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Abstract. In this paper, we consider generalized contractions of Suzuki
type. In particular, we give some geometrical properties of their fixed
points. In addition, the convergence of some iterative processes and the
problem of the existence of retractions associated with them are estab-
lished.
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1. Introduction

In 2008, Suzuki [25] defined C-mappings (A € (0,1)) as an extension of
nonexpansive mappings [6]. Their definition is given in the case of metric
spaces as follows:

Definition 1.1. Let (X, d) be a metric space. A self-mapping T : X — X is
said to be a Cy-mapping (A € (0,1)) if
M(z,Tr) < d(z,y) = d(T'z,Ty) < d(z,y).

1
If A= 5 We say that T is a C-mapping.
It is easily seen that any nonexpansive mapping is a Cy-mapping for
every A € (0, 1), but the converse is not true, as the following example shows

T:10,3] —[0,3]

0 if x #3;
”3_>{1 if 2 = 3.

For more details, see [9].

Recall that nonexpansive mappings are continuous, which is not the case
of C\-mappings. Indeed, it suffices to observe that the example given above
is not continuous at x¢p = 3. Moreover, since the composition of any two
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nonexpansive mappings is nonexpansive, we observe that this class forms a
semigroup and this useful property allowed many authors to build a general
theory on semitopological semigroups acting on convex subsets of Banach
spaces. For a good treatment of this more general framework, we refer the
reader to the works of Lau and Takahashi, their collaborators and the refer-
ences therein [14-21].

Since the contributions of Suzuki, a new subject has appeared, called fixed
point theory of C'y-mappings, which extends some well-known results in this
direction to this wider class of mappings [4,5,8].

One of the most important problems of C\-mappings is the convergence or
the weak convergence of their associated iterative processes to fixed points.
In [11], the authors proved the following fixed point result.

Theorem 1.2. Let (X,d) be a complete metric space and let T : X — X be
a generalized contraction self-mapping satisfying that

d(Tz, Ty) < ard(z,y) + az[d(z, Tz) + d(y, Ty)] + asld(z, Ty) + d(y, Tz)]

where ay, a9, a3 € [0,1] and oy + 2a + 2a3 < 1, then T has a unique fized
point.

Remark 1.3. We point out that if a3 = 0 in Theorem 1.2, the existence of
fixed points for the corresponding self-mappings was established by Reich
[22].

The case where o1 + 20 + 2ai3 = 1 is more difficult.
In this paper, inspired by the work in [26], we will consider the class of
generalized contractions of Suzuki type defined as follows:

Definition 1.4. Let (X, d) be a metric space. A self-mapping T : X — X is
said to be a generalized contraction of Suzuki type if there exist A € (0,1)
and oy, ag, a3 € [0,1] where ag + 2as + 2a3 = 1 such that for all z,y € X

M(z, Tz) < d(z,y) = d(Tz,Ty) < axd(z,y) + az[d(z, Tz) + d(y, Ty)]
+ azld(z, Ty) + d(y, Tz)] (1.1)

Remark 1.5. Let us consider the following situations:

e If «; =1 and as = a3 = 0, then generalized contractions of Suzuki type
are reduced to C\-mappings.

o If y # 0, as # 0 and ag = 0, then T is called Reich—Suzuki type
mapping.

o If &y = a3 =0, then T is called Kannan—Suzuki type mapping.

e If a; = ay = 0, then T is called Chatterjea—Suzuki type mapping.

Remark 1.6. One of the most powerful tools in the investigation of fixed
points concerning nonexpansive mappings or continuous Cy-mappings is the
Goebel-Karlovitz lemma (see, for instance, Lemma in [12] and Lemma 2.4
in [4]) related to the existence of approximate (almost) fixed point sequences
for these mappings.
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Our paper is organized as follows:

In Sect. 2, we establish some crucial inequalities satisfied by general-
ized contractions of Suzuki type. In addition, we prove that the Krasnoselkii
mappings associated with them are asymptotically regular in the setting of
uniformly convex Banach spaces. In Sect. 3, we obtain some geometrical
properties of their fixed points and we study the convergence of Krasnosel-
skii’s process to them. Finally, in the last section, we study the existence of
appropriate retractions linked to these mappings.

2. Main results
Our first result in this paper is given by the following theorem.

Theorem 2.1. Let C be a nonempty subset of a Banach space X . Assume that
T:C — C is a generalized contraction of Suzuki type, then for all x € C,
the sequence (|T"x — T" x|, is decreasing.

