr41 + di) + (1 — 0r)(—grt+1 + (yr — 2di dy,
(~gera+ L) 4 (1 0) (g + o) )
=Opdity + (1= 0)di' 5.
Hence,
AP = Opdit + (1= 0)di' 4. O
Multiplying (2.3) by yk and by using the conjugacy condition deZi“fH Z =0,
we get
+1yk

_ 0 Td 1-6 —2d Hka T 9k+1 Td =0.
Y Ge+1 + Ok — T, Yr di + ( k)| (Uk dfyk) Tyr i, di

Then,

2l 2(4f ) |
2|lykll2(df g1) — (9 1 90) (dF y)
We could fix the 6, as follows:

Or =

QHQkH (di; gr)

0, Lf Sl o) (ot w0 = O
_ 211yl (0 gn) 2 4 )
O = @ oo wo@lse L0 < s a0~ @ < b (24
. It 2nykn (T 1) -
’ TP @ o) —(a s @) = 1

2.1. Algorithm hLSHZ

Step 0: Select 29 € R, e >0, and 0 < § <o < 1.

Compute f(xq), and gg. Consider dy = —gp.

Set the initial guess ag = %

Step 1: If ||gx|| < e, then STOP.

Step 2: Compute ay > 0 satisfying the strong Wolfe line search conditions (1.3)
and (1.4).

Calculi @11, k41, Grt1, Yk-

Step 3: If ||gr+1 %yl di + |lyxl|?dE gr = 0, then set 0, = 0,else set O as in (2.4).
Step 4: Compute SRLSHZ a5 in (2.1).

Step 5: Compute dk = —gkt1 + BRLSHZ G,

Step 6: If the restart criterion of Powell | gi,; gk |> 0.2]|gr11 [

is satisfied, then dx41 = —gr+1, else define dy41 = d.
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Step 7: Compute the initial guess
dy_
Q= 1 H||I:ik|l\H .

Step 8: Set k = k + 1, and continue with step 2.

3. Sufficient descent property and the global convergence

Theorems (3.1) and (3.2) mentioned bellow claims that hLSHZ method satisfies the
sufficient descent condition, where we distinguish three cases:
Firstly, let 6, = 0, then

2
ARESHZ _ gHZ L (g — 24, [yell” \7 gt .
k41 k+1 Gr+1+ (y dfyk ) dfyk
Theorem 3.1. [6] If diyx # 0, and
di+1 = —Ggk+1 + 7dg, dog = —go, VT € [ﬂ,fz,max{O,B,fZ}]. (31)
Then,
T JHZ 7 2
Ih1dt1 < —§H9k+1|\ : (3:2)

Proof. According to (3.1), we have two case:

o If BHZ > 0, then 7 = p1%

Multiplying (3.1) by gx+1, we find

dis19k1 = — llges1ll” + BEZdf gria

2
Yk Jk+1
_ ||gk+1||2 + (yk o 2dk H || )T + dT

Y
dlye " dlyp © i
_ (Wi 9k+1) (L yi) (A grer1) — g P (diyn) — 2||yk‘|2(d{9k+1)2.
(i)

(3.3)

Using the inequality (u”v < 2(|[ul|® + ||v]|?), with v = 2(dT yk)gr+1
and v = 2(d} gi1)yk, we get

8 (@5 yr) Mgk 11 + 20ywl1* (X gr41)® — llgrra® (@R yr)® — 2llynl* (d gr+1)°

df. grp1 <8
wH (dfyk)?

7
< —§||9k+1||2~ (3.4)
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o If BZ < 0, then BH1Z < 7 <0.
After multiplying (3.1) by gx+1, we find
At gke1 = = grs||* + 7 gr

— If df gr+1 > 0, then (3.2) holds.
— If d¥ gr+1 < 0, we get

diy1gk+1 = —llgrr1|? + 7dE g1 < =g |l® + BE P df g
since B,fz < 7 <0. Hence (3.2) holds. O

Secondly, let 6, = 1, then

T
JMSHZ _ gLS 9k+1ykd
k1 =dpY1 = —Ggk+1 + Fia .
—0p gk

Theorem 3.2. [5] Assume that Assumption (3.1) and (3.2) hold, let strong Wolfe
conditions hold with o < § and |g} gk| < 0.2[|gr+1[*.
Then dfLSHZ satisfies the sufficient descent condition for all k.

Proof. We have

T
Gi+1Yk
dpPSHE = dpd = —gea + S (3.5)
—d}, gk
Multiplying (3.5) by gg4+1, we find
T
S Jk+1Yk
ghdit == llgen|® + ;T i1k
—a 9k
iy 1Y
< —[lgrs1? + o == g/ 1dk
Gier1k

< = lgrr1ll? + ollgrs1l® + 984 19x)
=— (1 —-1.20)||lgrs1]*.

Hence,

GediP 7 < —(1 - 1.20) g || m

Finally[18], let 0 < 6, < 1 there exist two real numbers p;, po such that
O0<p <0 <pp<1.
Then

T hLSHZ T LS T HZ
G141 = Ok di Ty + (1 — Ok) gy diy

< mgididy + (1= p2)gi 1 dif 4.
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Hence

G 777 < — K| graa |*. (3.6)

Where K = p1(1 —0) 4+ (1 — H2)%-
The following assumptions are often used to prove the global convergence of the
proposed conjugate gradient method.

