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EXISTENCE AND GLOBAL BEHAVIOR OF WEAK SOLUTIONS
TO A DOUBLY NONLINEAR EVOLUTION FRACTIONAL
p-LAPLACIAN EQUATION

JACQUES GIACOMONI, ABDELHAMID GOUASMIA, ABDELHAFID MOKRANE

ABSTRACT. In this article, we study a class of doubly nonlinear parabolic prob-
lems involving the fractional p-Laplace operator. For this problem, we discuss
existence, uniqueness and regularity of the weak solutions by using the time-
discretization method and monotone arguments. For global weak solutions, we
also prove stabilization results by using the accretivity of a suitable associated
operator. This property is strongly linked to the Picone identity that provides
further a weak comparison principle, barrier estimates and uniqueness of the
stationary positive weak solution.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let l<qg<p<oo,0<s<1, Qr:=(0,T)xQ, where Q C RV, with N > sp,
is an open bounded domain with C''! boundary. T'r := (0,7) x 9Q denotes the
lateral boundary of the cylinder Q7. In this work, we deal with the existence,
uniqueness and other qualitative properties of the weak solution to the following
doubly nonlinear parabolic equation:

3o ) (A = S w) + bt 2yt in Qr,

u>0 in QT, (11)
u=0 onIp,
u(0,-) =wup in Q.
Here (—A)ju is the fractional p-Laplace operator, defined for 1 < p < oo, as
o0 (1 |u(@) — u(y) P2 (u(@) — u(y))
(=A)ju(z) :=2P.V. - P e dy,

where P.V. denotes the Cauchy principal value. We refer to [21] 29, 38] for the
main properties of this nonlinear fractional elliptic operator.
Throughout this article we assume the following hypothesis:
(H1) f:Q xRt — RY is a continuous function, such that f(x,0) = 0 and f is
positive on £ x RT\{0}.
(H2) For a.e. x € Q, s +— [(@:8) jg non-increasing in R*T\{0}.
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(H3) If g =p, s — % is decreasing in RT\{0} for a.e. z € Q and
lim, 4 oo fr(f,’q) = 0 uniformly in z € Q.
(H4) There exists h € L>=(2)\{0}, b > 0 such that h(t,z) > h(x) a.e. in Q.

(H5) If ¢ = p,

P
e
pews " (@\(0} (19170 ()
(H6) If ¢ = p, h, f fulfills the condition

f(z,s)

Jnf, (ﬁ(x) + M =0 ) > Ms.p:

Al Lo (@r) < Atysp i=

1.1. State of the art. The study of nonlocal elliptic operators arouse more and
more interest in mathematical modeling, see e.g. [8 [T1 [12], [T4) 27, 34, [42] and
the references cited therein. Concerning the investigation on parabolic equations
involving nonlocal operators, we refer to [Il [l 15 16l 08| 19, 24 25| B0, BT, B2,
33\, 35, 37, B8], 39, 41] without giving an exhaustive list. These types of operators
arise in several contexts: in finance, physics, fluid dynamics, image processing
and in various fields like continuum mechanics, stochastic processes of Lévy type,
phase transitions, population dynamics, optimal control and game theory, see for
further discussion [I5, 17, 2], 29], B9] and the references therein. In particular [15]
shows some non-local diffusion models coming from game theory. In connection to
our doubly nonlinear problem (1)), [37] shows different methods (entropy method
and contraction semi-group theory) two evolution models of flows in porous media
involving fractional operators:

e The first model is based on Darcy’s law and is given by

o=V -(uVP) in (0,00) x R,
P=(=A)"%u in (0,00) x RY,
u(0,7) = up(x) in RN,

where u is the particle density of the fluid, P is the pressure and (—A)~¢ is the
inverse of the fractional Laplace operator (i.e. p = 2). The initial data wg is
a nonnegative, bounded and integrable function in RY (see also [13] for further
explanations).

e The second model in analogy to classical models of transport through porous
media (see [22]) is described in the non local case by

By + (—A)*(u™) = 0. (1.2)

For s — 17 and m = 1, the limiting model is the well known heat equation.
Furthermore if m > 1, is known as the porous media equation (PME for
short) whereas in case m < 1 it is referred as the fast diffusion equation (FDE
for short). Existence and global behaviour of solutions are described in [37] for
the two types of models. We refer again to [39] for further explanations about the
physical background and the adequacy of nonlocal diffusion operators (see also [19]
for related issues). The paper [I8] deals with the problem in the special case
s = %, and p = 2 and investigates the local existence, uniqueness and regularity
of the weak solution. We highlight here that few results are available about the
parabolic equation involving fractional p-Laplacian operator in contrast with the
stationary elliptic equation.
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In [25], considering the more general case 1 < p < oo, authors obtain the ex-
istence, uniqueness, and regularity of the weak solution to the fractional reaction
diffusion equation

Ou+ (—A)pu+ g(w,u) = f(r,u) in Qr;
u=0 inRY\ Qr; (1.3)
u(0,-) =ug in RV,

with f and g, satisfying suitable growth and homogeneity conditions. In addition,
the authors prove that global solutions converge to the unique positive stationary
solution as ¢ — oo. Previously, [I] has dealt with the case where the nonlinearity
f depends only on z and ¢ and have established the existence and some properties
of nonnegative entropy solutions. In [24], the authors have studied , under
similar conditions about f and g(z,u) := —|u(t,z)|? %u(t,z), with ¢ > 2. They
prove the existence of locally-defined strong solutions to the problem with any
initial data ug € L"(Q2) and r > 2. They also investigate the occurrence of finite
time blow up behavior. In [30, B8] the results about existence, uniqueness and
T-accretivity in L' of strong solutions to the fractional p-Laplacian heat equation
with Dirichlet or Neumann boundary conditions, are obtained through the theory
of nonlinear accretive operators. The asymptotic decay of solutions and the study
of asymptotic models as p — 17 are also investigated. In [26], authors extend the
results obtained in [4] in case of singular nonlinearities and fractional diffusion. We
refer the reader to [28] B33 [36], 40}, 41] for further investigations of above issues.

The aim of this article is to discuss similar issues about local existence, unique-
ness, regularity and global behavior of solutions to the doubly nonlinear and non
local equation . Up to our knowledge, which covers several PME and
FDE models in the fractional setting has not been investigated in the literature.
By using the semi-discretization in time method applied to an auxiliary evolution
problem, we prove the local existence of weak energy solutions. The uniqueness of
weak solutions are obtained via the fractional version of the Picone identity (see
below) which leads to a new comparison principle and T-accretivity of an associ-
ated operator in L?. Using the comparison principle, we also prove the existence
of barrier functions from which we derive that weak solutions are global. We then
show that weak solutions converge to the unique non trivial stationary solution as
t — oo. To achieve this goal, our approach borrows techniques from the contraction
semi-group theory.

1.2. Preliminaries and functional setting. First, we recall some notation which
will be used throughout the paper. Considering a measurable function u : RY — R,
we adopt

e Let p € [1; 400, the norm in the space LP(2) is denoted by

1/p
fullriey = ([ pupaz) ™.

e Set 0 < s < 1and p > 1, we recall that the fractional Sobolev space W*P(R¥Y) is
defined as

spRNY .= {4, pmNY . [u(x) — u(y)|? " 50
WoP(RN) = {u € LP(R )'/RN/RNi\x—yWHP de dy < oo},
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endowed with the norm

|u(z) —u(y) P 1/p
e (s / / ) |x— ‘Nﬂp ardy) "

e The space WP(2) is the set of functions
WSP(Q) :={u e WP(RY) :u = 0 a.e. in RV \ Q},

and the norm is given by the Gagliardo semi-norm

|Pd i 1/p
Hu”ng(Q) - / /]RN |I*’y|N+Sp y) .

We recall that by the fractional Poincaré inequality (e.g., in [29] Theorem 6.5];
see also Theorem [1.3 below), || - [lwsr@~y and || - [werq) are equivalent norms
on W5P(€). From the results in [21], [29], we have that W*(Q) is continuously
embedded in L"(Q2) when 1 <r < N[i’;p and compactly for 1 < r < N
e Let a € (0, 1], we consider the space of Holder continuous functions:

C*Q)={ueC(), sup Ju(z) = u(y)] < o0},

z,y€Q, z£y lz —yl|*

endowed with the norm

ju(@) = uly)|

[ullga@ = lullpe@ +  sup
co (@) L= @) u Iz — g

z,YyEQ,xFY

e Let T' > 0, and consider a measurable function
u )0, T[— WyP(8),

and we denote u(t)(z) := u(t,z). Let C([0,T], W;P(Q)) the space of continuous
functions in [0, 7] with vector values in Wy (£2), endowed with the norm

[ulleqo,m,wer@) == sup_ [[u)|wer@)-
t€[0,T)
e We denote by d(-) the distance function up to the boundary 92. That means
d(z) = dist(z, 00Q) = ylenafﬂ|x -yl
e We define for r» > 0, the sets
M (Q) = {u Q=R 1w e L() and 3e > 0 s.t.
c i (z) <u(2) < cds(:c)}7 (1.4)
V= {u:Q— (0,00) : u!/" € WSP(Q)}.
e We define the weighted space
T ={u: Q> R:ue L*®Q) s.t.

u oo

0 € L>*(0)}.

Let ¢1,5,p be the positive normalized eigenfunction (||¢1 s pllL=@) = 1) of (=A);
in WP (£2) associated to the first eigenvalue A1 5 ,. We recall that ¢; 5, € C%*(Q)
for some « € (0, s] (see Theorem 1.1 in [27]) and ¢; 5, € ML, (Q) (see [27, Theorem
4.4] and [20, Theorem 1.5]). Next, we recall some results that will be used in the
sequel.
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Proposition 1.1 (Discrete hidden convexity [9) Proposition 4.1]). Let 1 < p < oo
and 1 < g < p. For every ug,u; > 0, we define
or(z) = [(1 = tyud(z) + tul(z)]/?, te0,1],z € RV,
Then
jo¢(2) = (y)[” < (1= t)uo(z) —uo(y)|P +tlur () —wi(y)?, t€0,1], z,y € RY.