Proof. By definition, there exist A € (0,1) and a1, as,as € [0,1] for which
a1 + 2as + 2a3 = 1 such that for all z,y € C,
Ale = Tz|| < [lo — yl| = [Tz — Ty|| < oallz — yl| + o2 ([|o = Tz + [ly — Tyl|)
+ as(|lz — Tyl + |ly — T=]]) .

Since A € (0, 1), if we replace # by 7" 'z and y by T"x in the previous
inequalities, we get

MT " e —Tz|| < || T e — T x|, (2.1)
which implies
1T — T < ar| T — T3]l + aa(IT" 'z — "] + | Tz — T a])
+ as(|T" e — T || + || T — T ). (2.2)
It follows that
Tz — T a|| < | T ' — T7z|| + co||[T" 'z — T2 || + o || T2 — T 2|

+ || T" e — T || + as||T "z — T 2. (2.3)
Thus
(11— —a3)|| Tz — Tz < (a1 + ag + a3)||T" e — TMz||.  (2.4)
Consequently

o1 + oo + a3

|77z — T || < (
1-— g — (3

) IT" 1z — T"z||. (2.5)

Now, following the fact that oy +2as +2a3 = 1, we get M =
— Qg — (3
1. This implies that ||[T"z — T"*z| < ||T" 'z — T"z|| for all n € N, which

is the desired result. O

Remark 2.2. If Ay, A2 € (0,1) such that Ay < Ay, it is easy to observe that if
T is a generalized contraction of Suzuki type for Ay, then T is a generalized
contraction of Suzuki type for Aq.
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Theorem 2.3. Let C be a nonempty subset of a Banach space X and let T :
C — C be a generalized contraction of Suzuki type for A € (0,1). Then, for
all x,y € C, we have

() Tz — Tz|| < |lo — T=|;

(n) Either M|z — Tz| < ||z —y| or (1 = N)||Tz —T?%z|| < || Tz —y|;
(wr) Furthermore, for A € [%, 1) and T is a generalized contraction of Suzuki

type for 1 — X, then

[Tz — Ty| < aslle = yll + cx(llz — Tz| + ly — Tyl])
+ as(|le = Tyl + [ly — T]]),
or
1722 = Tyl < 1| Tz — yl| + ao(| Tz — T?z|| + |ly — Tyl))
+ az(|Ta = Tyl + [ly — T*z)).

Proof. (1) Tt is an immediate consequence of Theorem 2.1.
(1) Assume the contrary, then

|z =yl <AllTz — (2.6)
and
Tz —y| < (1 = N)||Tz — T?z]. (2.7)
This gives
|z —Tz| <[lz -yl + lly — T
< Ml =Tzl + (1 = N)|| Tz — T?z]. (2.8)
It follows that
(1= N)|lz =Tzl < (1 = \)||Tz — T?z||. (2.9)
Hence
|z — Tz|| < ||Tx — T2, (2.10)

which contradicts (2).
(ue) It is an immediate consequence of the assertion (u2).
O

Definition 2.4. Let (X, d) be a metric space. A self-mapping T : X — X is
said to be asymptotically regular if for all x € X, we have

lim  d(T"z, T""'z) = 0.

n—--+00
Notice that in this case, the sequence x, = T™x satisfies

lim d(xy,,Tz,) =0.
n—-—4oo
A sequence (), satisfying the above condition is called an approximate
fixed point sequence for T
For a good reading on asymptotically regular mappings, we refer to [2,13].
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The next theorem is basic, since it proves that whenever C is a closed and
convex subset having an approximate fixed point sequence (), for T, then
the following estimation can be derived

limsup ||, — Ty|| < limsup |z, —y|, forallyeC.
n—--+00

n—---+o0o

Such powerful inequality is used to prove some invariance properties.

Theorem 2.5. Let C' be a nonempty subset of a Banach space X and let \ €
[%, 1). Assume that T : C — C' is a generalized contraction of Suzuki type
for X and 1 — X, then there exists v > 1 such that for all x,y € C, we have

o = Tyl| < vlle—Tz| +[lz -yl (2.11)

