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Abstract. In this paper, we use the Banach contraction mapping principle and the Krasnoselskii
fixed point theorem to obtain the existence and uniqueness of solutions for nonlinear retarded and
advanced implicit Hadamard fractional differential equations with nonlocal conditions. The results
obtained here extend the work of Benchohra, Bouriah and Henderson [5]. Two examples are also
given to illustrate the results.

1 Introduction

Fractional differential equations with and without delay arise from a variety of applications including
in various fields of science and engineering such as applied sciences, practical problems concerning
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mechanics, the engineering technique fields, economy, control systems, physics, chemistry, biology,
medicine, atomic energy, information theory, harmonic oscillator, nonlinear oscillations, conservative
systems, stability and instability of geodesic on Riemannian manifolds, dynamics in Hamiltonian
systems, etc. In particular, problems concerning qualitative analysis of linear and nonlinear fractional
differential equations with and without delay have received the attention of many authors, see [1]—
[14], [16], [17] and the references therein.

In interesting contributions, Benchohra, Bouriah and Henderson [5] discussed the existence and
uniqueness of solutions for the nonlinear implicit Hadamard fractional differential equation with re-
tarded and advanced arguments

D% (t) = f(t,y:,D% (1)), t € [L,e],
y() ()7 [1—r,1},r>0,
y(t)=wy(t), t €[e,e+h], h>0,

where D* is the Hadamard fractional derivative of order 1 < o < 2. By employing the Schauder
fixed point theorem and the Banach contraction mapping principle, the authors obtained existence
and uniqueness results.

Anh and Ke [4] investigated the existence and asymptotic stability of solutions for the following
retarded fractional differential equation with nonlocal conditions

{CD“y (t) =Ay () + f(t,y(t).y), 1 >0,
y()+ (Hy)(t) = »(t), t € [-r,0], r >0,

where D% is the standard Caputo fractional derivative of order 0 < o < 1. By using the fixed point
theory for condensing maps,the authors obtained existence and stability results.

In this paper, we are interested in the analysis of qualitative theory of the problems of the exis-
tence and uniqueness of solutions to nonlinear retarded and advanced Hadamard fractional differential
equations. Inspired and motivated by the works mentioned above and the references in this paper, we
concentrate on the existence and uniqueness of solutions for the nonlinear retarded and advanced
implicit Hadamard fractional differential equation with nonlocal conditions

D% (t) = f(t,y:,D%y(t)), foreachr € J:=[1,¢],
y(0)+ (Hy) () = »(t), t € [1 =r, 1], r >0, (L.1)
y () + (Hay) (1) =W (2), 1 € [e,e+h], h >0,

where D% is the Hadamard fractional derivative of order | < <2, f: J xC([-r,h],R) xR —Risa
given continuous function, H; : C([1 —r,e+h],R) - C([1 —r,1],R) and H, : C([1 —r,e+h],R) —
C([e,e+h],R) are given continuous mappings, » € C([1 —r,1],R) and y € C([e,e+ h],R). For
each function y defined on [1 — r,e + &] and for any ¢ € J, we denote by y; the element of C ([—r,A] ,R)
defined by

yi(0)=y(+86),0€ [—I‘,h].

To show the existence and uniqueness of solutions, we transform (1.1) into an integral equation and
then use the Banach contraction mapping principle and the Krasnoselskii fixed point theorem. Finally,
we provide two examples to illustrate our obtained results. The results obtained here extend the work
of Benchohra, Bouriah and Henderson [5].
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2 Preliminaries

In this section, we introduce notations, definitions and preliminary facts that are used throughout this
article. By C([a,b],R) we denote the Banach space of all continuous functions equipped with the
norm

Y llfap) = sup{ly ()] @ <7 <b}.

Let L' (J,R) be the space of Lebesgue integrable functions w : J — R with the norm

Il = [ hws)las.

Definition 2.1 ([10]). The Hadamard fractional order integral of the function y € L (J,R.) of order

a € Ry, is given by
1 t A ds
== [ (1oet) o 2
y(#) I'(a) Jo 83 y(s)s

where I' (o) = 5 exp (—1)t*~!dt is the Gamma function.

Definition 2.2 ([10]). The Hadamard fractional order derivative of order a € R of the function y :
[1,00) — R is defined by

D% (t) = F(nl_(x) (fjt>n/1t (log;)naly(S) %,

where n = [at] + 1 and [o] denotes the integer part of c.