Proposition 1.2 (Discrete Picone inequality [9, Proposition 4.2]). Let 1 < p < o0
and 1l <r < p. Letu,v be two Lebesgue-measurable functions withv > 0 and v > 0.
Then

fulz) — uly)P (u(z) — u(y)) 2D W

w(@)™= u(y)”
< Jo(@) —o()|"lu(z) — u(y)["~"

As we will see, Proposition[I.2] provides a comparison principle, barrier estimates
and uniqueness of weak solutions.

Theorem 1.3 ([21, Theorem 6.5]). Let s € (0,1), p > 1 with N > sp. Then,
there exists a positive constant C = C(N,p,s) such that, for any measurable and
compactly supported u : RN — R function, we have

P |u(z) —u(y)l?
Hu||LF§(RN C/ /]RN ‘(E— |N+sp da dy7
N

where pt = Nf;p. Consequently, the space W*P(RN) is continuously embedded in
LYRYN) for g € [p,p}].

Theorem 1.4 (Aubin-Lions-Simon, [7, Theorem I1.5.16]). Let By C By C Bs be
three Banach spaces. We assume that the embedding of By in Bs is continuous and
that the embedding of By in By is compact. Let p,r such that 1 < p,r < co. For
T > 0, we define

E,,={v e LP(]0,T[; By) : CCZT: € L"(]0,T[; B2)}.

Then the following holds:
(a) If p < oo, then the embedding of E, , in LP(]0,T[; B1) is compact.
(b) Ifp =00 andr > 1, then the embedding of E,, in C([0,T]; B1) is compact.

We now recall the definition of the strict ray-convexity.

Definition 1.5. Let X be a real vector space. Let C be a non empty convex cone
in X. A functional W : C — R will be called ray-strictly convex (strictly conver,
respectively) if it satisfies

W((l —t)’Ul +t’02) (1 —t)W(’Ul) —|—tW(1}2)7
for all v1,v9 € C and for all ¢t € (0,1), where the inequality is always strict unless

w=c>0 (always strict unless v = vq, respectively).

Remark 1.6. We observe that by Proposition the set Vj defined in (1.4)) is a
convex cone, i.e. for A € (0,00), f,g € Vj implies \f + g € V_‘f
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Proposition 1.7 (Convexity). Let 1 < p < oo and 1 < r < p. The functional

W V_ﬁ — Ry defined by
l/r o ( )1/r|p
dx d
/RN / |x— y[Nrer

is ray-strictly convex on VJ:, Furthermore, if p # r, then W is even strictly convex
on V.

Proof. According to Definition E let us consider any wy,ws € VJZ and ¢t € [0, 1].
Let us denote w = twy + (1 — t)ws, we obtain by Proposition

W(w) < tW(wy) + (1 —t) W(ws). (1.5)
If the equality holds, then
Jw (@)™ = w(y) /TP =t fwr () = wi ()P4 (L= 1) fwa (@) = wa(y) TP
a.e. z,y € RN.. If p = r, we obtain
llalle = [1bller|” = la = bllp-  ae. 2,y € RY,

¢ denotes the £"-norm in R2, and

where || -

a = ((twi(@)", (1 = hwa(2))"/7), b= ((twi ()", (1 = wa(y)"").
Since r > 1, there exists a constant ¢ > 0 such that wy = cws a.e. © € RY. Then,
W is ray-strictly convex on V. On the other hand, if p # r thanks to the strict
convexity of T 7+ on RT, we obtain wy = wy a.e. z € RY and W is strictly
convex on Vj. O

Lemma 1.8. Let1 < p < oo. Then, for 1 <r <p and for any u,v two measurable
and positive functions in Q:

\u(m) _ u(y)|p—2 (U(l‘) . u(y)) [U(Z‘)T — v .13)7’ B u(y)f’ — U(ly)r]

u(x) 1 u(y)
"—au(z)”  v(y)" —u(y)” (1.6)
+Ju(o) = o)l (0(o) — o) [FL T - T > g

for a.e. x,y € Q. Moreover, if u,v € WiP(Q) and if the equality occurs in (1.6)
for a.e. x,y € Q, then we have the following two statements:

(1) u/v = const> 0 a.e. in Q.
(2) If also p # 1, then u=v a.e. in .

Proof. Let u,v be two measurable functions such that u,v > 0in Q and 1 <7 < p.
Then by using Proposition we obtain for x,y € €,

N p2 B v(@)” vy
) ) P~2(ule) — ) [ — 28]
< (@) = v()|"lu(z) —uly)["~"
Let us start with the case r = p. By using the above inequality,in this case, we
obtain

(1.7)

w(@) — uy)|P 2 (u(z) — u —
fu(z) — uly) P2 (u(z) — uly)) [ ()1 ()1

> u(z) —u(y)” —[v(z) —v(y)*
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By exchanging the roles of u and v, we obtain

[o(@) = v()|"* (v(@) — v(y))|
> [o(z) = v(y) = |u(z) = u(y)”.

Combining (1.8) and (1.9)), we obtain

(1.9)

fua) = u(y) P2 (u() - u(y))[“(??xﬁ)p - “(yifw:&””]
#Iu(a) = o2 0(a) — o) [L T - S > 0

which concludes the proof of (1.6]) for r = p.
We deal finally with the case 1 < r < p. By using Young’s inequality, (1.7)
implies

() — )P () — ) [ - :

; u(y)" (1.10)
> ,SUU(x) —u@)” = [v(z) —v(y)].

Reversing the role of u and v:

j0(z) — v()P2(0() — v(y)) 2L D) _ ) —ul))
> ;uz)(x) — o) — |u(z) — uly)?).

Adding the above inequalities, we obtain .

Now, let us consider u,v € W5?(Q), such that u > 0, v > 0 a.e. in Q and
0 € (0,1). Setting w := (1 — O)u” + v”, one can easily check that w € V. Thus,
by Proposition it is easy to prove that the function, defined in [0, 1],

0 ®(0) :=W(w) =W((1 - 0)u" + 6v")

is convex, differentiable and for 6 € (0, 1):

o ()" — w7 P2 @) — (")
v(6) = /RW\(QCXQC) |z — y|NFsp
oo) —u(@) o) — u(y)
s gt e

Finally, let us assume that the equality in ([1.6]) holds. By the monotonicity of
®':(0,1) — R, we deduce that ®'(f) = const in (0, 1). It follows that ® : [0,1] —» R
must be linear, i.e.

2(0) =W(w)=(1-0)2(0)+02(1) = (1 -OW(u") + OW(["),

for all 8 € [0,1]. We conclude that u = const.v with const > 0 and if p # r, then
u = v, thanks to Proposition [1.7 (]
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1.3. Main results. We consider the associated problem of ,
01719, (v7) + (=A)v = h(t,z)v? ' + f(z,v) in Qr,
v>0 in Qr,
v=0 onlIp,
v(0,-) =vp in Q.

(1.12)

Claim 1.9. Any bounded weak solution of the above problem is also a weak solution
to problem (1.1).

To this aim, we introduce the notion of the weak solution to problem (|1.12)) as
follows.

Definition 1.10. Let T > 0. A weak solution to problem (1.12)) is any nonnegative
function v € L>(0,T; Wy*(Q)) N L>(Qr) such that v > 0 in Q, 9;(v?) € L*(Q71)
and satisfying for any ¢ € (0,7):

t
/ / (v Yo de ds

//RN/RN v(s, ) — v(s,y) P> (v(s, z) — v(s, y))(w(8,$)—w(87y)>dxdyd8

T — |N+sp

:/O /Q(h(s,z)wl+f(z,v))<pdxds,

for any ¢ € L2(Qr) N LY (0,T; WP(Q)), with v(0,.) = vp a.e. in Q.

Remark 1.11. According to Definition a weak solution of (|1.12)) belongs to
L>(Qr). Then, we obtain

q 2g—1\ _ ,q—1 q
2q_18t(v ) = v 0 (v?)

weakly, and we deduce that a weak solution to (1.12]) is a weak solution to (|1.1)).
Our main result about existence and properties of solutions to (|1.12)) is as follows.

Theorem 1.12. Let T > 0 and q € (1,p]. Assume that f satisfies (H1)—(H3), (H6)
and

(H7) The map x — (;51 < p( x)f(x, ¢1,5p(x)) belongs to L2(Q).

Assume in addition that h € L>®(Qr) satisfies (H4), (H5) and that vy € M} ()N
WyP(2). Then there exists a unique weak solution v to (1.12). Furthermore,

(i) ve (o T] WP (Q)) and satisfies for any t € [0, T the energy estimate

q
/ / V2 dxds + va(t)HI;Vs,p(Q)

6 a f(z,v) vt »
// ) da ds +/ Lo s+ ool

(ii) Ifw is a weak solution to associated to the initial data wy € M. (Q)N
Wy P (Q) and the right hand side g € L>=(Qr) satisfying (H4) and (H5),
then the following estimate (T-accretivity in L?(2)) holds:

1(0?(t) —w () Ml 2() < [1(vg —w§) L2 / 1(h ()l L2@ds (1.13)
for any t € [0,T].
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The T-acretivity in L? stated in was proved for p-Laplace operators in [22]
with a different approach (by the study of properties of the associated subdiffer-
ential via the potential theory) and for quasilinear elliptic operators with variable
exponents in [2] (see also [6] and [3] for related issues). The uniqueness of the
solution in Theorem [L.12| can be also obtained by the following theorem under less
restrictive assumptions about vy and h.