Proof. By definition, there exist aq,as, a3 € [0,1] with a3 + 2as + 203 = 1
such that
Mz = Tz|| < ||z —yl| = Tz — Ty|| < a1llz —yl| + az(llz — Tz|| + ly — Tyl|)
+ az(llz = Tyl + |ly — T=z|). (2.12)
Next, by the triangle inequality, we have
|z =Tyl < ||z —Tz|| + | Tz — Tyl (2.13)
Here, we consider two cases
First case If
[Tz — Ty|| < airllz — yl| + az(llz = T2| + ||y — Tyl)
+ as(|lz =Tyl + [ly — Tzl]), (2.14)
then
[z =Tyl < airllz —yll + (1 + a2)|lz — Tx|| + azly — Ty|
+ az(||lz = Tyl + ly — Tzl)). (2.15)
Similarly
|z — Tyl < arllz =yl + (1 + a2)llz — Tz|| + as(llz — yl| + |z — Tyl|)
+ as([lz — Tyl + |z — y|| + |lz — Tz|]). (2.16)
It follows that
(I —az —as)llz = Ty| < (a1 + az + as)|lz — y||
+ (14 az+ as)|lz — Tx|. (2.17)

Thus
a1 + a4+ as 1+ a4+ ag
o7yl < (G20 ooy 4 (122 E0 ) o -
(6% Q3 Q2 a3
1+OZ2+0[3
= — —_— —Tx|. 2.18
o=yl + (122528 ) o - 7 (2.18)

Second case By the triangle inequality, we obtain
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lo = Tyll < |lo = T|| + | Tz — %2 + |T%z - Ty|. (2.19)
By assertion (z) of Theorem 2.3, we get
lz = Tyl < 2|z — Ta|| + |7 — Tyl|. (2.20)
Using assertion (#22) of Theorem 2.3, we have

T2 —Ty|| < 1| Tz -yl + (|| Tz —T?z||+|ly—Tyl)) + oz (| Tz — Tyl + |y —T>z|)).
(2.21)
Similarly
lz — Tyl < 2|z — Tz|| + ca (| Tz — | + ||z — yl])
+az(llz — Tzl + [lz — yll + llz — Tyll)
+ az(||Te — z|| + [|lo = Ty|| + ly — z|| + |z — Tz| + | Tz — T?z|)).
(2.22)
This leads to

lz =Tyl < (2+a1+az+3as)|lz—Tz| + (a1 + a2 +as)l|z —y|| + (a2 +043)H$Z2T2y§|-

Consequently, we obtain

(1—az—ag)llz =Tyl < (241 +az+3as)||z— Tzl + (a1 + @z +az) |z —y||.
(2.24)
Now, since a1 + 2ais + 23 = 1, then
(2 —+ (651} + (6%) + 30[3)
(1 — Qg — 043)

|z =Tyl < [ = Ta| + [l =yl (2.25)

From the two cases and since 1 — as — ag < 2 4+ oy + as + 3as, we get

le — Tyl < v||x — Tx| + ||l —y||, for all z,y € C, (2.26)
where
1<py— 24 a1 +as 4+ 3as > 1+042+043.
- 170[270[3 _170427043
O
Remark 2.6. We have the following cases:
(1) If ap = a3 = 0 (C\ mapping), then v = 3.
1
(2) In the case of Chatterjea—Suzuki type mapping (a3 = as =0, a3 = 5),

we obtain v = 7.
(3) In the case of Reich-Suzuki type mapping («; # 0, as # 0, az =0),

) 3—ay
we obtain v =

— Qo ’
1
(4) If T is a Kannan—Suzuki type mapping (a; = ag = 0,2 = 5), then
v =2>5.

Remark 2.7. Following Remark 2.2, we deduce that the assertion (u2:) in
Theorem 2.3 together with Theorem 2.5 holds also for the case A € (0, %)
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Definition 2.8. Let C' be a convex subset of a Banach space X and let T :
C — C be a self-mapping. A self-mapping T, : C — C' is called an «-
Krasnoselskii mapping associated with 7" if there exists a € (0, 1) such that

To(z) = (1 — a)x + oTx, forall z € C.

1
Note that if a = 2 then T, is called the Krasnoselskii mapping associ-

ated with T. Such mappings are known as averaged mappings in [2].
The sequence (T} (z)),, is called the a-Krasnoselskii process associated

1
with T and it is called Krasnoselskii process when a = 5

Definition 2.9. A uniformly convex Banach space X is a Banach space such
that for every 0 < e < 2, there exists § > 0 such that for any two vectors z,y

with ||| < 1, ||| < 1, the condition [« — || > ¢ implies ”xT—i-y” <1-4

Remark 2.10. The geometrical interpretation of Definition 2.9 is that uni-
formly convex Banach spaces are those spaces for which closed unit balls are
sufficiently round.

Example 2.11. Hilbert spaces and Ly-spaces (1 < p < oo) are well-known
examples of uniformly convex Banach spaces (see Theorem 6.3 in [13]).

