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NEW ITERATIVE CONJUGATE GRADIENT METHOD FOR NONLINEAR
UNCONSTRAINED OPTIMIZATION

SABRINA BEN HANACHI*, BADREDDINE SELLAMI AND MOHAMMED BELLOUFI

Abstract. Conjugate gradient methods (CG) are an important class of methods for solving uncon-
strained optimization problems, especially for large-scale problems. Recently, they have been much
studied. In this paper, we propose a new conjugate gradient method for unconstrained optimization.
This method is a convex combination of Fletcher and Reeves (abbreviated FR), Polak—Ribiere-Polyak
(abbreviated PRP) and Dai and Yuan (abbreviated DY) methods. The new conjugate gradient meth-
ods with the Wolfe line search is shown to ensure the descent property of each search direction. Some
general convergence results are also established for this method. The numerical experiments are done
to test the efficiency of the proposed method, which confirms its promising potentials.
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1. INTRODUCTION

Optimization problem is the process of obtaining the minimization or maximization of an objective function.
Unconstrained optimization is a branch of optimization in which we minimize an objective function that depends
on real variables with the total absence of restrictions on their values of those variables. Consider the nonlinear
following unconstrained optimization problem

min{ f(z),z € R"}, (1.1)

where f is a smooth function and its gradient is available [16]. Over the years the mathematicians have developed
several numerical methods for solving this kind of problem (1.1), which include the Steepest Descent (SD)
method; Newton method; CG and Quasi-Newton (QN) methods, In this paper, we will focus on the CG method
because of its simplicity, lowest memory requirements [6], and especially its usability when the dimension is
large.

In 1952, Hestenes and Stiefel [15] suggested a CG method for solving the unconstrained linear optimization
problem as it is applied to quadratic functions. Then, in 1964, Fletcher and Reeves [13] extended the CG
method for solving nonlinear unconstrained minimization problems. The basis of all CG methods is to generate
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TABLE 1. Some well known conjugate gradient parameters.

No Formula Authors

T
1 gis = % Hestenes and Stiefel (HS) [15]

k S
9 HZ _ 1 —9d lye2\ T H d Zhan (HZ) [14]

K = 3Ty, Yk kT, gk+1 ager an an
2
3 8P = % Conjugate Descent (CD) [12]
T

T
4 By = % Liu and Storey (LS) [17]

9T sk
5 BA — ‘('iyf;': Al-Bayati and Al-Assady (BA) [2]

a sequence xj starting from an initial estimate x¢ € R™, using the following recurrence
Th+1 = Tk + Sk, Sk:akdk; k:O,l,...,n (12)

where « > 0 is a step size obtained by carrying out a one dimensional search, known as the line searches [21],
we usually use the inexact one [22,26], this is due to the fact that when we perform an exact linear search at
each iteration, it is hardly feasible in practice and it is quite expensive in time and memory. Among them, the
so-called strong Wolfe line search conditions require that [23,24]

flak + ondy) — f(x) < dangy du, (1.3)
’gg+1dk| < —ngTdk. (1.4)

where scalars § and o satisfy 0 < § <o < 1.
And dy, is the search direction generated by the rule:

—40, if k=0
d p— 1.5
g {gk + Br_1dg—1, if £ >0, (1:5)

where gy, is the gradient of f at the point x; and 0 is known as the CG parameter. The different choices for the
parameter () correspond to different conjugate gradient methods. Moreover, we are going to summarize some
most popular formulas of the conjugate gradient methods in the following Table 1.

These methods are the same if f is a strongly convex quadratic function and «y is obtained by exact line
search since the parameters 3y of these methods are equal and thus generate the same sequence {z3 }*=° but
in the opposite case when applied to a general nonlinear function with inexact line searches, we get different
sequences {7 }*=0, implying a range of different methods [16].

One of the most useful CG methods is the hybrid method which combines the classical CG methods [5] in
order to have a good practical conjugate algorithm. Moreover, we are going to summarize some well known
hybrid conjugate gradient methods in Table 2.