Theorem 1.13. Let v,w be two solutions of the problem (1.12)) in sense of Def-
inition with respect to the initial data vo,wo € L2*1(Q), vo,wg > 0 and
h,h € L*(Qr). Then, for any t € [0,T],

t
[07(t) = w! ()| 22(0) < llvg — wgllz2(e) +/ [h(s) = h(s)ll2(yds.  (1.14)
0
Using the theory of maximal accretive operators, we introduce the nonlinear
operator T, : L2(2) D D(T,) — L?(2) defined by
—q Va(g) — uVa(y) P2 (ul49(2) — ul/9
o (apy. [ WL P ) ),
RN |z — y|Ntep (1.15)
- f(xa ul/q))

with
D(Ty) ={w:Q =R, w1 WP (Q), w e L*(Q), Tyw € L*(Q)}.

Using the T-accretive property of 7, in L?(2) proved below and under additional
assumptions on regularity of initial data, we obtain the following stabilization result
for the weak solutions to the problem (|1.12)).

Theorem 1.14. Assume that the hypothesis in Theorem[1.13 hold for any T > 0.
Let v be the weak solution of the problem (1.12)) with the initial data vy € M. (Q)N
WyP(2). Assume in addition that there exists hoo € L°°(Q2) such that

1(t) |h(t, ) = hoollL2(@) = O(1)  ast— oo (1.16)
with | continuous and positive on |sg; +00[ and f:-ool%t) < 400, for some s > sg >
0. Then, for any r > 1,

[09(,-) = vl

where Vs 18 the unique stationary solution to (1.12) associated to the potential heo.

r@@) — 0 ast— oo,

This article is organized as follows: In Section [2] we study the stationary non-
linear problem
vt 4 A(=A)yv = ho(z)v?™t + Af(x,v) in Q,
v> in (),
v=0 inRV\Q,

related to the parabolic problem and establish the existence and the unique-
ness results in case hg € L () [Theorem Corollary and in case hg € L?(2)
[Theorem Corollary. Sectionis devoted to prove Theorern The proof
is divided into three main steps. First, by using a semi-discretization in time with
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implicit Euler method, we prove the existence of a weak solution in sense of Def-
initiorm (see Theorem [3.1]). Next, we prove the contraction property given in
Theorem which implies the uniqueness of the weak solution stated in Corollary
The regularity of weak solutions is established in Theorem that brings the
completion of the proof of Theorem In Section [ we show the stabilization re-
sult (see Theorem [1.14)) for problem via classical arguments of the semi-group
theory. Finally in the appendix we establish some new regularity results (L
bound) for a class of quasilinear elliptic equations involving fractional p-Laplace
operator. Via the Picone identity, we also obtain a new weak comparison principle
that provides existence of barrier functions for stationary problems of .

2. p-FRACTIONAL ELLIPTIC EQUATION ASSOCIATED WITH PROBLEM ([1.1))

The aim of this section is to study the elliptic problem corresponding to (1.12)).
For this, we have several cases.

2.1. Potential hg € L>(Q). We consider the elliptic problem
2\ (— A)pv = ho(z Wi £ Af(z,v) in Q,
v>0 inQ (2.1)
v=0 inRV\Q,
where ) is a positive parameter and hg € (L>°(Q))T satisfying the hypothesis
(H8) ho(z) > Ah(x) for a.e. in Q, where h is defined in (H4).
We have the following notion of weak solutions.

Definition 2.1. A weak solution of the problem (2.1)) is any nonnegative and
nontrivial function v € W := WP(Q) N L?9() such that for any ¢ € W,

201,y (@) —o(y) [P (v(@) —v(y) (e(x) — e(y)) .
/Qv wd +)\/]RN /RN dz dy

o — gV

(2.2)
:/hovqflcpder)\/f(x,v)cpdx.
Q Q

We first investigate the existence and uniqueness of the weak solution to (2.1)).

Theorem 2.2. Assume that f satisfies (H1), (H2), (H6). In addition suppose that
ho € L*>°(Q) and satisfies (H8). Then, for any 1 < ¢ < p and A > 0, there exists a

positive weak solution v € C(Q) N ML (Q) to ([2.1).
Moreover, let vi,v9 be two weak solutions to (2.1 with hy, ha € L(Q) satisfy
(HR), respectively, we have (with the notation t+ = max{0,t}),
(0] = vg)llze < [I(ha — h2) ¥ 2. (2.3)

Proof. We divided the proof into 3 steps.

Step 1: Existence of a weak solution. Consider the energy functional J
corresponding to the problem (2.1), defined on W equipped with the Cartesian
norm || - lw = || - llwg# (o) + I lz2a() by

P
v24d V()| dxd
T = zq/ Tty // |a:— \Nﬂos vy

(2.4)
1 q
p /Q ho(vT)%dx — X /Q F(z,v)dx
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where

Flz.1) fotf(x,s)ds if 0 <t < 4o0,
x’ = .
0 if —oco<t<O.

We extend accordingly the domain of f to all of 2 x R by setting
oF
flz,t) = E(x,t) =0 for (z,t) € Q x (—00,0).
From (H1) and (H2) there exists C' > 0 large enough such that for any (z,s) €
QO xRT,
0< flx,s) < C(1+s171). (2.5)
Thus, we infer that:

e 7 is well defined and weakly lower semi-continuous on W.
e From (2.5), the Hélder inequality and Theorem we obtain

1 A
\7(”) > 2 ||U||L2q(Q) ”U”p WP (Q) *HhO”LQ(Q)HU”%m(Q) - C/\/ |U‘d33
Q

—/\—/ |v|?dx
q.Ja

> (ol aa gy (@110 Eagqy — c2) + [wllog @ (esllolfydgg — 1),

where the constants ¢y, co, c3 and ¢4 do not depend on v. Therefore, we obtain that
J (v) is coercive on W. Therefore, J admits a global minimizer on W, denoted by
vg. Thus, adopting the notation ¢t = tT — ¢~, we have

J(vo) = T (vg) + / “)2dx + = /]R i /R i |x_ |§V”+_p)fy)|p dz dy

+ 22 — () ()
/]RN /]RN |;L~_y|N+ps dmdij(’U(T)

Therefore, vy > 0. In order to show that vy # 0 in 2, we find a suitable function
v in W such that J(v) < 0 = J(0). For that, we start by dealing with the case
q < p. Let ¢ € CL(Q) be nonnegative and non trivial with supp(¢) C supp(h).
Then, for any t > 0,

JT(tg) < et + cot? — c3tf,
where the constants ¢y, cy and c3 are independent of ¢t and c3 > 0 thanks to hg >
Ah # 0. Hence for ¢t > 0 small enough, J(t¢) < 0. We now consider the remaining
case ¢ = p. Assumption (H6) implies that for ¢ > 0 small enough there exists
so = so(c) > 0 such that

Mo(z) P+ M f(z,8) > A (M1 ps + )Pt
for all s < sp and uniformly in x € Q. Hence, for € small enough, we deduce that
A
T (€1,p,s) < ||¢1,p, ||L2p(g) € + ;H¢1,p75||€1/5’1’(g)€p

)\
- *()‘l,p,s + C)||¢1’p’5||ip(g)6p

cA
= (g1l = 19100l <0

Since J(0) = 0, we deduce vg # 0. From the Géateaux differentiability of J, we
obtain that vy satisfies (2.2)).
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Step 2: Regularity and positivity of weak solutions. We first claim that all
weak solutions to belongs to L>(2). To this aim, we adapt arguments from
[[23], Theorem 3.2]. Precisely, let vg be a weak solution. Then, it is enough to
prove that

lvollLoe (@) <1 if |lvol|zr(@) <& for some § > 0 small enough. (2.6)
For this purpose, we consider the function w;, defined as follows
wi(x) = (vo(x) — (1 —27")* fork > 1.
We first state the following straightforward observations about wy (),
wp € WyP() and wg =0 a.e. in 09,

and
wiy1(z) < wi(z) ae. in RY,

vo(z) < (2 + Dwy(2)  for 2 € {wpy1 > 0}.
Also the inclusion
{wps1 > 0} C {wy, > 27 *+D} (2.8)
holds for all k£ € N.
Setting Vj, := HwkHJZP(Q), using (2.5, (2.7) and the inequality
et =yt <z -yt —y ) (@ —y)
for any z,y € R, we obtain

)‘”wk+1‘|€vs ?(Q)

)y |wi11(7) — wi1(y)]? ded
RN JRN |93_ |N+Sp Y

<A / / [00(@) = vo @) (w1 (@) — wer () (o) = volw)) 4 o

|z —y[ NP

< [ (o)™ + Af(,v0)unada
Q

<y [/ wr1da —|—/ vg_lwk+1dw]
{wk4+1>0} {wk4+1>0}

< Cill{wpsr > 0} VT <2k+1 + 1)4 {wier > 03"
where C'; > 0 is a constant. Now, from we have

Vi = / whdx > / whde > 27 FFVP Ly > 0} (2.9)
Q {wr41>0}

‘d\e

Vil

Therefore,
||wk+1||€vgvp(g) S 02(2k+1 + l)p_lvkr

where C; > 0 is a constant. On the other hand, by the Holder’s inequality, fractional
Sobolev imbeddings (Theorem and (2.9), we obtain

Virs = / Wl yde < Clwnia [fye g (25FPV) ¥,
{wr41>0} ’

where C3 > 0 is a constant. Hence, the above inequality

Vit1 < C’kaH'O‘, forall k € N
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holds for a suitable constant C' > 1 and « = 3. This implies that

lim Vi, =0 (2.10)
k—o0

provided that
o
Hvo||’L’p(Q) =W <C7a2 =4§°

as it can be easily checked. Since wy, converges to (vg — 1)T a.e. in RV, from
we infer that holds as desired. Then, we deduce that vy € L>(Q2) and [27,
Theorem 1.1] provides the C%%(Q)-regularity of vg, for some a € (0,s]. Now, we
show that vy > 0 in . We argue by contradiction: Suppose that there exists
xo € Q, where vg(zg) = 0, then it follows that

0> 2\ /RN |vo(z0) — v(iiz)l_”yjj(vvfifo) ) dy

= ]’Lo(ﬂl‘)vo(ﬂfo)q_l + )\f(ﬂl‘o, 1}0(.130)) - U0($0)2q_1 =0
from which we obtain a contradiction. Thus vy > 0 in €. Finally, starting with the
case ¢ = p, the Hopf lemma (see [20, Theorem 1.5] implies that vy > kd*(x) for
some k > 0. Next, supposing ¢ < p, we have that for € > 0 small enough, e¢; , is
a subsolution to problem (2.1). Indeed, for a constant € > 0 small enough, we have

(e¢175)p)2q_1 + A(—A)(ed1,5,p) < ho(l‘)(e(bl)&p)q_l + Af(z,eh1,5p) in Q.
From the comparison principle (Theorem , we obtain ef s, < vo. Then, we
deduce that vo > kd*(z) for some k > 0. Again by using [[27], Theorem 4.4], we
obtain that vy € MJ. ().