Definition 2.12. A strictly convex Banach space X is a Banach space such
that for every z,y € X, if z # 0,y # 0 and ||z + y|| = ||z]| + ||y|/, then
necessarily x = cy for some ¢ > 0.

Remark 2.13. Recall that every uniformly convex Banach space is strictly
convex and reflexive while the converse is not true (see Theorem 3.1 in [3]).

For all these geometrical properties of Banach spaces, we can quote
[3,10,13].

In the following, we will denote by F(T') the set of fixed points of T'.

The next theorem shows that if T is a generalized contraction of Suzuki
type defined on a convex subset C' of a uniformly convex Banach space then
for every o € (0,1), the associated a-Krasnoselskii mapping Ty, is asymptot-
ically regular, provided that the set F/(T) is nonempty. More precisely, we
have

Theorem 2.14. Let C' be a convex subset of a uniformly convexr Banach space
X. If T is a generalized contraction of Suzuki type on C with F(T) # 0, then
the a-Krasnoselskii mapping Ty (o € (0,1)) is asymptotically regular.

Proof. By definition, there exist A € (0,1) and a1, a9, a3 € [0,1] with a; +
25 + 2ai3 = 1 such that Va,y € C, we have
Mz = Tz|| < [lo —yl| = [Tz — Ty|| < callz — yl| + a2(llz — Tzl + |y — Tyll)
+as(lz = Tyll + lly — Tz])). (2.27)
Recall that T, is defined on C by
To(z) =(1 —a)x + aTx, for all z € C. (2.28)
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Let yo € C, define
Ynt1 = Ta(yn), n=0,1,... (2.29)
Hence
To(Yn) = Yn = a(TYn — Yn). (2.30)
Thus, in order to show that ||T4 (yn) —yn|| — 0 (n — +00), it suffices

to check that [|[Ty, — yn|| — 0 (n — +0o0). To do it, choose xy € F(T),
then for all y € C, we get

Allwo = Txo|| < [lzo — yll = [[wo — Tyl| < callwo — yll + a2(llwo — zoll + [y — Tyl)
+ as(llzo — Tyl + lly — o). (2.31)
Then
(1 —az —as)|lzo — Tyll < (o1 + o2 + as)lzo — yll. (2.32)
This implies

a1 + o + a3
oo - 7ol < (3222202 iy — . (2:33)
— Q2 — Q3
Since a1 + 2as + 2a3 = 1, it follows that
2o — Tyl < 2o — gl (2.31)
Now
[zo = Ta(y)] = llzo — (1 — )y — aTy||
=11 = a)(zo — y) + a(zo — Ty)|
< (1= a)llzo —yll + ellzo — Tyl (2.35)
using (2.34), we obtain
[z = Ta ()| < llzo — - (2.36)
So, the sequence |zg — Y| is bounded by ug = ||x0 — yol|- If yn, = o for
some ng, then from (2.36), we have y,, — xo.
Now, assume that y, # xg for all n > 1. Putting
— Yn =T n
e PO g - @0 =T
[0 — ynll [0 — ynll
1
a simple calculation shows that if o < > we get
Zn + 2
20 — well < 20z — w20 (1 )y -l 237)
Now, since X is uniformly convex, it follows that
o0) =t {1 e <o < e w2 o), )

is positive for 6 € (0,2] and 6(0) = 0 (indeed, if we take & € Sx the unit

2
sphere of X, we have 1 — H—;H =0and ||z — x| =02>0).
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On the other hand, we have

n - T n n - T n
lzall < 1and [|2.]] < 1 together with [|zn—2" || = 1¥n = Tnll 5 g = Tynll
[0 — ynll UO( )
2.39
which gives that
n ! n =T n
len + 20l 1_5(”@/ y ||) | .10)
2 (%)
Hence
Yn _Tyn
oo = sl < (1= 200 (22220 0) Yoy -y 2

Using inequality (2.41) and by induction, the following inequality holds

n T
[zo = yns1ll < H (1 —2a0 <”yjy]>) up. (2.42)
=0 o

Assume the converse that ||y, — Ty || does not converge to zero. Then,
there exists a subsequence (yy, )k of (Yn)n such that ||y,, — Tyn, || converges

to ap € (0,400). Since a < 5 together with the fact that §(.) € [0,1] is

llyr — Tyl
Uo
for all k. Hence, from inequality (2.42) for sufficiently large k, it follows that

o Nk41
120 = Ynpor | < (1 —2a6 <2uoo>) Ug. (2.43)