In this work we propose another hybrid CG method based on combination of FR, PRP and DY conjugate
gradient algorithms for solving unconstrained optimization problems. The corresponding conjugate gradient
parameters are

2
BER — Hgk+1! : (1.6)
gl
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TABLE 2. Hybrid conjugate gradient methods.

No Formula Authors

1 B% = (1—60,)815 +6,82Y  Andrei [3]

2 nub — (1 —601,) 0% + 0,62 Liu and Li [16]
3 ;;yb = (1 —6,)B% + 0,652 Djordjevié [10]
4 B% = (1—601,)855 +0,85°  Zheng et al. [27]

2
Jk+1
ID(Y: H = H , (17)
Yi Sk
Ihs 1Yk
]P;RP k+1 i (18)
19k

where yr = gr+1 —gx and ||.|| stands for the Euclidean norm. The above methods correspond to those of Fletcher
and Reeves [13], Dai and Yuan [8] and Polak—Ribiere—Polyak [19, 20] respectively.

The paper is summarized as follows: in Section 2, we present the new selected hybrid CG method, and we
got the parameters vy, d; using some techniques, under mild conditions we prove that the selected method
with the Wolfe line search generates directions satisfying the sufficient descent condition. Section 3 presents the
algorithm.Convergence properties of the new selected method are analyzed in Section 4. In Section 5, we proved
the efficiency of our method by giving some numerical comparisons against FR, PRP and DY methods using
30 different test problems from the CUTE [7]. Finally, a brief conclusion is drawn in Section 6.

2. HYBRID CONJUGATE GRADIENT ALGORITHMS

In this section, we will describe a new CG method for unconstrained optimization where the parameter O
in the proposed method, denoted by 51°, is computed as a convex combination of ER, BPRF and gRY e

W0 = 5B + e BREY 4+ (1 — 6 — ) BRY, (2.1)

where 0, v € [0, 1] are named the hybridization parameters that will be determined in a specific way to be
described later.
The direction dzyb, is given by

dy" = —go, ALy = —gri1 + B sk (2.2)

From the discussion according to the values of the hybridization parameters d; and g, we obtain the following
cases
— If §, = 1 and ~;, = 0, then ﬁhyb IR,
~ If 6, = 0 and ~; = 0, then /;’hyb DY,
— If 6 = 0 and v = 1, then ﬁhyb PR
- If §k =0and 0 < 7, < 1, then ﬁhyb = e BERE + (1 — 1) BRY i.e. ﬁhyb is a convex combination of SERF and
. See [25].
- If Ve = O and 0 < 0y < 1, then S1¥° = 6,858 + (1 — 6;,)8RY i.e. Y% is a convex combination between FER
and BRY. See [1].
—If1—-90p—7%=0,0< 6k,7k < 1, then v = 1 — §i. Then ﬁhyb = 0, R + (1 — 6,) BERY e 6%”) is a convex
combination between 35} and 6PRP See [9)].
— If 0 < 6k, v < 1, then we have a new hybrid CG method as a convex combination of three methods “FR,
PRP and DY”. Which we will focus on studying in the topic of our research.
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2.1. New hybrid conjugate gradient algorithm

If 4y €]0,1[ and 7 €]0, 1], then 5;?’1] is a convex combination among three parameters fit, BERF and pRY.

Theorem 2.1. If the relations (2.1) and (2.2) hold, then

it = i )+ yed R+ (1= 8, — ) dRY . (2:3)
Proof. We have
Aty = —gi1 + B sk

According to the relation (2.1), the last form becomes
dZibl = —grt1 + [OkBRT + BT + (1 — 0k — W) BRY | sk (2.4)

Considering again the relation (2.4) and after adding and subtracting the value (0x + V&) (gr+1), we get

dZibl =—(1—0k+ 0k — Y&+ Vk)grt+1 + [5kﬂzF<R + R (1 =6, — %)@D(Y]Sk,

= 0k (—grt1 + Bictsk) + e (—ghs1 + B sk) + (1 — 0k — W) (— g1 + BRY sk)-
Finally, we get (2.3). O