Step 3: Contraction property (2.3) Let v1,v2 € ML (2) be two weak solutions
of (2.1) associated to hy and hy respectively. Namely, for any ®, ¥ € W we have
- p=2 - O(z) —
[ran s [ [ P00 06 - 0w)ew -0,
Q RN JRN

|z —y|[Nrep

=/h1U‘11_1(I>da:+)\/f(x,v1)<I)dx
Q Q

and

2g-1 [v2(x) — va(y)[P~2(va (@) — v2(y))(¥(x) — ¥(y))
/91)2 \I/da:—l—)\/RN/RN dx dy

|z —y[ NP

= hgvg_lllldx—l—/\ fx,v2)¥ da.
Q Q

Since vy, v9 € ML, (2) N W,*(€2), we obtain that
q

=)t ef o)
Ug—l ’ vq—l
are well-defined and belong to W.
Subtracting the two expressions above and using (H2) and Lemma we obtain

[ty o< [ (=)ot - o)t
Q Q
Finally, applying the Holder inequality we obtain ([2.3)). (I

b =

Remark 2.3. Inequality (2.3) implies the uniqueness of the weak solution to the
problem (2.1]) in the sense of Definition in ML, (Q).
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From Theorem we deduce the T-accretivity of 7, (see (L.15))) as follows.

Corollary 2.4. Let A >0, g€ (1,p], f: Q x RT — RT satisfies (H1), (H2), (H6).
Assume in addition that hg € L>®(Q) satisfies (H8). Then, there exists a unique
solution u € C(Q) of the problem

u+ ATqu =ho in Q,
u>0 n (2.11)
u=0 inRV\Q.

Namely, u belongs to Vq N Ml/q( Q), and satisfies

u¥ dx u () — w9 (y) P2 (w9 () — ut/
v “/RN/RN' )P~ (/9 (2) — ()
x (0T W) (z) — (T O)(y)) |z — yN TP da dy (2.12)

= / hoW dx + )\/ f(x,ul/q)u%\I/dx
Q Q
for any ¥ such that
||V e LE(Q) nWEP(Q). (2.13)

Moreover, if uy and uy are two solutions of (2.11), corresponding to hy and hs
respectively, then

Proof. We define the energy functional £ on Vf N L3(Q) as £(u) = J(u/9), where
J is defined in (2.4)). Let vy be the weak solution of (2.1)) and the global minimizer
of (2.4). We set up = vg. Then

(ur —u) T2 < I|(u1 — w2 + MTg(u1) — To(u2)) " | e (2.14)

up € VIN MYULYQ).

Let U > 0 satisfy (2.13]), then there exists tg = to(¥) > 0 such that for t €
(0,t0), up + t¥ > 0. Hence, we have

0 < &(uo +t¥) — &(uo)

1 1
= )2 2 7 E—— 7
2q(/(t)d:v+ t/Quo dx) q/ﬂtho dz

1/q 1/q P
/ / ’LLO + t‘I’ ( ) (U() + t\I/) (y)| da dy
RN JRN |z —y|NFps

/}RN /RN Ug 1/q|x ) |](Vuf251/CI(y)|p i dy)
a A(/QF(I’ (uo + 1)) dx — /QF(SC, (uo)l/q)d:r>,

Then dividing by ¢ and passing to the limit ¢ — 0, we obtain that ug satisfies (2.12]).
On the other hand, consider u; € Vq N Ml/q( Q) a solution satisfying (2.12). Thus

v = ul/ 7 satisfies , ), by Remark we deduce v; = vg. Finally, (2.14]) follows
from (|2.3). O
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2.2. Potential hy € L?(2). In this subsection, we extend the existence results
above.

Theorem 2.5. Assume that f satisfies (H1), (H2), (H6). Then, for any 1 < q <
p, A > 0 and hg € L*(Q) satisfies (H8), there exists a positive weak solution veW
to 2.1). Moreover assuming that ho belongs to LT( ) for some r > @, v e L>®(Q).
Moreover, let vy,vy be two weak solutions to associated with hy, hy € L?(S2),
respectively, satisfy (H8). Then, we have

(! = v8)*lle2 < ll(ha — h2) ™22 (2.15)
Proof. Let h,, € C1(Q), h,, > 0 with h,, — hg in L(2), we take h,, = max(h,,, Ah).

By Theorem for any n > ng, define v, € C%*(Q) N ML (Q) as the unique
positive weak solution of (2.1). Then, for any ¢ € W,

/ 2 odx
Q

[ Rl ) @) =) g, o

|z — y|NEep

= / hpvi~toda + )\/ [z, v,)pde.
Q Q
One has
(a —b)?" < (a" —b")* forany r > 1, a,b>0 (2.17)
from which together with (2.3)) it follows for any n,m € N*|
1 1
1(n = o) Fllz2e < @2 = 0Z) ¥R < [1(hn — han) T[757

Thus we deduce that (v,) converges to some v € L?9({2). We infer that the limit
v does not depend on the choice of the sequence (hy,). Indeed, consider h,, # hy,
such that h, — hg in L2(Q) and @, the positive solution to corresponding to
h,, which converges to ¥. Then, for any n € N, (2.3 implies

I(wf = 92) T llz2 < [1(hn — hn)+HL2

and passing to the limit we obtain © > v and then by reversing the role of v and v,
we obtain v = v.

For n € N*, let h,, = min{hg, nAh}. So, it is easy to check by ([2.3)), (vy)nen is
nondecreasing and for any n € N*, v, < v a.e. in  which implies

v(z) > vi(x) > cd’(z) >0 inf (2.18)

for some ¢ independent of n. We choose ¢ = v,, in (2.16)), by the Hélder inequality
and (| @, we obtain

on(2) = 0a (W)
Lo ] = R dody < Cloal a2 1) oloey] (219

where C' does not depend on n. Then, we deduce that (vy,),en is uniformly bounded
in W3P(Q2). Hence,

{ [on (@) = v (y)|p72zgﬁf,§x) — on(®)) } is bounded in L*’ (RN X RN)

|z -
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where p’ = p%l and by the pointwise convergence of v,, to v, we obtain

|vn(z) — vn(y)l”‘Z(%(x) —v(y) _, Julz) - U(?/)I”‘Q(v@) —v(y))

|z —

|z —

a.e. in RY x RV, Tt follows that

[on (@) — vn (W) P7* (vn (2) — v (y))

N+s‘p
|z —y| >

AN

v(z) - v(y)l”‘ig?i(x) —v(y)

|z —

weakly in L (RN x RN). Then, since ¢ € W = W;"P(Q) N L?(Q), we obtain
— p—2 — —
lim / / [n () = va W) (n (2) — on W) (@) = W) 4 4
RN RN

n—00 |1‘ — |N+sp

~ [ ) =gl ote) o) =)

|z — y [N

With similar arguments, by the Holder inequality, (v2971),en and (h,vi™1),cn are
uniformly bounded in L%(Q) By (2.f)), we infer that f(z,v,) are uniformly
bounded in L%(Q) and f(x,v,) — f(z,v) a.e. in Q. Since p € W = WP (Q) N
L?1(Q), we obtain

lim viq_lgpdm:/v%_lgodx, lim hnvg_lcpdac:/lwq_lc,od:lc7
Q Q

n— oo Q n—oo

lim fa:vngodx—/fxvcpdas
n—,oo

By passing to the limit in (2.16), v is a weak solution to (2.1)). Finally, the fact
that v € L>°(Q) follows from Corollary O

From Theorem we obtain the following result.

Corollary 2.6. Let A >0, g € (1,p], f: Q x RT — R" satisfy (H1), (H2), (H6).
In addition suppose that hg € L?(Q) N L"(Q), for some r > % and satisfies (HS).
Then, there exists a unique solution u of problem . Namely, u belongs to
Vf NL>(Q), satisfies for any ¥ satisfying and there exists ¢ > 0 such
that u(x) > cd®¥(x) a.e. in .

Moreover, if uy and us are two solutions to the problem associated with
hi,he € L?(2) satisfy (H8), then

(1 —u2) g2 < [1(ur — w2 + MTq(ur) = Ty(u2))) " e (2.20)

Proof. The existence of a solution v in Theorem can be obtained by a global
minimization argument as in Step 1 of the proof of Theorem Therefore, we
deduce from Theorem that v is a global minimizer of 7 defined in .

As in the proof of Corollary we can define the energy functional £ on Vfr} N
L2(Q) as £(u) = J(ul/?). We set ug = vl. Then, ug belongs to VI N L=(Q). By
we obtain ug(z) > cd*!(x) a.e. in Q. Let U satisfy (2.13)), then for ¢ small
enough, £(ug +t¥) — &(up) > 0. By using the Taylor expansion, we deduce that wug

satisfies (2.12]). Finally, (2.15]) gives (2.20). O
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3. EXISTENCE OF A WEAK SOLUTION TO PARABOLIC PROBLEM (|L.1])

In light of Remark we consider problem (|1.12)) and establish the existence
of weak solution when vy € MZL. () N WP (£2). In this section, we prove Theorem
We begin the next subsection with some auxiliary results.

3.1. Existence and regularity of a weak solution. We divided the subsection
into three main parts concerning: existence, uniqueness, and regularity of solutions.

Ezistence of a weak solution.