By taking k — o0, it is easy to observe that (yn, )r converges to x.
In addition, Inequality (2.34) implies that the sequence (T'y,, ) converges also
to xo. This fact shows that the sequence (||yn, — T'yn,||), converges to zero,
which is a contradiction.

monotonically nondecreasing, we deduce that 1 —2ad ) € [0,1]

If a > 2 the same argument given above can be repeated as follows:
1
In this case, we have 1 — a < 5 thus, a simple calculation gives

JEETAN
2
If we assume that ||y,, — Ty, || does not converge to zero, a contradiction

[0 = yn1ll < 2(1 = @) ||wo — 2a—Dllzo —yall.  (2.44)

1
can be obtained by interchanging the role of a by 1 — « as in the case a < —.

In either case, T, is asymptotically regular which is the desired result. O

3. Geometrical properties of the set of fixed points and the
convergence of the a-Krasnoselskii process

In this section, we establish some geometrical properties of the set F/(T") for
a generalized contraction of Suzuki type and we study the convergence of
a-Krasnoselskii processes associated with them.
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Theorem 3.1. Let C be a closed subset of a Banach space X and let T be a
generalized contraction of Suzuki type on C'. Then
(i) F(T) is closed in C.
(if) If C is convex and X is strictly convex then F(T) is conver when F(T)
is nonempty.
(iii) Assume that X is strictly convexr and C is a convex compact subset
of X. If T is continuous, then for any zop € C,a € (0,1), the a-
Krasnoselskii process (T2 (z0))n converges to some z* € F(T).

Proof.  (:) By definition, there exist A € (0,1) and a1, a2, a3 € [0,1] with
a1 + 2as + 2a3 = 1 such that for all z,y € C, we have
MTz —zf| < llz —yll = [Tz = Tyl| < oallz — yll + c2(llz — Tx|| + [y — Tyl)
+ as(lle = Tyl + ly — Tz|). (3.1)

Let (zp,)n C F(T), then Tz, = z, and assume that z, — z € C.
We will show that Tz = z. First of all, we have

Mzn = Tznl = Mlzn = znll = 0 < |20 — 2| = | T2 — T
< anllz = znll + aa(llz = T2 + [[zn — Tznl])
+ az(|lzn = Tzl + |z = Tzal)

S aillz = zul + azllz =zl + asflzn - T

+ asllz — zn|| + asllzn — Tz|)). (3.2)
Similarly
(1 —as—a3)|lzn —Tz|| < (01 + az + a3)||z — 2| (3.3)
Hence
a1 + as + as
oo - 7ol £ (G525 0 oy, (3.0
— Qg — Q3
Since a1 + 2as + 2a3 = 1, it follows that
l2n — T[]l < [l2n — 2] (3.5)

Letting n — +o0, then z, — Tz. By hypothesis, we have
zp — z; thus, we obtain Tz = z.

(1) Now, assume that X is strictly convex and C a nonempty convex subset
of X which contains more than one point. Fix 6y € (0,1) and 21, 25 €
F(T) with z1 # z5. Putting z = 6pz1 + (1 — 6p)22 and using the fact
that T is a generalized contraction of Suzuki type together with the
triangle inequality, we can derive the following

21 = 22|l < llzn = T2|| + T2 = 22| = | T21 = Tz|| + [Tz — T2
< aillz1 — 2l + 2(|ITz — 2[| 4 0)
+ az(lzr = T2|| + 1Tz — 2[) + ealz2 — 2|
+ a2(|Tz = 2[| + 0) + as(llz2 = Tz[| + [lz2 — =) (3.6)
= a1(llzr = 2l + [lz2 = 2[)) + 202(|Tz — z[| + as(l|lz1 — 2[| + [|z2 — =)
+as(|[z1 = Tz|[ + |22 = T=|)
< ai(flzr = 2| + llz2 — 21)
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+ 2Tz = 21| + 21 = 2[) + e2(|Tz = 22| + ||z2 — =)

+ as(|lz1 — 2|l + [[22 — 2[]) + as(llz1 — T2[| + [lz22 — T=|]). (3.7)
Then
(1 —az —as)(llzr — Tz|| + [[z2 — Tz|)) < (o1 + a2 +az)(llz1 — 2| + [l22 — =|]).
(3.8)

This implies that

a1+ oz + a3
1—0[2—043

Hm—Tﬂ+H@—TﬂS< )ma—z+w@—z>.<aw

since a1 4 2ai0 + 2a3 = 1, we get,
21 = Tal| + 22 — T2l < llo1 = 2] + 122 — -
On the other hand, we have

21 = 22/l < llos = T2|| + T2 — 22l < [l21 — 2]l + [[22 — 2]l = [[21 — 22]l.