Assumption 3.1. f is bounded from below on the level set
S={zeR": f(x) < f(zo)},
i.e. exists a constant B > 0, such that

||z [|[< B, forallzeS.

Assumption 3.2. The gradient V f is Lipschitz continuous i.e there exists a constant
L > 0 such that

lg(z) — gl < Lllx —yll, forall z,y € R"

These assumptions imply that there exists a positive constant v such that
lg(z)|l <7, forall z € R™.

Lemma 3.1. [7] Assume that Assumption (3.1) and (3.2) hold. Consider any
method of the form (1.1), where dj, is a descent direction and oy, satisfies the strong
Wolfe conditions (1.3) and (1.4).

Then we have that

T 2
Z (9 d) < 400

2
SR
Lemma 3.2. [9] Suppose that Assumption (3.1) and (3.2) holds. If di is a descent
direction and the stepsize oy, satisfies gpy1dx > ogrpdy, o < 1, then

1—o |dF gl
L ||dkl?

af = (37)

Proof. It follows (1.4), the Lipschitz condition, and the Cauchy-Bnakovsky-
Schwartz inequality that
—(1 = 0)dgx < diyx < Ldj sk = arLl|ge[*.

Hance the assertion (3.7) holds. O

According to the lemma (3.2), inequalities (1.4) and (3.6), we get that oy which
is obtained in the hLSHZ method is not equal to zero, i.e. there exists A > 0 such
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that

ar > \VEk > 0.

Theorem 3.3. Consider the iterative method of the form (1.1), (2.1), (2.2), (2.4),
assume that all conditions of Theorem (3.2) hold.
Then,

lim infgi = 0 (3.8)
k—o0

Proof. suppose that (3.8) does not hold.
Then there exists r» > 0 such that:

lgrll = 7.

From the above Theorem(3.2), we have
gr di < —K||gk|]?, for all k.
From (1.3) and (1.4), we get

diyr > —(1 = 0)gidy > K(1—0)|gxl.
It follows form the assumptions (3.1) and (3.2), that

lyell = llgr+1 — grll < Lllwesr — il < L.D.
Where D = supj.>g ||s||-
We have
B2 <185 + B
|91V lyell? 7 gr+1
= —7— + [(yr — 2dg
—df gi I dfyk) dfyk‘
2 =) llge+allllyell |, Nyrllllskllllge+1ll
T (= o)klgel? ak(l—o0)?k?| gk *
2 — LD LD?
(1—0)krz ~ X1-—0)2k?r*
and
di1ll < llgrsall + 18572 |1
s
< lgul + s 120
D
< M—
<q+ My
Then,
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1 KQ 2 Td 2
K2r2z SZ g%l SZ(Q!@ k) < 400

2 2 2
P = & TR = &l

By contradiction the Theorem holds. O

4. Numerical Results

In this section, we report some numerical results obtained with the new pro-
posed conjugate gradient method. we compare its performance with other methods,
namely LS CG method [5] and HZ CG method [6]. This comparison is based the
number of iterations and the elapsed CPU time concerned by each method. For the
numerical tests, the parameters in the strong Wolfe line searches are chosen to be
o =0.001, 6 = 0.0001.
We stop the iteration if the inequality ||g(zk)| < € = 1076 is satisfied. In this
paper, all codes were written in MATLAB and run on PC with Intel(r) Core(tm)
i7-2670QM CPU @ 2.20GHz 2.20GHz processor and 4GB RAM memory and win-
dows 10 Pr system. Using the performance profiles of Dolan and Moré [10].
They introduced the notion of a performance profile as a means to evaluate and
compare the performance of the set of solvers S on a test set P.
Assuming that there exist n, solvers and n, problems, for each problem p and
solver s, denote t, s be the computing time required to solve problem p € P by
solver s € S.
Requiring a baseline for comparisons, they compared the performance on problem
p by solver s with the best performance by any solver on this problem that is, using
the performance ratio define by

tp,s
min{tys:s € S}

Tp,s =

Assume that a parameter rp; > r, s for all p,s is chosen, and ry; = rp s if and
only if solvers s does not solve problem p. Define

ps(t) = isize{p €P:r,, <t}
np

thus p,(t) was the probability for solver s € S that a performance ratio r, ; was
within a factor ¢ € R of the best possible ratio. Then function p, was the (cu-
mulative) distribution function for the performance ratio. The performance profile
ps : R — [0, 1] for a solver was a nondecreasing, piecewise constant function, con-
tinuous from the right at each breakpoint.

The value of p(1) was the probability that the solver would win over the rest of the
solvers. According to the above rules, we know that one solver whose performance
profile plot is on top right will win over the rest of the solvers.
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Performance Profile based on the iteration number.

T T T T I I I

P

HZ

HLSHZ

0.3 1 1 1 1 1 1 1

Fig. 1.
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Performance Profile based on the CPU time.

1 T T T T T T T

HzZ
LS
HLSHZ

1 15 2 25 3 35 4 4.5

Fig. 2.
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From the figures (1) and (2) we can conclude that hLSHZ algorithm is more

effective than LS and HZ methods.

5. Conclusions

In this paper, we presented a new conjugate gradient method, which is a convex
combination of LS method and HZ method.

Under suitable conditions, we proved that our main method converge globally.
Extensive numerical results are also reported. The performance profiles showed that
the new descent hybrid method is efficient for the test problems.
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