Theorem 3.1. Under the assumptions of Theorem|1.12, there exists a weak solu-
tion v to the problem (1.12) (in sense of Definition|1.1(}). Furthermore, v belongs
to C([0,T); L™ () for any 1 < r < oo and there exists C > 0 such that, for any
tel0,1]:

C'd*(z) <w(t,r) < Cd*(x) a.e. in Q. (3.1)

Proof. We use the time semi-discretization method: Let n* € N* and T > 0. We
set A; = "l* and for n € {1,...,n*}, we define t,, = nA,.

We perform the proof along four main steps.

Step 1: Approximation of h. For n € {1,...,n*}, we define for (¢t,z) €
[tnflztn) X Qv

t'll
ha,(t,z) = h"(x) := Ait/t h(s,z)ds.

n—1

The Jensen’s inequality implies that

1hallz2@r) < I0llL2@r)-
Hence ha, € L?(Qr), h"™ € L*(2). It is easy to prove by density arguments that

hAt — h in L2(QT)
On the other hand, we obtain

IhallLe(@r) < IMllLe(@r)-

Step 2: Time discretization of problem (1.12). We define the following im-
plicit Euler scheme: v° = vg and for n > 1, v, is the weak solution of

vl —ol
(Tt )on o (A e = Bl flayv) in
t

vp >0 in €, (3.2)

v, =0 inRY\ Q.
The sequence (Up)n=1,2,...n+ is well-defined. Indeed, existence and uniqueness of
v € C(Q) N ML (Q) follow from Theorem [2.2{ with hg = Ak + v € L*°(Q) and
Ah! +vd > Ah. Hence by induction we obtain in the same way the existence and
the uniqueness of the solution v,, for any n = 2,3, ..., n* where v,, € C(Q)NML. (Q).

Step 3: Existence of subsolutions and supersolutions. In this step, we
establish the existence of a sub-solution w and a super-solution w such that v, €
[w,w] for all n € {0,1,2,...,n*}. First, we rewrite (3.2)) as

02T Ay(— Ao = (A" + vl _ i+ A f(,vn). (3.3)
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As in Theorem [2.2] we prove that for any u € (0, 1], the problem below admits a
unique weak solution w,, € C() N ML (),
(—A)yw = p(hw?™ + f(z,w)) inQ,
w >0 in Q, (3.4)
w=0 inRYV\Q,
where h is defined in (H4).

Let g1 < pg < 1land w, ,w,, € C(Q) N M}j.(Q) be two weak solutions of (3.4).

—H1?

Then
[ ] ) O ) )06 30D,
RN JRN |z —y|N+sp
= wi™t T, w, x
= [ Gl + S, )0d
and

[ ] ) - O o), ) - U,
RN JRN

|z —y| NP

= [ (! + o) do

Subtracting the above expressions and taking

+ —
_ (wl —wi ) . (wf, —wi,)
g—1 ’ g—1 ’
Wiy Wiy

we deduce that (w),), is nondecreasing. From [27, Corollary 4.2 and Theorem 1.1],
we obtain for some pg > 0 and 0 < « < s that
lwpllcoe@ < Cluo) for any p < po and  ||w,|[r=(@) = 0 as p— 0.

Furthermore, by using [21 , Theorem 4.4], we can choose p < 1 small enough such
that there exists w € C(Q) N MI(Q) satisfies 0 < w := w,, < vg. We infer that w
is the subsolution of the problem 3.3) for n =1, i.e.

P (@) — wly) P> (w() — wy) (@) - ¢b)
/{F gpdmt/R/RN dz dy

o =y

§At/( Rrw?™t + f(x, w))godz+/v wi todr
Q Q

for all ¢ € W and ¢ > 0. We also recall that v; satisfies

[rpara, [ [ DEOZuE 0@ @@ 90,

|z —y|NHep

:At/ﬂ(hlvf_ —i—f(m,vl))l/}dx—i—/gvgvf_lwdm

for all ¥» € W. By Theorem we obtain w < v; and then by induction 0 < w <
vy in Q forn=0,1,2,...,n*.
Next, we construct a uniform supersolution. We start with the case ¢ < p for

which we consider the problem

(A)pw=1 inQ,

3.5
w=0 inRV\Q. (8:5)
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As above, we can prove that there exists a unique weak solution w € C(Q)NMJ. ()
to (3.5). We easily check that for some K > 0 fixed, wx = K# 7w is the unique
weak solution of the problem
(—A)wg =K inQ,
wrg =0 inRY\Q
and
1 1
cld(z) KT <wg(x) < cd(x) KT, (3.6)
where ¢ > 0 is a constant. Again by using [27, Theorem 4.4], we obtain w =
wg > vg for K large enough. By (2.5) and (3.6)), it is easy to prove that w is the
supersolution of the problem
(—A);w = Hh,”Loo(Q)wq_l + f(z,w) in Q,
w>0 in €, (3.7)
w=0 inRY\Q.
We now study the case ¢ = p. Using (H3), we can choose for any ¢ > 0,
ro = ro(€) > 0 large enough, such that for r > ro,

flz,r) < el (3.8)
Let w be the solution of the problem
(-A)pw=C+ BwP™t in Q,
w >0 in
w=0 inRY\Q

with ' > 0 and 8 < A1p. Then, by a similar proof as in Theorem step 2,
we obtain w € L*°(€). On the other hand, by [20, Theorems 1.4 and 1.5, p. 768],
we obtain that w > 0 in Q and satisfies w > kd®(x), for some k = k(C,3) > 0.
Finally, using [27, Theorem 4.4], we obtain that w € ML (Q). By (3.8), (H5) and
for C' > 0 large enough and 3 close enough to A, s, we obtain

(=A)(w) = C + BuwP™ > ||hl| Lo (@™ + f(,w).

Hence, W = w is supersolution of ([3.7). Again using [27, Theorem 4.4]] and taking
C > 0 large enough, we obtain vy < w.
Then, since w > vy, W is the supersolution to (3.3)) for n =1, i.e.

I D) TP () ~ B e) ~ ),
/Q pd +At/n/n dz dy

o =y

> At/(hlﬁq_l +f(x,@))g0dac+/ viw? pda
Q )

for all ¢ € W and ¢ > 0. From Theorem [5.4] we obtain w > wv; and then by
induction we have w > v, for all n = 1,2,3,...,n*. Finally, we conclude that
w<wv, <wforn=0,1,23,...,n% ie c1d*(x) < v,(z) < c2d®(x) in 2, where
c1, co are positive constants independent of n.

Step 3:A priori estimates. For n € {1,2,3,...,n*} and ¢t € [t,—1,t,) let the
functions va, (t) and 94, (t) be as follows:

VA, (t) = Un,
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s t— 1ty
s, = C ) ot
One can easily check that
_1004, R e
qutl at‘ + (=A)jva, =h qutl + f(z,va,). (3.9)

We observe now that as A; — 0, the discrete equation (3.9) converges to (1.12]).
We further point out that there exists ¢ > 0 independent of A; such that for any

(ta (E) € QT’
c_lds(x) < va,, ﬂl/q < cd®(x). (3.10)

Now, multiplying (3.2) by = " L e WyP(©2) N L*°(2) and summing from n =1

to n’ < n*, we obtain

[V () — vn( ‘piQ(Un(gj) —vn(y))
Z A e Z/ L. x)— .

Q

x [(L”?l)w (B ] ey

v v
—Z/h" 4 —pl dI—FZ/ ks Un —vy_q)da.

Since v, € [w,w] C ML (), we have that (%(v% —v!_})) is uniformly

n

bounded. By Young’s inequality, we have

> [a (g dx+z / e S ) (0

n=1

x [(%)w - (%y ) oy

Un Un

<1 ZAtnh"nmw Z/At (“

) dx + C,
L Z/At )2dz + i:/ /RN |on () — Ung)lp;]\(;ﬁix) — 0 (y))
x [<W><x> : (WM

Z " 1720y + C,

where C' is independent of n’. Then by step 1, we obtain

l\')\»—l

(ag?t) is bounded in L?(Qr) uniformly in A;. (3.11)
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Now, from Proposition [I.2] and by Young’s inequality in the case g < p, we have

v () — v p—2 v () — v Un71($)q _ Unfl(y)q
[0n(2) = Ba 2o (2) = va(w) [ 22T - L
< Jon-1(2) = vn-1(0)[*len(2) = va)P (312)

< ono1(@) = vacr )P + T o (@) — va(y)I?.
p p
Next, for p = ¢ we obtain
_ Un—1 Un—1
[0 () = v ()P (0n (@) = v (@) [ A - S

< fon-1(2) = vn-1(y)I”.

Then, for any n’ > 1 and p # g we obtain

’
n

1
5 2 Adr" @) +C

[\

1
‘Un ( / / ‘Un 1 — Un— 1(y)‘p
> dx d
—Z /RN /R |x—y|N+sp o S |x—y|N+sp v

o () — v (9) P
/RN / |a:— e d””dy}

Forp:q, we have
LS AWy 4O Z [ e ey
“ = LRy RN |33_ |N+Sp

n=1
|Un 1 _Un l(y)|
dad }
/RN / |xf y N

Finally, we obtain

v () — v (y) P
7ZAt||h ||L2(Q)+C> /RN\/RN |x_ ‘N—&-sp dxdy

|Uo - Uo )|p
dz d }
/RN /]RN Iw—yIN“p Y
which implies that

(vat) is bounded in L*(0,T; WyP(€)) uniformly in At. (3.14)

Since va; = &l + (1 — &)vl_, where £ = = t” L by Pr0p031t10n we obtain
[0 (2) = 5 W)
dx dy
RN JRN |z — Z/|N+Sp

/ / |Un Un(y) / / [vn—1(z) — v—1(y)[?
RN JRN |~T— |N+Sp RN JRN |~T— |N+sp .