(3.10)
Next, the strict convexity of X implies the existence of v € [0, 1] such

that
Tz=vz + (1 —7)z2. (3.11)

So

(I =llzr = 22|l = [Tz = Tz|| < anllz1 — 2l + aa(llzs = Tzl + 1Tz — 2])
+ as(llzs = Tzl + ||z — Tz |)) (3.12)

Next, we have
T2 = T2l < asllz1 — 2]l + @272 — 2]l + as(llz1 — Tzl| + ||z — zall)

Soallzr =zl + a2(llz — 21l + [lz1 = T2]]) + as(llzn — Tz + |2 — z1]]).
(3.13)

Thus
(1—ag—a3)[|[Tz1 = Tz|| < (a1 + a2 + a3)||z — 21]|- (3.14)
By the same reasoning given above, we get
(I=llzr =zl = ITzs =Tzl <[]z — 21|l = (1 = Oo)[|z1 — 22l (3.15)
Furthermore
Yz1 = z2fl = 1Tz — Tz
Similarly, we obtain that
Vllz1 = z2ll = 1Tz = Tz2|| < ||z — 22| = foll21 — 2. (3.16)
This implies
y<fpand 1 —v < 1— 0.

O
Consequently, v = 6y and finally Tz = z which is the desired
result.
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(1) Let n € {0} UN and define (z,), by 2z, = T2(20),20 € C where
To(z0) = (1 —a)zo+aTz, (o € (0,1)). Since C is compact, then (z,),
has a subsequence (2, ) which converges to some z* € C. Afterwards,
using the continuity of T', we obtain that F(T) # 0 (by Schauder’s
theorem), we will prove that z* € F(T). Let yo € F(T), from (2.36),
the sequence ||z, — yo|| is decreasing. Hence

I = goll =t oney, —woll € Jim e —woll. - (317)
Using the continuity of T, and the norm, we get
12" = goll < | lim_ [ Ta(zn,) = voll = [ITa( lim  2n) —goll. - (3.18)
From (3.18), it follows that

12" = yoll < 1 Ta(z") = wol- (3.19)
By (2.36), we have

12" = woll = 1 Ta(2") = woll- (3.20)
Consequently, we obtain

12" = yoll = 1Ta(z") = wol- (3.21)

Then
176 (") = yoll = [(1 = a)z" + aT2" — yo|
= [[(1 = a)(z" = yo) + a(Tz" = yo)||
< (1= a)llZ" = ol + | T2 = wo
< A =a)llz" = yoll + allz" — ol
= 2" = woll (3.22)
Now, following (3.21), we deduce that all inequalities in (3.22) are
actually equalities. Thus
10— @)= — o) + a(T=* — yo) | = (1 — @)l|=* — yo + oI T=" — o)l (3.23)
and
12" = yoll = 17" — wol- (3.24)
Next, since X is strictly convex then either Tz* — yg = ¢(2* — yo)
for some ¢ > 0 or z* = yg. From (3.24), it follows that ¢ = 1 and
consequently, z* is a fixed point for T If we replace xo by z* in (2.36),
we deduce that the real sequence (||z, — z*||)» is decreasing and hence

(zn)n converges to z* which is the desired result.
U

Remark 3.2. If (a1 = 1,2 = a3 = 0) (the case of C'y mappings), assertions
(2) and (22) of Theorem 3.1 extend those established in [9].
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Remark 3.3. In connection of Theorem 3.1 (u), note that for the case of
nonexpansive mappings in Banach spaces, the iterates of averaged and related
mappings were studied in [2,7].

4. Existence of retractions concerning generalized contractions
of Susuki type
In 1975, Baillon [1] proved the following first ergodic theorem which asserts

that if C is closed convex subset of a Hilbert space and 7T is a nonexpansive
self-mapping on C with F(T) # 0, then for each x € C, the Cesaro mean

Su(r) = - S TH)
k=1

converges weakly to some y € F(T). The authors in [17] proved that if we
put Pz = y for all x € C, then P is a nonexpansive retraction from C' to
F(T) such that PT' = TP = P and P(x) € co{T"z,n = 1,2,...} for each
x € C (see also [23,24]).

In this last section, inspired by techniques given in [17], we prove the
existence of a retraction P concerning the class of generalized contractions
of Suzuki type for which (PT"x,n > 1) converges to some y € F(T).