Definition 2.3 ([10]). Let o > 0 and n = [o] + 1. The equality D%y (¢) = 0 is valid if and only if
n .
y(t) = Z cj(logt)*™/ foreacht € J,
=1

where ¢; € R (j = 1,...,n) are arbitrary constants.

Lastly in this section, we state the fixed point theorems which enable us to prove the existence and
uniqueness of a solution of (1.1).

Definition 2.4. Let (X, ||.||) be a Banach space and N : X — X. The operator N is a contraction oper-
ator if there is an A € (0, 1) such that x,y € X imply

[[Nx = Ny|| <Af}x—yll.

Theorem 2.1 (Banach contraction mapping principle [15]). Let X be a Banach space X and N :
X — X be a contraction operator. Then there is a unique x € X with Nx = x.

Theorem 2.2 (Krasnoselskii fixed point theorem [15]).

If & is a nonempty bounded, closed and convex subset of a Banach space X, A and B two operators
defined on X with values in X such that

i) Ax+By e X, forall x,y € K,

ii) A is continuous and compact,

iii) B is a contraction.
Then there exists z € X such that z = Az + Bz.
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3 Existence and uniqueness results

Let us list some assumptions to prove our existence and uniqueness results.
(H1) The function f : J x C([—r,h],R) x R — R is continuous.
(H2) There exist constants K; € R, and K, € (0, 1) such that

|f(t,u,v) _f(t7ﬁ7‘7)’ <K Hu_ﬁH[fnh] +K> ’v_‘j‘ ’
foranyt € J, u,i € C([-r,h],R) and v,7 € R.
(H3) There exist constants K3,K4 € (0, 1) such that
[ Hiy1 —Hl)’ZH[l—rJ] < K3y _y2”[l—r,e+h] )

and
[Hoy1 — Hoyallje o) < Kallyr =2l

for any y,y, € C([1 —r,e+h],R).
(H4) There exist constants My, > 0 and My, > 0 such that

[H1yll[y 1) < My, and ||Hoyl|j, orp) < My,
forany y € C([1 —r,e+h],R).

(HS) There exist p,q,r € C (J,R;) with r* = supr(¢) < 1 such that
teJ

|f (6 u,w)| < p () +q () [[ull_ppy 7 (@) W],
fort € J,ue C(|—r,h],R) and w € R.

Definition 3.1. A function y € C?([1 —r,e+h],R) is said to be a solution of (1.1) if y satisfies the
implicit fractional differential equations D%y (¢) = f(¢,y;,D%y(¢)) on J, and the conditions y(¢) +

(Hiy) (1) = 5(t) on [1 —r, 1] and y (1) + (Hay) (t) = ¥ (¢) on [e, e+ h].
The proof of the following lemma is close to the proof of Lemma 1 given in [5].

Lemma 3.1. Let 6 be a continuous function. Then the linear problem

D%y (t)=0o(t),teJ,
y(O)+ (Hhy) () = (1), t € [1=r1],
y(t)+ (Hay) (1) =W (1), t € [e;e+ ],

has a unique solution which is given by

»(t)— (Hyy)(t), ift € [l —rn1],
(1= (10gn)*™") (1) = (Hy) (1)) + (1ogn) ™" (w(e) — (Hay) (¢))

y() = d
—ffG(t,s)c(s)—s, iftelJ,
s
Y (1) = (Hay) (1), if 1 € [e;e+h],
where
1 [ (logt)* ' (1 —logs)® ' — (logt —logs)* ', 1<s<r<e,
G(t,s) = —_— oa—1 o—1 (31)
I'(a) | (logt)™ " (1—1logs)”™ ", 1<t<s<e.
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Our first result is based on the Banach contraction mapping principle.

Theorem 3.1. Assume that (H1)—(H3) hold. If

2K

S KT (ot 1)

< 1 where 8 = max {K3,K4}, (3.2)

then there exists a unique solution of (1.1).
Proof. Consider the operator N : C([1 —r,e+h],R) — C([1 —r,e+h],R) defined by

»x(t)— (Hyy) (1), ifr € [1 —n1],
(1= (logn)® ") (3¢(1) = (H1y) (1)) + (log")® " (w(e) = (Hy) ()

where g € C(J,R) is such that
g(1)=r(t,y,8(t))-

Clearly, the fixed points of operator N are solution of problem (1.1). Let u,w € C ([1 — r,e + h],R). If
t € [1 —r1], then

|[(Nu) () = (Nw) ()| = [(Hyu) (1) — (Hw) (1)
< |Hiu—Hywll;_,

<Kj; ||M _W”[l—r,e—i—h] .
And ift € [e,e+ h], then

|(Nu) () — (Nw) ()| = [(Hau) (t) — (Haw) (1)
< || Hou— How||j, o1
<Ky ||M _W”[l—r,e—i—h] :