Then, we conclude that

("uAt ) is bounded in L>(0,T; Wy*(£2)) uniformly in At. (3.15)
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Thus, va; = v and ﬁlA/tq X9 in L0, T; WiP(Q)).  Furthermore using (2.17)),

@11,

sup ||171A/tq—vm||iqzq(m < sup ||17At—qutH%2(Q) < CAt—0 as At — 0. (3.16)
te[0,T) te[0,T]

It follows that v = .

Now, from (3.11), (3.15) and since WP (Q) < L"(Q) compactly for all 1 < r <

p%, using Theorem [1.4] we obtain that (9a,) is compact in C([0,T]; L"(2)). Then

from (3.16),
oar — v in C([0,T];L7(2)), for1l<r<pi.

Using 9a; € L®°(£2) with the interpolation inequality with p* < r < oo,

Al < ISl 1, with a € [0,1],

we obtain that

oar = v? in C([0,T); L"(Q)), forallr>1. (3.17)
Hence, from the estimate

o VX, = Ta.llz2@) < C(A)Y2, (3.18)

we have

var — v in L*([0,T]; L"(9)), for all r > 1. (3.19)
Hence, implies . From and , we obtain

0o ov? .
a?t — E m L2(QT) (320)

Step 4: v satisfies (1.12). e First, from (3.14), we have

{ |UAt (t7 1’) — A, (tv y) |p72(VUAt (ta .’E) — A, (t’ y)) }

|z —yl ¥

is bounded in L>(0,T; LP' (RN x RY)), where p/ = 527, and by the pointwise
convergence of va, to v, we obtain as A; — 0T and for a.e. t € [0, T,

[va, (t,2) = va, (£, y) P2 (va, (£, 7) — va, (t,y))

N«%»/sp
lz =yl 7
ol 2) = vt )2 (0t 2) — v(t,y))
N+Isp
[z =yl

a.e. in RV x RV, it follows that as A; — 07,

loa, (t,x) —va, (6 Y) P2 (va, (t,2) = va, (ty))

N-%—/sp
lz—y| >
et x) =t y)PA(u(t x) —o(t,y))
N+sp

|z —y|



EJDE-2021/09 DOUBLY NONLINEAR FRACTIONAL EVOLUTION EQUATION 23

weakly in L¥' ((0,T) x R2N). Then, we conclude that for any ¢ € C°(Qr),

T
L[ (st = oa )l 2 (o, ) = vs, (8.9)
0 RN JRN
% (plt,2) = o (t.y)) ) /lo =y NP dodydi

. (3.21)
o [ (e - oenr (e - olt.w)
0 RN JRN
X (ot 2) = () )/l =yl da dy dt.
e Next, from (2.17)), (3.16)) and (3.18]) we have
&, " = v" M r2(@n)
< T3 ||1qu:1 =007 Lo 0,722 (02))
1 1
<Tz|Q7 [0l =yt .
= 2| |2 ||’UAt v ||L°°(O,T;L%(Q)) (322)

—1

1 L 4
< TEQ2 v}, = 0l o 01020

1 1 - - -
< T2(Q|2 [||”th - UAtHLoc(o,T;L?(Q)) + oA, — UqHLoo(O,T;H(Q)ﬂ 7 =0

as Ay — 0. By the Hélder inequality, for all ¢ € C°(Qr) we have

q
|/ / AtlaUAt —vq_l%)go(t,x) dmdt|

81}A ot _ _ (%A
/ /Q Toe ~ et drdt] + |k, = o' r2ienll 5" - Pllez@n

T
/0 /Q(h”quzl — hv? Yo dedt
T T
= / / h”(vz_t1 — v Ypdrdt —|—/ /(h" — h)v?i Yo drdt
0o Ja 0o Ja

n —1 — — n
< IR ellz@m v, = v" M i2r) + 107 ellz@m 1™ = BllL2(Qr)-

Then from (3.11)), (3.19), (3.20), (3.22)) and Step 1, we obtain

/ / Aja% o 881;) (t,2) dzdt — 0, (3.23)
/ / (h"v&, " — " N)p(t, o) dz dt — 0 (3.24)
0 Q )

as Ay — 0. From (3.19), we have f(z,vat)p — f(z,v)¢ a.e. in Qr, (up to a
subsequence). Furthermore from (2.5) and (3.10), (f(x,va;)) is bounded in L?(Q7)

uniformly in A¢. Then, by the dominated convergence Theorem, we obtain

T T
/ / flz,var)pdxdt — / / flz,v)pdxdt, as Ay — 0. (3.25)
o Ja 0o Jo
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Finally, gathering (3.21), (3.23), (3.24)),(3.25) and passing to the limit in (3.9) as
Ay — 07, we conclude that v satisfies (1.12)), i.e.

T
/ / Ot (v Yo da ds
0o Jo

T [v(s,z) —v(s,y) P2 (v(s,2) — v(s,9))(@(s,2) — p(s,y))
+/0 /]RN /RN dx dyds

|z —y|[NHer

:/()T/Q(h(s,x)vq_l + flz,0))pdrds

(3.26)
for any ¢ € C2°(Qr). Since C°(Qr) is dense in L?(Q7)NL (0, T; WP (2)). Hence,
we conclude that (3.26)) is satisfied for any ¢ € L*(Qr) N L*(0,T; W5 (Q)). O
Uniqueness.

Proof of Theorem [1.13 We again use the Picone identity. Let v and w be two weak
solutions to ([1.12)) with A and h respectively. For e € (0;1), we set

R Uy VS LR R Iy (s U
(v+eat (w+e)at

® and ¥ belong to L*(Qr) N LY(0,T; Wy'P(Q)) and for any ¢ € (0,77,

/ /(% v )i~ L dx ds

N R B GO BTN (L C B
0 JRN JRN

|z —y|Nep

[ORES

:/0 /Q(h(s,x)vq_l—|—f(x,v))<1>dxds

//875 (ww!= ' dx ds

/ / / (s,2) —w(s,y) P> (w(s, ) —w(s,y))(V(s,z) — V(s,y)) dx dy ds
RN JRN

|z — y|[NEep

- / [ sy 4 (o) dads.

Summing the above equalities, we obtain I. = J. where

te= / / a:) iqev: 11 B (?il(;u_):);)uqq—:)((v + )1 — (w+e€)?)drds

/ /RN /RN lv(s,x) —v sxy)_|p |2]\(/+(;Z,:c)—v(s7y))

vt s, ) = (Wt (s,2) (s y) = (W+(s5,y)
X{ (v+e)q 1(8 x) B (v+€)a=1(s,y) }dxdyds

[ ] e

X[w+6 a) = (vt e)i(s,x )_(w+6)q(87y)—(v+6)q(s7y
(w+6)" (s, @) (w+ €)1 (s,y)

) } dx dyds
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and
hve~1 B!
= _ a_ p
Je / / ’U—|—6‘1 1 (w+€)q_1)((7}+6) (w+€)?)dxds
f(z,w) q q
/ / v+e (w+€)q—1)((v+€) (w+ €)?) dxds.
First, we deal with I.. Since Uj_e w+6 <1and v,w € L®(Qr),

At Oy (w)wI ! . . q ’
T 0T~ wrgrT I +9" — @+ < CUaEM] + 2w

where C' does not depend on €. Moreover as ¢ — 07,

(at(vq)vq_l 3 Oy (w) w1
wrart  (wrgr

Therefore, by the dominated convergence Theorem and Lemma [T.8] we obtain

liminf I, / /8,5 2 dx: ds.
e—0

Next, dealing with J., dominated convergence Theorem implies

lim// L ol )+ )7~ (w+ ) deds

e—0 (v+e€)d (w+€)d~1

:/O /Q(h—iz)(vq—wq)dmds.

Moreover, by using Fatou’s Lemma, we have

liminf// w+e)quds>/ fav) wldzx ds,
e—0 'U—|—e‘1 1 Q Uq 1

liminf/ / 1 (v+¢€) da:ds>/ fmiul))quxds.
e—0 Q u}—|—e ‘1

Hence gathering the three limits above and from (H2), we obtain

)((v +e)?—(w+e)?) — %8,5(1}‘1 —w?)?,

hmlnf.] </ (h — h)(v? — w9) dz ds.
Q

Since I. = J., using Holder inequality we conclude that for any ¢ € [0, 7],

1 t t -
- / / 3t(vq — wq)2 dzx dS S / ||h — h”Lz(Q)H’Uq — wq||L2(Q)dS
2 Jo Ja 0
and by Gronwall Lemma [10, Lemma A.5], we deduce (1.14)). O

The uniqueness of the weak solution in sense of Definition in Theorem [1.12
is a consequence of Theorem [L Precisely, we have the follovvlng Corollary.

Corollary 3.2. Let v,w be weak solutions of (1.12) in sense of Deﬁnition
with the initial data vo € L*4(2), vo > 0 and h € L*(Qr). Then, v = w.

We use Theorem [3.1] and Corollary [3.2] to infer the existence result concerning
the parabolic problem involving the operator 7.
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Theorem 3.3. Under the assumptions of Theorem [I.13, for any the initial data

ug such that u(l)/q € ML(Q) NWST(Q), there exists a unique weak solution u €
L>(Qr) of the problem

Ou+Tu=h inQr,
u>0 inQr,
u=0 onlp,
uw(0,-) =wug in Q.

(3.28)

In particular,

o ul/?e L0, T;WyP(2)), dyu € L*(Qr);
o there exists ¢ > 0 such that for any t € [0,T];

P (x) < UMt ) < ed®(z)  ace. in

e for any t € [0,T], u satisfies

/ /8tu\11da:ds+/ / [ul/9(s, z) 1/q(s,y)|p_2(u1/q(s,az) —ul/q(s,y))
RZN

x (T W) (s,2) — (w7 )(s,9))/|w — y|N T du dy ds

//hsm‘l’dmds—i—//fxul/quq\I/dxds

for any ¥ € L*(Qr) such that
|@|Y9 e LY0, T; WP (Q)) N L=(0,T; LE()).
Moreover, for any 1 <r < oo, u belongs to C([0,T]; L"(2)).