Theorem 4.1. Let C' be a nonempty closed convex subset of a uniformly con-
ver Banach space X. Assume that T : C — C is a generalized contraction
of Suzuki type with F(T) # 0 and let P be the metric projection from X into
F(T). Then, for each x € C, the sequence (PT™xz,n > 1) converges to some
y € F(T).
Proof. Let x € C. First of all, we have

|PT"z — T x| < ||PT™z — T x|, (4.1)

for all integers n > m > 1.
Since PT"x € F(T) for all n > 1, we can write

|PT™ 2 — T"z| = | T(PT™z) — T(T" '2)|.
It follows that
|IT(PT™x) = T(T"'a)|| < |PT™a — Tz,
by induction, we get
|PT™x — T x| < ||PT™z —T"x||. (4.2)
Moreover, using (4.1) and (4.2), we obtain
|PT"z — T x| < ||PT™"z — T"x|(n > m). (4.3)

This implies that lim, o [[PT™2 — T"z|| exists. Denote by r, this
limit.
If = 0, then for all € > 0, there exists an integer ng(e) such that

|PT"z — T x| < i for all n > ng (4.4)
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So, if n > m > ng and using (4.2) and (4.4), it follows that
|PT"z — PT™x| < ||PT"x — PT™ x| + || PT™"xz — PT™x||
<||PT"z — T"z||+ |T"x — PT™z|| + |PT™x — T™x||
+ |[T"x — PT™x||
<||PT"z — T"z|| + | Tz — PT™x| + | PT™z — T™z||
+ |T™% — PT™ ||

<6+€+6+€7
1TgTy T

This implies that (PT"x), is a Cauchy sequence in C. On the other
hand, since F(T) is closed (see Theorem 3.1 (2)) and X is complete, thus
(PT"x),, must converge to an element in F'(T') and this completes the proof
for the case r = 0.

Now, let > 0. We will prove also that the sequence (PT"x), is a
Cauchy sequence in X. Assume the contrary, then there exists ¢y > 0 such
that for all integer ng > 1, there exist kg, mg > ng such that

|PT*x — PT™ x| > ¢.
We choose Gy > 0 so small such that

(r + Bo) (1_5<ri050)> <

and s sufficiently large such that
r <||PT'x — T'z|| < 7+ Bo,
for all [ > sqg. For this s, there exist integers I1, s such that
|PT 2 — PTRz| > eo.  (I1,12 > s0)
Thus, for I” > max(ly,l2), we have

|PTh 2 — TV 2| < ||PT 2 — Tha|| < 7+ fo,

and
|PT22 — TV 2| < | PT™22 — T2z < 7+ fo.

Since X is uniformly convex, we get

r< ||PT" 2 — TV 2| < H

< (r+ Bo) (1—5<rfr°60)>

<r,

PTlll';’PTIQI _Tl/xH

which is a contradiction. O



Some fixed point results for generalized Page 15 of 16 78

Acknowledgements

The authors would like to thank anonymous referees for their valuable
remarks and suggestions to improve the manuscript.

Author contributions All authors contributed equally and significantly in
writing this article. All authors read and approved the manuscript.

Compliance with ethical standards

Conflict of interest The authors declare that they have no competing inter-
ests.

Funding This work is supported by the research team RPC (Controllability
and Perturbation Results) in the Laboratory of Informatics and Mathematics
(LIM) at the University of Souk-Ahras (Algeria).

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Baillon, J.B.: Un théoréme de type ergodique pour les contractions nonlinéaires
dans un espace de Hilbert. C. R. Acad. Sci. Paris. Sér. A-B 280, 1511-1514
(1975)

[2] Baillon, J.B., Bruck, R.E., Reich, S.: On the asymptotic behavior of nonex-
pansive mappings and semigroups in Banach spaces. Houston J. Math. 4, 1-9
(1978)

[3] Belluce, L.P., Kirk, W.A., Steiner, E.F.: Normal structure in Banach spaces.
Pac. J. Math. 26(3), 433—440 (1968)

[4] Betiuk-Pilarska, A., Dominguez Benavides, T.: The fixed point property for
some generalized nonexpansive mappings and renorming. J. Math. Anal. Appl.
429, 800-813 (2015)

[5] Betiuk-Pilarska, A., Wisnicki, A.: On the Suzuki nonexpansive mappings. Ann.
Funct. Anal. 4(2), 72-86 (2013)

[6] Browder, F.E.: Nonexpansive nonlinear operators in a Banach space. Proc.
Nat. Acad. Sci. USA 54, 1041-1044 (1965)

