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In this paper, a new hybrid conjugate gradient algorithm is proposed for solving uncon-
strained optimization problems, the conjugate gradient parameter (; is computed as a
convex combination of BEZ and BED. Under the wolfe line search, we prove the suffi-
cient descent and the global convergence. Numerical results are reported to show the
effectiveness of our procedure.
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1. Introduction
Consider the following nonlinear unconstrained optimization problem:
min{ f(z):x € R"}, (1.1)

where the smooth nonlinear function and its gradient are available. There are many
different method for solving the problem (I]). Here, we are interested in conjugate
gradient methods which have low memory requirements and strong local and global
convergence properties. To solve the problem () starting from an initial guess
xo € R™, a nonlinear conjugate gradient method generates a sequence x as

Tht1 = Tk + ardy, (12)

where o > 0 is a step size, received from the line search and dj is the search
directions defined by

k41 = —gk+1 + Brdr,  do = —go, (1.3)
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where g, = Vf(2), and S, is an important parameter.The different choices for the
parameter (3 correspond to different CG methods. Consider|| .||the Euclidean norm
and define yx = gr+1 — gx. The strong Wolfe line search conditions [16] frequently
used in the conjugate gradient methods are as follows:

fzr + andy) — f(x) < dangd dy (1.4)
gz + andi) dp > ogil dy, (1.5)

where dj, is a descent direction and 0 < §d < o < 1.

There are many conjugate gradient methods; a great contribution in this sphere
is given by Hagar and Zhang [I3]. Different conjugate methods correspond to differ-
ent values of the scalar parameter 0. Hybrid conjugate gradient methods combine
different conjugate gradient methods to improve the behavior of these methods,
which have been widely studied by many authors (see [IH3, [0, [15]).

The methods of Fletcher and Reeves (FR) [7], of Dai and Yuan (DY) [5] and the

llgk-+1?
gkl *

Conjugate Descent (CD) proposed by Fletcher [6] are as follows: 5f =
2 2
pRY = %, P = 7% have strong convergence properties and, in the
k Ik
same time, they may have modest practical performance due to jamming [I}, 2]. On

the other hand, the following methods of Polak—Ribire [12] and Polyak (PRP) [14],
T

of Hestenes and Stiefel (HS) [§] or of Liu and Storey (LS) [I1]: gyRF = %,
k

HS __ gg+1yk LS __ _ng+1yk

ko7 oyl 2 Pk T g dp,

better computational performances.One of the conjugate gradient method which is

strong in theory is suggested by Hager and Zhang [13]

may not always be convergent, but they often have

2
G s — 2 bl )

HZ k—1Yk
— . 1.6
By dl yk—1 (1.6)

To achieve a method which possesses a good performance and strong convergence,
we suggest a hybridization of CD and HZ methods as a convex combination to
exploit the interesting features of each method.

The structure of the paper is as follows. Section Bl introduces our hybrid con-
jugate gradient algorithm, HYBRID,and proves that it generates descent direc-
tions satisfying the sufficient descent condition under certain circumstances and
algorithm. In Sec. Bl its convergence analysis is shown. In Sec. @, some numerical
experiments and performance profiles of Dolan—-Moré [18] corresponding to this new
hybrid conjugate gradient algorithm are presented. Finally, we make conclusions.

2. A New Hybrid Conjugate Gradient Method

We use the following conjugate gradient parameter where (j presents here the
convex combination of CD and HZ:

B = (1= 00)3% + 0k 3" (2.1)
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and 60y, is a scalar parameter satisfying 0 < 65, < 1 which is to be determined. Hence,
the direction dY®V is given by

a5 = —go, ﬁﬁ:—%ﬂ+@W@. (2.2)

Note that; if 8 = 0, then ﬂNCW = BHZ and if ), = 1, ﬂNCW ﬂlgD, from the other
side, if 0 < 6 < 1, then the parameter 01 is selected in such a way that at every
iteration, the conjugacy condition (di41yx = 0). is satisfied independently of the
line search.

Clearly,
1 T ||yk||2 T
di+1 = —gr+1+ (1 — ek)% (yk Ik+1 — dT di g di
2
_gk dk

after some algebra, we have

o LYkl Hka dTng

(2.4)

Hka

Hgk+1H dT

—oTay Yk~ YL grr1 + 2 dTgk 1

It is possible that 0y, calculated as in (L3]), has the values outside the interval [0,
1]. So, we fix it

2Hyk||2dT
0 if ,
Hj]:;ti[ dT —y! gk+1+2Hyk|| d
2||ka dTg k1

\|91;+1d\| dTyk _yk i1 + 2Hka dTgk 1

6, — (2.5)
2Hyk|| dkgk—H
0 < o \\n <1
%dT k= Yk et 2000 A g
2Hyk|| dTng
> 1.
Hi?l;ﬂdH dTyk—ykgk+1+2Hka dTgk N

Theorem 2.1. If the relations (2.10), 22)) hold, then
Ay = (1= Op)diFy + i}y (2.6)

Proof. We have d)®} = —giry1 + B “Vdi. After adding and subtracting(0xgr+1),
we obtain

Ay = (1= k) (—grsr + Bi%di) + Ok (—grsr + B Pdi) (2.7)
from (Z7), implying
Ay = (1= Op)di?y + 9kdk+1 g
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The following assumptions are generally utilized in global convergence of CG
algorithms.