Also, for t € J, we have
(V) (1) = (V) (1)
< 1= (togn)® || (Hyu) (1) = (Hiw) (1) + (1og )" (Ha) () = (Haw) (e)]
+ [166.9)/1 ) —26)I T

< [t (tog)* | 1Huu— Ewly g+ (logn)® ™ [ Hot— il
€ ds
+ [ 16E91s) )15 (33

where g,z € C(J,R) is such that
g(t)=f(t,u,g(1)),

and

z(t) = f(t,wr,z(1)).
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By (H2) we have

8 () —2(0)] = £ (t.ur.g (1)) — £ (1. w12 (1)
< Ki [l —will gy + Kol (1) ~2(0)]

Then K
8 =2(0)] < T =l - (34)
By (H3) we have
||H1”—H1W||[1—r,1] §K3||”_W||[1—r,e+h} (3.5)
and
[ Hou— Howl|jp o gy < Kallu=wll_perp (3.6)

By considering (3.4), (3.5) and (3.6) in (3.3), we have

(V) (1) = (Vw) ()] < (Ks (1= (1ogt) ") +Ka(logn)* ") llu—wll sy

Kl ¢ dS
g =l e [ 166915 3.7

On the other hand, we have for eacht € J

Fiovr® g ) o

2 e e\%lds 2
= F(oc)/1 (10e7) S T T(arl) 38)

By considering (3.8) in (3.7), we have
|(Nu) (1) = (Nw) (1)

< ((Ks—K3) (logt)* ' +K3) +
(( )

2K,
(1—K2)F((X+1) ||M*WH[1,r7e+h]

o — -
u—w
= (1—K)T (a4 1) [1=re+h]>
where
8 = max ((K4 — K3) (logr)®! +K3) = max {K3,Ks} .
;S
Therefore,

2K,
(1 —Kg)F((X—i— 1)) HM - WH[]—r,e-i—h] :
By (3.2), the operator N is a contraction. Hence, by the Banach contraction mapping principle, N has
a unique fixed point which is the unique solution of (1.1).

|Nu— NWH[HM] < (5 +

Our second result is based on the Krasnoselskii fixed point theorem.

Theorem 3.2. Assume (H1)—(H5) hold. If
2g*
(I1—r)T(a+1)

where ¢* = supq (¢), then (1.1) has at least one solution.
red

<1,
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Proof. Choose
2(p"+4q'R)
(1—r)T(a+1)’

R 2 |5/l 1)+ Mu, + (Wl en) + Mu, +

where p* = sup p (¢), and define the set
teJ

Dp={yeC(1=re+hR): ¥ly_pery <R}

It is clear Dg that is a bounded, closed and convex subset of C ([1 —r,e+h|,R). Let A and B the two
operators defined on Dg by

0,ifrel—nl],
d

(Ay) (f) = —fleG(t,s)g(s)?S, ifrel,
0, ift € [e,e+h],

and
x(t)— (Hyy)(t), ift € [1—nr1],

(1= (logn)™ ™) (¢(1) = (H1¥) (1))
+(logn)*™" (y(e) = (Hay) (), if 1 €,
V(1) = (Hy) (1), if 1 € [e,e+h].
Therefore, the existence of a solution of (1.1) is equivalent to that the operator A + B has a fixed point
in Dg. The proof is divided into three steps.

Step 1. We prove that Ax+ By € Dg for all x,y € Dg. If t € [1 —r, 1], then

[(Ax) (1) + (By) (1)] = |2 (1) — H1 () (1)]
< H%H[l—m] + ”HIyH[l—r,l]
< H%H[]—r,l] +Mp, <R,

(By) (1) =

A~ — —

and if t € [e, e+ h], then

|(Ax) () + (By) (1)| = |w () — H2 () (1)]
S Wl exonm + 125 e e
< HW”[aeJrh] +MH2 <R

Ifalsoz € J,
|(Ax) (1) + (By) (1))
= ‘ (1 - (logt)afl) (5¢(1) — (Hy) (1))
+log)™! (w(e)— (H) ()~ [ G0

< (1 - (logt)afl) |5¢(1) — (Hiy) (1)]
+1og)™ !y (e) — (H) @)+ [ 16 (1.9 lg ()]
< (1~ 00gn*™) (B2 (D] +|(H) (1))