The proof of the above theorem follows straightforward from Theorem and

corollary

Regularity of weak solutions.

Theorem 3.4. Under the assumptions of Theorem [1.13, the weak solution v, of
([L12) obtained by Theorem[3.1 belongs to C(0,T;WyF(Q)) and for any t € [0,T]

satisfies
t
ovl q
/ /(7)2 dxderva(t)H@VS,p(Q

f(z,v) Ovt
// O ds +/ Lo wds + 2ol

Pmof Since v € L*(0,T; W5*(Q2)) N L>(Qr) and dv? € L*(Qr), by Theorem
we obtain that v belongs to C([O T); L7(2)) for any r > 1. From the Sobolev
embedding (Theorem, we have that WJ"*(Q) is compactly embedded in LP(€2).
So we deduce that v : [0,7] — WP(Q) is weakly continuous. Therefore, for any
to € [O, T],

lo(to) w2y < Tigint [0(6) lw;.s e (3.29)
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Multiplying (3.2 2) by 2 € W, integrating over RV and summing from 1 <

n=N'to N” <n*, we obtaln

Z /At o 1BZg d:c+ /RN /RN |on (@) — U"|(x )_|py21\(rizf(;w) —vn(y))

n=N' n=N’
_ 9 .4
% K%)m - (qunv?l)(y)} da dy
ni:/w&/ﬂ " ”_A;‘ =D Vg + A nz;v/ f(@,vn) Al:i_1>d$'

Now, from and (| -, we obtain

N//
,/At g, Vet (””N’||€V§~”<m_|‘“N"—1\|€v§~P<n>)
e (3.30)
_ flz Un — U5y
< .
Z At/ A S)dz 4+ A Z/ R e
n=N" n=N'

For any t € [tg,T], we choose N’ and N” such that N'A; — t and N”"A; — to. By
(HT7), then (3.30) gives

t
LY q P
/t/<f> s+ Oy
0

Taking limsup in (3.31) as t — tJ and by (3.29), we obtain

(3.31)

lo(to)llwg»(@) = Lim o(t)lwgr o)
t—t,

and hence the right-continuity of v : [0, T] — WP (Q) follows.
Now, for proving the left continuity, consider 0 < n <t — tp, multiply (L.12)) by

Ta = ’U‘I(. + 77]],1]3_—1 ’Uq(~, ) c L2(QT) N Ll(O,T; WO’S,Z?(Q))

and integrate over (to,t) x Q. Using Proposition and Young’s inequality again,
we obtain

/ /m 8t(vq)r,7vdxds+—/ (s + )y — 100y s

//th r, vdxds+/ /fvanvdxds
to tO



28 J. GTACOMONI, A. GOUASMIA, A. MOKRANE EJDE-2021/09

It follows that

t
/ / 01710, (v9) Ty da ds
to JQ

+ q(/t+" [v(s )”W”’(Q)d /t°+” o(s )HW”’(Q)d ) (3.32)

// hv®™ lTdeds—i—//fvanvdxds
t[) tO

By the right continuity of v : [0,7] — Wy"(Q2) and by dominated convergence
Theorem, as n — 0% we have

£ Hﬂmwm@wm¢»+ﬂwuw@wmy
pn 0 p 0

to+n
q p q P
— v(s s ds — =||v(to Dl -
o o) s = =l (t0) o o

Hence as n — 07, (3.32) yields

t o, q »
//ﬂ<7) dxds+*||v(t)||ws,p(m

)dz d a”qd d to)II?
(% xds + ; vq v 5+*HU( 0)||W5‘P(Q)'

From the above mequahty, we deduce that the equality in (3.31) holds and the
left-continuity of v : [0, 7] — WP () follows. O

4. STABILIZATION

4.1. Existence and uniqueness of the solution of the stationary problem
related to (| - In this subsection we deal with the stationary problem in order
to determine the asymptotic behavior of trajectories to (1.1)). Precisely, we consider
the problem
(=A)pv = b(x)v?™ + f(z,v) inQ,
v>0 inQ, (4.1)
v=0 inRY\Q

where b € L*°(Q)) and nonnegative. We define the notion of a weak solution as
follows.

Definition 4. 1 A positive function v € W (2)NL>(Q) is called a weak solution

to problem (4.1]
/ / V)P 0(@) v ela) — ew)
RN JRN

o — gV

(4.2)
f/w<wq1+ﬂzwwm:
Q
for any p € Wy'(Q).

Theorem 4.2. Assume that f satisfies (H1)—-(H3). Let ¢ € (1,p]. In addition
if ¢ = p suppose that ||bllec < A1 ps. Then, there exists a unique weak solution

v € C(Q) N ML (Q) to problem ([.1).
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Proof. By following the same arguments as in Theorem 2.2 we deduce the existence
of a nonnegative global minimizer to the following energy functional

o dedy = [y |
dedy — = [ b(v")%dx — [ F(z,v)dx
/RN/RN |33— \Nﬂ” q Q( ) Q (=:v)

where F is defined in . Then, as in the proof of Theorem step 2, we infer
that v € L>®(Q). Furthermore, by using [27, Theorem 1.1}, there is a € (0, s] such
that v € C%*(Q). Next, by [20, Theorems 1.4 and 1.5, p. 768], we obtain that
v > 0 in Q and satisfies v > kd®(x) for some k& > 0. Finally, [[27], Theorem 4.4]
implies that v € ML, ().

Let vy, vy € C() N ML (€2) be two solutions of (A1), we choose v(llq 1‘21 and v2 vl

1 ’U

as test functions in (4.1)) satisfied by vy, vo respectively. Then adding the equatrons
we deduce from Lemma|l.8land (H2),

/RN /RN (|v1(a:) — v1|(g)|l);|1\([1jrls§7x) —v1(y)) [(vlw(l;fz)(x) _ (%)(y)}

L lva () — Uzl(j)lpyi\(’iiil‘) —v2(y)) {(U%}g__f(f)(m) _ (Uig__ftlz)(y)}) dz dy = 0.

Again by Lemma for 1 < g < p, we obtain v; = vy in RY. While for ¢ = p, we
have vq(x) = kva(x) a.e. in RV, for some k > 0. Without loss of generality, we can
assume that & < 1. Then from (H2) we obtain

(=) (kva) = k=1 (=A)5 (v2) = kP~ (b(x)oh ™" + f(a,v2))
< b(x)(kv2)P~t + f(z, kvg)
= (=A)p(v1)
which yields a contradiction. Hence k = 1 and v; = vs. ([l
Next, as in the proof of Corollary we obtain the following result.

Corollary 4.3. Under the conditions of Theorem [{.9, there exists one and only
one weak solution u € VI N Ml/q( Q) to the problem

Tu=0b in
u>0 in €, (4.3)
u=0 inRV\Q.
Furthermore,
ut/9(2) — w1 (y) P2 (w1 (@) — u9(y)) (w7 T) (@) — (w7 D)(y))
dx dy
n Jon |x — |N+sp

:/b\Ilda:—i-/f(x,ul/q)u%\Ildx
Q Q
for all U satisfies (2.13).

Proof of Theorem We are ready now to prove our stabilization result by
using the same approach as in the proof of [25] Theorem 3.10].

Proof of Theorem[1.1 We consider two cases.
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Case 1: h = hy. We introduce the family of operators {S(t) : ¢ > 0} defined
on V_E N ./\/lz/ () as w(t) = S(t)wp where w is the unique solution (obtained in
Theorem to
Ow + Tqw = heo  in Qr,
w>0 in Qr,
w=0 onTl,
w(0,-) =wo in Q.

Thus, we claim that {S(¢) : t > 0} defines a semi-group of contractions in L?(2).
Indeed, from the uniqueness and above properties of solutions to problem (4.4]) we

infer that for any wg € V_E N M}iéq(Q),
S(t+ s)wg = S(t)S(s)wo,
S(0)wg = wp.

From (3.17) and (3.19)) the map [0, 00) > ¢t — S(t)wp is continuous and T-accretive

L?*(Q). Note that o = (S(t)wg)'/? is the solution of (1.12) with h = he, and the

initial data wé/q.

Let us denote v the solution of with h = hs, and the initial data vy. Hence
we obtain u(t) = v(t)? = S(t)ug with ug = v{. Let w = w,, be the solution of
and W = wg or the solution to if ¢ = p. Then, w,w € M. (Q) and for y small
enough and K large enough, w is a subsolution and @ a supersolution to with
b = hoo such that w < vy < w. We then define u(t) = S(t)w? and w(t) = S(¢)w? the
solutions to (.4). Therefore, u := (v)¢ and u := (D)7 are obtained by the iterative
scheme with vg = w and vy = w. Hence, by comparison principle the maps
t — u(t) and ¢t — @(t) are respectively nondecreasing and non-increasing. In the
other hand, ensures that for any ¢ > 0,

(4.4)

(4.5)

w < u(t) <u(t) <ut) <w. (4.6)
We set u. = tlggog(t) and Uy = tlg)goﬂ(t) Then from (4.5]), we obtain
U = lim S(t+s)w? = S(t) lim (S(s)(w’)) = S(t)u,
Uoo = le S(t+ s)yw? = S(t) lim (S(s)(@?)) = S(t)Uoo-

This implies that u., and U are the stationary solutions to (4.3) with b = h.
By uniqueness, we have uggat := U, = Uoso Where ugat is the stationary solution to
(4.4). Therefore from (4.6)) and by dominated convergence Theorem, we obtain

u(t) — ustatl|2() = 0 as  t — oo.
Thus using (4.6) and the interpolation inequality with 2 < r < oo,
-l < I 1Sl - N7
we obtain, the above convergence for any r > 1.

Case 2: h Z hyo. From (1.16)), for any € > 0 there exists tg > 0 large enough such
that f+ooidt < € and for any t > o,

to (D)
I#)[|h(t,-) = hoollL2(0) < M for some M > 0.