Assumption 1. The level set S = {x € R"|f(z) < f(z0)} is bounded, i.e. there
exists a constant B > 0, such that

[lx|] < B, forallzeS. (2.8)

Assumption 2. In a neighborhood N of S, the function f is continuously differ-
entiable and its gradient V f(x) is lipschitz continuous, i.e. there exists a constant
0 < L < oo such that

IVf(2) = Vil < Lllz —yl| forall z,y € N. (2.9)
Under these assumptions, there exists a constant I' > 0, such that
IVf(@)]| <T, (2.10)
for all z € S ([2)).

2.1. Algorithm and sufficient descent condition

(HCDHZ Algorithm)
Initialization: Choose an initial point xy € R", € > 0. Compute f(zo) and gy =
f(xo). Set dy = —go, the initial guess oy = W and k£ = 0.

Step 1: If ||gk|| < € then Stop, else go to step 2.

Step 2: Compute oy, by the strong Wolfe line search (4]), (3.

Step 3: Generate the next iterate by zp+1 = xp + apdy.

Compute gi+1 = f(zr41) and yx = grt1 — G-

Step 4: If ”gk“” dTyk — Y Ght1 +2”ka d} gr+1 = 0, then ), = 0, else compute
0 as in (Im).Compute B as in (2.

Step 5: Compute d = —gj11+/3% ¥ dy. If the restart criterion of Powell condition

g1 19x| > 0.2]|grs1|? (2.11)

is satisfied, then dx4+1 = —gr+1, else define dg1 = d.

Step 6: Compute the initial guess ap = a1 ”(Ii\fi;\ll”' Put £ = k+ 1 and go to
step 1.

First, from Theorem 2], we have if 6§, = 0 then dNe‘i’ = diiz +1 sufficient descent
condition holds for the hybrid method, if it holds for HZ method. Hager and Zhang
prove in ([I3]) that d}'%, satisfies the sufficient descent condition for all k.

Theorem 2.2. If dlyx # 0 and

do = =90, dr41 = —Ggrs1 + Tdy, (2.12)
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for any 7 € [BI%, max{BH%,0}], then

7
Jir1dir1 < *§||gk+1||2, (2.13)

then the search direction d, satisfies the sufficient descent condition.

Proof. Suppose 7 = 4. Multiplying (Z4) by g/, we have

GEidisr = =gk |* + B il d

Y gk (dEyr) (F 1 di) = llgrsa 12 (dF yr)? = 21yl * (911 dr)?
(dfyr)?

then by the inequality (u”v < 1(|[u|[* 4 ||v]|?)), we have

ng+1dk+1
- 3G @y lgrs 112 + 495 dr) P lyell?) = Ngrea P (dE yr)? = 20l urll® (9F 1 di)?
- (df yx)?
7
= —§||9k+1||2-

If 7 # BHZ ) then 7 € [BHZ,0]. After multiplying (Z6) by ng+1’ then we obtain

ng+1dk+1 = —||9k+1H2 + Tgfﬂdk-

If g,{+1dk > 0, then ([2Z7) follows immediately, since 7 < 0.
If g,{+1dk > 0, then

errdier = —llgell® + 79551 de < —llgreall® + B gi 1 di- 0
Second, from Theorem ZZIif 6, = 1, we have d}$y = df?,.

So, if the sufficient descent holds for CD method, it holds for HCDHZ method.
The following theorem prove the sufficient descent for CD method.

Theorem 2.3. Assume that Assumptions 1 and 2 hold, and the conditions (L4,
(CH) hold, then the search direction dy satisfies the following sufficient descent
condition:

gg+1dk+1 < _KHgk-H”Z’ VE >0, (2'14)
where K =1 — 0,V 0 < 0.5.
Proof.

2
W k
ayew — g0 — _g, 4 lornl ;1” dy.. (2.15)
— 9 d

2150187-5



Asian-European J. Math. Downloaded from www.worldscientific.com
by AmiraHamdi on 04/28/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Hamdi, B. Sellami & M. Belloufi

Multiplying by gk + 17, we get

llghs1?
—gfdy

CD

T T T
k19641 = —Gkt19k+1 + Git1k

lgr1ll?
= (~ogi ).