+(og)™ (@) + () () + [ 16918 6)|
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where g € C(J,R) is such that
g(t) :f(tvytag(t)) .
By (HS), we have for each € J,

lg @) = If (£, 1,8 1))
<p@)+q@)yilli_pp+r(0)[g )]
p(O)+q O [IYll—resn +r0)g @)l
<P EaR

1—r*
Therefore,

() () + (BY) (1)
< (1= (020 ") (=D +1H1ylly )

. 2(p" +4'R
+ (logr)*™! (!\I’(e)| - HH2YH[e,e+h]) + (i _(,i)r?aﬁ )

2(p*+q'R)
(1—mMT(at1)

< H%H[l—r-,ll +Mp, + ||\V”[e,e+h] + M, +
<R.

Consequently,
Ax+ By € Dg.

Step 2. We show B is a contraction mapping. By (H3), if € [I —r, 1], we have
|(By1) (1) = (By2) (1)| = |5¢(2) — (Hiy1) (1) — 5 (2) + (Hi1y2) (1)]
< [|Hiyr = Hiyalljg_pyg
< Kz ly1 =y2ll—resn)
and if r € [e,e + h], then
|(By1) (1) = (By2) (1)| = |w (2) = (Hay1) (1) = (1) + (Hay2) (1)
< | Hoy1t — Hoya e ey
< K4 ”yl _y2||[17r,e+h] :
Ifalsor € J,
|(Byr) (1) — (By2) (1)]
= | (1= (10g0)* ") (s¢(1) = (Hay1) (1)) + (o)™ (w(e) = (Haw1) (€))
— (1= (logn)™ ") (3¢(1) = (H1y2) (1)) — (log) ™ (w(e) = (Hay2) (¢)
1—(logn)*” 1) |(Hiy) (1) = (Hiy2) (1)] + (logt)* ™" [(Hay) (€) = (Haya) (e))]
)

* 1)\\H1Y1 Hiya||, ,, +og)* " [Hoyy = Hoyal e

IN

IN

(
1 — (logt
(

IN

1 — (logr)*~ )K3HY1 Y2l resn + Qog)®  Kallyr =2l e

IA

(
(
(
(

K, — K3) (logt)® +K3) Iyt =y2ll 1= e -
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Thus,
HByl_ByZH[ SS||y1_y2H[17r,eJrh]'

1—re+h]

Consequently, B is a contraction mapping.

Step 3. We prove that A is continuous and compact.

Let {u,} be a sequence such that u, — u in C([1 —r,e+h|,R). Ifr € [l —r,1] ort € [e,e+h],
then

|(Aup) (1) — (Au) (1)] = 0.

For t € J, we have

ds
| —, (3.9
s

() (1)~ ) )] < [71G 49/ 2 (5) ~ 5
where g,,,g € C (J,R) are such that

&n (t) :f(tvunlvgﬂ (t))7

and
g(t) = f(t7utag(t)) .
By (H2), we have

80 (1) =8 ()] = | (1t 80 (1)) — £ (.10, (1)
< K s — ], +Kalgn (1)~ ()]

Then

K
()= (0] < T i =],

Since u, — u, we get g, (t) — g(t) as n — oo for each r € J. Now, let € > 0 be such that, for each
t € J, we have |g, ()| <€ and |g(t)| < €. Then, we have

G (1,5)]|gn (s) —g (s)] < [G(t,5)[[|gn ()] + g ()]
< 2¢|G(1,5)|.

For each ¢ € J, the function s — 2€|G (¢, s)| is integrable on J. Then the Lebesgue dominated conver-
gence theorem and (3.9) imply that

|(Aup) (£) — (Au) (£)] — 0 as n — .

Hence

|Au, —Au||[HF = 0 asn — co.

+h

Consequently, A is continuous.
Now, we need to prove that A (Dg) is uniformly bounded. Let y € Dg. We observe that

|(Ay) (1)] < /IEIG(%S)Hg(S)!is
2("+4'R)  _

(=T (a+1) —
Thus,
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14yl

This shows that A (Dg) is uniformly bounded.
Next, we show that A (Dg) is relatively compact. Let 71,1, € [1,¢], 1} < 2, and let y € Dg. Then

[1- r¢+h] -

49) ()~ () ()] = 16 1209) — G 0,9) g 0)]

+q*R
< PR 16009 -6 0,9

As t; — 1p, the right-hand side of the above inequality tends to zero. The equicontinuity for the other
cases is obvious. By the Arezela-Ascoli theorem, A (Dg) is relatively compact. Thus, A is compact.