[7] Bruck, R.E., Reich, S.: Nonexpansive projections and resolvents of accretive
operators in Banach spaces. Houston J. Math. 3, 459-470 (1977)

[8] Dhompongsa, S., Kaewcharoen, A.: Fixed point theorems for nonexpansive

mappings and Suzuki-generalized nonexpansive mappings on a Banach lattice.
Nonlinear Anal. Theory Methods Appl. 71(11), 5344-5353 (2009)

[9] Falset, J.G., Llorens-Fuster, E., Suzuki, T.: Fixed point theory for a class of
generalized nonexpansive mappings. J. Math. Anal. Appl. 375, 185-195 (2011)
[10] Goebel, K., Reich, S.: Uniform Convexity, Hyperbolic Geometry, and Nonex-
pansive Mappings. Marcel Dekker, New York (1984)
[11] Hardy, G.E., Rogers, T.D.: A generalization of a fixed point theorem of Reich.
Can. Math. Bull. 16, 201-206 (1973)



78 Page 16 of 16 S. Atailia et al.

[12] Karlovitz, L.A.: Existence of fixed points of nonexpansive mappings in a space
without normal structure. Pac. J. Math. 66(1), 153-159 (1976)

[13] Khamsi, M.A., Kirk, W.A.: An Introduction to Metric Spaces and Fixed Point
Theory, Pure and Applied Mathematics. A Wiley-Interscience Series of Texts.
Wiley, Oxford (2001)

[14] Lau, A.T., Wong, C.S.: Common fixed points for semigroups of mappings. Proc.
Am. Math. Soc. 41(1), 223-228 (1973)

[15] Lau, A.T., Takahashi, W.: Invariant means and fixed point properties for non-
expansive representations of topological semigroups. Topol. Methods. Nonlin-
ear. Anal. 5, 39-57 (1995)

[16] Lau, A.T., Takahashi, W.: Invariant means and semigroups of nonexpansive
mappings on uniformly convex Banach spaces. J. Math. Anal. Appl. 153(2),
497-505 (1990)

[17] Lau, A.T., Takahashi, W.: Weak convergence and nonlinear ergodic theorems
for reversible semigroups of nonexpansive mappings. Pac. J. Math. 126(2), 277—
294 (1987)

[18] Lau, A.T., Zhang, Y.: Fixed point properties of semigroups of non-expansive
mappings. J. Func. Anal. 254(10), 2534-2554 (2008)

[19] Lau, A.T.: Invariant means on almost periodic functions and fixed point prop-
erties. Rocky. Mt. J. Math. 3(1), 69-76 (1973)

[20] Lau, A.T.: Normal structure and common fixed point properties for semigroups
of nonexpansive mappings in Banach spaces. Fixed Point. Theory Appl. 2010,
14 (2010). (Article ID580956)

[21] Lau, A.T.: Invariant means and fixed point properties of semigroup of nonex-
pansive mappings. Taiwan. J. Math. 12(6), 1525-1542 (2008)

[22] Reich, S.: Some remarks concerning contraction mappings. Can. Math. Bull.
14(1), 121-124 (1971)

[23] Reich, S.: Nonlinear evolution equations and nonlinear ergodic theorems. Non-
linear Anal. 1, 319-330 (1977)

[24] Reich, S.: Almost convergence and nonlinear ergodic theorems. J. Approx.
Theory 24(4), 269-272 (1978)

[25] Suzuki, T.: Fixed point theorems and convergence theorems for some general-
ized nonexpansive mappings. J. Math. Anal. Appl. 340(2), 1088-1095 (2008)

ong, C.5.: Approximation to fixed points of generalized nonexpansive map-
26] W C.S.: A i i fixed poi f lized i
pings. Proc. Am. Math. Soc. 54(1), 93-97 (1976)

Sami Atailia, Najeh Redjel and Abdelkader Dehici
Laboratory of Informatics and Mathematics
University of Souk-Ahras

P. O. Box 155341000 Souk-Ahras

Algeria

e-mail: professoratailia@gmail.com

Najeh Redjel
e-mail: najehredjel@yahoo.fr

Abdelkader Dehici
e-mail: dehicikader@yahoo.fr



	Some fixed point results for generalized  contractions of Suzuki type in Banach spaces
	Abstract
	1. Introduction
	2. Main results
	3. Geometrical properties of the set of fixed points and the convergence of the α-Krasnoselskii process
	4. Existence of retractions concerning generalized contractions of Susuki type
	Acknowledgements
	References