< —|lgr+1ll® +
ol + e

Now, we have

ng+1dg£1 < _(1 - U)Hgk+1”2»

where K =1—0 > 0. O

Finally, (0 < 6 < 1): There exist two real numbers pq, s such that 0 < p; <
Or < po < 1, Then

G dyey < pagldSP + (1= p2)gl, di%,. We evidently can achieve that
there exists a number K > 0, such that

ng+1d1§$V1V < _KHgk+1||2- (2-16)

3. Convergence Analysis

Lemma 3.1 ([17]). Assume that Assumptions 1 and 2 hold. Consider any method
of the form (1)), where dy, is a descent direction and oy, satisfies the standard Wolfe
conditions (L4) and (LT). Then we have that

Td 2
Z(gk k) < +00.

2
2 i

We see that, if oy satisfies the strong Wolfe line searches, then «j must satisfy
the Wolfe line searches. Thus, lemma [B1] also holds under the strong Wolfe line
searches.

Lemma 3.2 ([10]). Suppose that Assumptions 1 and 2 hold. If dy is a descent
direction and oy, satisfies

gk+1dk > O’gkdk, o<1 (31)

then

(1—o0) |d{ gxl
L [ldi]?

ag > (3.2)

Proof. We use 1), the Cauchy Schwarz inequality, it holds that
—(1 = 0)g di, < df (grs1 — gr) < Log||di .

Since dj, is a descent direction and ¢ < 1, then it is not difficult to get the assertion.
Obviously, from ([A) and (ZI3]), the stepsize aj obtained in HCDHZ algorithm
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satisfies (B:2). According to the Assumptions 1 and (ZI3)), it is easy to obtain that
gFdy # 0 for V k > 0. Thus, oy, = 0 does not satisfy (L3). This indicates that
ay obtained in HCDHZ algorithm is not equal to zero, i.e. there exists a constant
A > 0 such that

ap > A, forall k>0. (3.3)
The following theorem establishes the global convergence of HCDHZ algorithm with
the strong Wolfe line searches. O
Theorem 3.1. Consider the iterative method of the form (LII), (LG), Let all con-
ditions of Theorem 22 hold, then either g, = 0 for some k, or

lim inf [|gy[| = 0. 4
et (3-4)

Proof. Suppose that ([B4]) does not hold. then there exists > 0 such that
lgwll > 7. (3.5)
From Theorem 23] we have
gldp < —K|ge|?, for all K.

The fort wolfe condition gives

diyr = —(1 = 0)gi di = K(1 - 0)l|gx]*. (3.6)
It follows, from Assumptions 1 and 2, that

gkl = llgr+1 — gell < l|wrsr — zll < L.D, (3.7)

where D is the diameter of {||si|| : £ =0,1,...}.
We have

R < 18] + 165"

lyelllgeedll o losllldellllge- ] lgr+1]l”
= 7
K1 —-o)lgl® K21 —0)|gell®  —K(1—0)|gel”
yLD LD? 72
<—m— (142 =M
~ K(l—o)r? ( + AK (1 —o)r? + —K(1—o0)r?
and
willSk
ksl < gl + a3 1220
Qo
D
<yv+M—=F
A
which implies that
1
Y =+ (3.8)
2 Tl
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On the other hand, we have that

Td 2
> et =+
2l
which contradicts with (3.8)), Hence, ([33]) does not hold, and the claim B4) is
proved. O

4. Numerical Example

In this section, we present the computational performance of a Mathematical imple-
mentation of HCDHZ algorithm on a set of unconstrained optimization test prob-
lems. The comparisons with other conjugate gradient algorithms are presented using
the performance profiles of Dolan and Moré [18] and the parameters in the strong
Wolfe line searches are chosen to be § = 10~% and o = 0.1. We stop the iterations if
the criterion || gi||,, < e = 107° is satisfied. On the one hand, for the ith problem,
let fM and fM? be the optimal values obtained by M1 method and M2 method,
respectively. We say that, for the ith particular problem, the performance of M1
method is better than the performance of M2 method if

M= M2 <107 (4.1)

and number of iterations, or CPU time of M1 method is less than that of M2
method, respectively. We compare the performance of HCDHZ to the HZ and CD
conjugate gradient algorithms. Figures [Il and 2] represent the performance profiles
of HCDHZ versus HZ and CD based on the CPU time and number of iterations,

- Performance Profile based on the CPU time.
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Fig. 1.
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Performance Profile based on the iteration number.
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Fig. 2.

respectively, and they show that our procedure HCDHZ is better in terms of effec-
tiveness and robustness.

5. Conclusion

In this paper, a new hybrid conjugate gradient algorithm is proposed and ana-
lyzed.The parameter 6y is computed as a convex combination of HZ and CD, in
such that the conjugacy condition is satisfied. The sufficient descent and global
convergence was proved and the numerical performance supports the effectiveness
and robustness of our procedure.
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