Therefore, all the hypothesis of the Krasnoselskii fixed point theorem are satisfied and conse-
quently A + B has a fixed point in Dg. Then, the problem (1.1) has at least one solution on J.

4 Examples

Example 4.1. Consider the following implicit fractional differential equation

5
_ D3y(t)
Diy(t) = 1og§2+7;)‘e L : < g >, foreacht € [1,¢],
! 1 14|D3y(r)
4.1)
Y(t)+6371(‘i$)|l()‘) x(t),t€0,1],
y(t)+ Sll’l({(()o)l)‘i'l — (t), IE [e7e+2]7

where s € C([0,1],R) and y € C([e,e +2],R). Set

log@+ne P )
ftuv) = o ef2+2(1+|v|)’t€[1’ J,ueC([-1,2],R), veR,
(1) .
(Hyy) (1) = A (1 +‘y(t)|),t€[071]7y€c([0, +2],R),
(sz)(t)zw, €le,e+2],yeC([0,e+2],R).

100z
Let u,ii € C([—1,2],R), v,v € R, 1 € [1,¢], then we have

|f(t,M,V)—f(t,lZ,\7)|
_ _ 1 N
<log(2+e)e lHu—uH[7172}+67|v—v|.

and let y;,y, € C([0,e+2],R), we have, if r € [0, 1],

- H [O,e-‘rZ] )

|(Hiy1) (1) = (Hiy2) (1)| <

then |
1Hy1 = Hiy2llo < 5 Iyt =32lljp.e42)

andif 7 € [e,e +2],
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|(H2y1) (t) — (Hay2) (7) Iyt — 2|

[0.e+2]

< 100¢
then

[Hoyt — Hoyallp o) < 100 [yt =y2lljp.e42) -

Denoteoc-% Ki=log(2+e)e' >0,0<Ky=%<1,0<Ks=%<1,0<Ks= 15 <1,

0= max{e } 1 . Thus

100e

2K 1 2log(2+e)e!
o+ =+ =0.9337 < 1.
RN D)~ ¢ (- )T (1)

Now, all assumptions in Theorem 3.1 are satisfied, then the problem (4.1) has a unique solution.

Example 4.2. Consider the following implicit fractional differential equation

D%y(t) 461 + 5@, (|y,|+ ’D3y D , foreachr € [1,¢],
V() + 8O — 50 (1), 1€ [0,1], (4.2)
YO+ Sl = (o), 1€ fe,e+2],

where s € C([0,1],R) and y € C([e,e+2],R). Set

1 1
=—4 — 1 —1,2],R R.
Fltuy) = o (ul+vl), 1€ [1e], w e C((=1,2),R), ve
Clearly, the function f is continuous and set

cos (y (1)) '
———=— te|0,1
e t+8 ? e[ Y ]’

6 |y
(t+9)> 1+[y(0)]

forany y € C([0,e+2],R). Letu,ii € C([—1,2],R), v,7 € R, 1 € [1,¢], then we have

(Hiy) (1) =

(Hay) (1) =

€ [e,e+2],

[S—

) = f 08.9)| < 5 (Juil, +v=71).

and let y1,y, € C([0,e+2],R), we have ift € [0, 1],
l‘

7t+8

[(Hiy1) (1) = (Hiy2) ()] < y1 (8) =2 (1)1,

then )

e
e 148

[Hiy1 —Hiya|[jo) < 1yt =¥2llj0.e12)

and if 7 € [e,e+2],

Ime)O%—me)@NS(rf%3MH—yﬂ

[0,e+2] 7

then



444

Denote a0 = %, K =K,= %, K; =
We have, for each t € [1,¢]

Moussa Haoues, Abdelouaheb Ardjouni, Ahcene Djoudi

[Hoy1 — Hoyolljp e10) < 3 I =2ll0.42 -

(e+9)

efiﬁ<vi4_L<l

T (et9)’

1 1
< — 4 — .
)l < g+ 5 (], )

Thus condition (H4) is satisfied with

1 1 1
H=—,qt)=—,r(t) = —.
p() 4et7q() Sel7r() 56[
Then we have ] |
* — —, k —— < 1
1 Se d Se
Thus condition
2q* 2

= =0.17777 < 1
(I—r)T(a+1) Se(1-L)r(2+1) =5

is satisfied. Hence by Theorem 3.2, the problem (4.2) has at least one solution.
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