Let T > 0 and v be the solution of the problem (|1.12)) obtained by Theorem [3.1
with h and the initial data vy = ucl)/q and set u = v?. Since v satisfies (3.1]), we can
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define u(t) = S(t + to)up = S(t)u(tg). Then, by (1.13) and uniqueness argument,
we have for any t > 0,

t
Jut + o) = @tz < [ Wols + o)~ o120
0
+oo 1
<M ——ds < Me.
o U(s)
By Case 1, we have i(t) — ugtat in L2(2) as t — oo. Therefore, we obtain
llu(t) — ustatl| z2(0) — 0 as t — oo.
Using again the interpolation inequality above, we conclude the proof of Theorem
14 0
5. APPENDIX

5.1. Regularity results. The first one is obtained by a similar proof as in [23]
(see also [25]).

Proposition 5.1. Let u € W;*(Q) satisfying

/ / |u(z) — u(y) P2 (u(z) — u(y))(¥(z) — ¥(y))
RN JRN

|z — y|NFsp

dxdy = / f(z,u)¥ dx
Q

(5.1)
for all W € WiP(Q2), where f satisfies for all (z,t) € Q x R,

lf(z, )| <CA+ Y, VeeQ, 1<r<p.
Then u € L>®(Q).

Proposition 5.2. Let 1 < ¢ < p. Assume that u € W and nonnegative satisfying
forany ¥ ¢ W,

/ / Juz) = ()P (u(e) —u()((@) = VW) 4o / e (5.2)
RN JRN Q

|z — y|NFep

where h € L*(Q) N L"(Q) with r > max{l,%} and h > 0 a.e. in Q. Then
u € L*(Q).
Proof. We follow the main steps in the proof of [8, Theorem 3.1]. For every § > 0,

we define us = u+4. Given 8 > 1, we insert the test function ¢ = uf — 6% in (5.2),
then we obtain

[ [ b)) e~ w0) gy ¢ [ g
RN JRN | ~Ja o

x —y|Ntep

By using the inequality in [8, Lemma A.2], we obtain
Bip— Btp—1

1
B jus(@) ™ F — usly) " s
EETET g dedy < [ s da
RN JRN Yy Q

By Theorem we obtain
(/(U5(ac) /3+§—1 3 5fs+§—1)p:dx)z7/?s
Q

B+p—1 B+p—1

P — D p
S CN,SJ)\/ / |U5(x) Ué(y) | dx dy
RN JRN

|z —y[Nrep
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By the triangle inequality, the left-hand side of the bovd inequality, can be estimated
. \P/DS .
)Ps da:) + 56+p71|Q|p/pS_

as
Btp=1 p/ps Btp—1 B4p—1
P pS s P -
(us 7 ) dm) < (/Q(Ua -0

v
On the other hand, we use the inequality u?“’*l > 51’_qu§+q71, Holder and inter-
polation inequalities, for r > Sﬂ and with the observation that p < pr’ < p*, where

/I

r’ = 25 to obtain

’ 1/7‘/
/huq_lug dxgé‘I‘P/ hu§+ﬁ71d;v§5q_p||h||y(/ (ug * )" da
Q Q Q

p+B-1 = 1 1-a
§5q7p|\h|Lr(/(u5 P )deI) s (/ u§+B7 dx)
Q Q

and 0 < a < 1. Using Young’s inequality,

(5.3)

l1—a

P

ptB=l .\ P/P; _

i )pS) de+C. [ ubtP 1da:}
Q

1 _«a
pr’ T p

huq_lug dx < 097P||h| L [e(/ (u
Q Q

where

with C¢ = e_ﬁ, it is easy to see that
1 —1\?
(p+b’ ) 0
p

SPHA-L QP P < 5 %_1/ u§+ﬂ71dx.
Q

o (-——2—)" >0

Taking
€ =
2CN,s,p ||h||L’V‘ p+ 5 -1
we obtain
B+p—1 . P/p:
(/(ué g )psdx>
Q
s —1\r _ _ L .
< O (p+ﬂ ) 577 bl Ce + |27 1]/%% -
’ Q
We then choose
e
5= (Cellh) 771775 > 0

and set v = 3+ p — 1. Then the previous inequality can be written as
D _ 1/v
5 1}1/1;(3)1)/1)(/ ugdx)
p Q

Ps

(%)U (Lt)u
ug”dx )P < [CIQ
Q
with C = C(N,s,p) > 0. We now iterate the previous inequality, by taking the

sequence of exponents
o = (2),

vo=1 and ’Un+1=(;8 )
‘We have

o oo ¥
ZLZZ(E)":L
v, =l ps—p’

v

n\ o <

I (2)% <o
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By starting from 0 at the step n we have

lus|l Lont1 (o) < [CQ

u5HL1(9)~

n
215 L Vi 2
PE ]Ei_ow | I(;Z)ui

i=0
By taking the limit as n appraoches oo, we finally obtain

! !’

C C
lus|lL=(o) < o llusllio) < o (llullL @) + 01€2))
() Q] (Q) 1 (Q)
for some constant C' = C'(N, p, s) > 0. O

Combining Proposition [5.1] with Proposition [5.2] we have the following corollary:

Corollary 5.3. Let 1 < g < p. Assume u € W, nonnegative and satisfying for
any nonnegative ¥ € W

2 d [ul@) — u(y)P2(u(e) — (@) (¥(2) - )
/Q vd +/]RN /RN dx dy

|z —y|NHop

g—1 T
S/Q(f(x,u)nLhu YW d

where f satisfies for all (x,t) € AxR, |f(x, )] < C(1+t971) and h € L2(Q)NL"(Q)
with r > max{1, %} Then u € L*>(Q).

5.2. Comparison principle. Following the proof of [2 Theorem 4.3] and using
Lemma [I.8] we have the following new comparison principle.

Theorem 5.4. Assume f satisfies (H1), (H2). Let v,7 € W N L*(Q) be nonneg-
ative functions respectively subsolution and supersolution to (2.1)) for some hy €
(L™ ()T withr > 2. Thenv < 7.

Proof. For any nonnegative pair ®, ¥ € W we have

201 gy () — )P (v(z) —vY)(®(z) — 2(y)) N
/Qy q)d—’—)\/RN/]RN dz dy

|z —y|Nrep

S/hqu_1<1>dx+/\/f(x,y)q>dx
Q Q

and

0y [7() = ()P~ (@(x) —5()(¥(x) = ¥(w)
/Q vd +)\/RN /RN dz dy

|z — y [N

2/h06q_1\11dx+)\/f(x76)\11dx.
Q Q

Subtracting the above inequalities with test functions

& — ((Q—Fe)q—(@‘*‘f)q)J” U ((E—Fe)q—(y-&-e)q

(0t Grgei ) €W
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with € € (0,1), we obtain
Q2q 1 1)2‘771 B
/{v>v} ((v +ea1 (5+ e)q_l ) (v+e)9—(T+e)?)da

Y2 (@) —v(y)
+ )\/{U>U} w/{u>v} |gj _ |N+sp

x[ )+eq—(($)+6 (()+6)q_(5<y)+€)q}dxdy
(v(z) + €)1t 1
[o(x

WP () — 5(y)
/{v>v} /{v>v} |x — y|N+sp

() + )1 = (@) + 97 ([@(y) + )7 — (u(y) + "
<[ o Gl e dwdy
a1 71 AP

: /{v>v} h0<(y+6)q_1 B (E+6)q—1>((9+€) (T+e))d

v f(z,v) f(z, ) S
i )\/{v>v} ((v Tl (T4e)a! ) (v+6)?— (v+€))dz.
Since ﬁ < 5 < lin {v > v}, we obtain

((vqfqe);l N (Uiqe);l ) (v+€)9 — (v +¢€)7)

- <vq<(016))q1 _511((53_ 6)>q1)((v+ &) = (@ +e))
<vi((v+e)?—(v+e)9) <vi(w+1)%.

In the same spirit, we infer that

g—1 iq—l

U a —
0< ho((v jl— €)1 (T+e)a! ) (v+e)!—=([W+¢€)?) < ho(v+1)%.
Moreover, as € = 0, we have
224*1 52(1_1 B -
((U +er Tl (v + 6)(171) (+e)? = ([@T+e)7) = (v — 19>
i1 7a—1 B
ho((v —1 )=l (T + €)1 ) (+e?=([@+e?) =0
Then, by the dominated convergence Theorem, we have
rUQ(I—l @2(1—1
. v B . ,
o {v>7} ((g+€)q71 (@Jre)q*l)((y—i_e) (@ +e)T)dz
= / (v? —v9)? dz
{v>v}
and
1 h (qul @qfl q q d
- n - - @ = 0.
61—% {v>T} 0((24_6)(]—1 (E+€)q—1)((y+€) (U+€) ) €T

Then by Fatou’s Lemma and (H1), we have
— lim inf/ I(x,v) (v +e)der < — / f(z,v) v4dx,
{v>7} {

€—0 (v+e)9! T I

(5.5)
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— lim inf/ M(y +e)ldx < —/ @yq dx (5.8)
{ {v>v}

=0 v>v} (v +e)rt v
i [ feoerod= [ fauuds, (5.9)
=0 (w0} {v>v}
lim F@,7) (5 + ) da :/ (@, )7 da. (5.10)
=0 Jrzso) {v>v}
From Lemma We have

—v() [P (u(z) —v(y))
/{U>U} n/{v>v} |.T — y|N+5P

o [( + 6)" — @)+ _ (vy) +e)?—(
() + €)1t (v(y) +€)7~
)

/ / [o(x) — 7@ (@) ~ ()
{v>7} J{u>v} |z — y|N+sp

(z) + 97— (@) + 7 (T(y) + 7 — (u(y) +)°
X[ @) + €)1 @) + o J dzdy 2 0.

(5.11)

Therefore, plugging (5.5))-(5.11]) and taking limsup in (5.4]), we obtain from (H2),
e—0

f(‘ray) f(l',@) _
0< /{U>U}( —1)%dx < )\/{v>v}( i )(yq—vq)dx <0

from which v < v follows. U
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