Our motivation to select the parameters dy, v, in such a manner that the search direction dj; satisfies the
conjugacy condition i.e. (d£+1yk =0).
We have
hyb
Bt = —grsr + [S6BR + B + (1= 6k — )8R s (25)

Having in view the relations (1.6)—(1.8), the last relation becomes

T 2
9i+1Yk k+1

R s+ (1= 6 — Vk)MSk, (2.6)
gl Yk Sk

2
gk 11
2
g

dhyb _

k1 = —9k+1 + Ok Sk + .

multiplying (2.6) by y;f from the left and using the conjugacy condition, we obtain

2 T
hyb Jk+1 9k+1Yk 2
Ui i = —yi gre1 + 51@%( Fsn) + vt (yh sk) 4 (1= 0, — ) gk |1,
gl ll gl
T ||91c+1||2 T 91?+1yk T 2 2
Ui Gkt1 = Ok ———— (Ui sk) + W 5 (i sk) + lgesall” + (=0k — ) llgrra [l

gl gl
T 2 2/ T 2 2 T T 2 2
o g1l gl = 0 (llgwa 17 (u st) = Ngwsa 7 1lgwl®) + i (o ae) () = w1

~gF gksrllgnll® = 0k (T sk = gel® ) lgwsa I + e ( (9 1) (o ) = Nlgua P llgill*) -

Finally,
2 2 2
gF gus1llgell” + 0 (T 51— lgell®) lgu- |

Ve = , where, 0 < §; < 1. (2.7)

(Q;ZHyk) (y}fsk) - \|9k+1||2||9k||2

Supposing that dy is a descent direction (dy = —gp), then for the algorithm given by (1.2) and (2.6) we can
prove the following result.
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Theorem 2.2. Assume that oy, in algorithm (1.2) and (2.6) is determined by the Wolfe line search (1.3) and
(1.4), if 0 < g, vk < 1, and

2 T T
(”gk” + (v Sk))g’“ ok 255 (97-419%) (i 15%) 928
T 2 ” ” = 2 ’ ( . )
(v sx)llgrl gl
Then direction cll€+1 given by (2.6) is a descent direction.
Proof. We have
T
Y d = (gk+1 — 9x) di = g1 dy — gi dy, (2.9)
from the strong Wolfe condition, we get
yhdx = girdi — g di > ogi dy — g di > —(1 — 0)g di > 0. (2.10)
Then,
yi dy. >0, (2.11)
multiplying by ag, we obtain
Y ady, = yi sk > 0. (2.12)

Since 0 < 0,y < 1, |1 — 6x — vk| < 1, from (2.6) we get

2
hyb T ||gk+1|| 9k+1 T lgk+1l” /7
k+1dk:UH = —Gk+19k+1 + Ok TAE (gi515%) + 0 TAE 5 (Ghy15k) + (1 =6 — ’yk)iy'fsk (9iy15k)
k
T
2 ||9k+1|| Ik+1Yk Hgk+1H
< =gl + =5 (ghgase) + =50 (Ghgse) + 77— (9ihask),
llgk |l |l Yy Sk
gl{+13k g}{+13k gk+1yk T
={-1+ 5+ 2 ) gk | + 5 (ghs158)- (2.13)
llgl Yi Sk g ]1*
On the other hand, we have
T
1. gk;ﬁk _ —Yi Sk + Z#{Sk + 9k sk _ g,ifpsk, (2.14)
Yy Sk Yi. Sk Y. Sk
according to the relation (2.14), the relation (2.13) becomes
T hyb lesk 91?+13k 2 9k+1yk T
gk+1dk+1 > T T+ ) Hgk+1H (9k+1 k) (2'15)
Yesk  |lgrll gk ]1*

T T
Z’%zi + ﬂf;l‘rzk, to facilitate the theoretical proof, we must simplify A as shown.
1 :

Denoting A =

T T
_ 95k | k415K

vesk gl
_ (9Fs0)lgell” + (gibrsn) (i sx)
(wF i) llgell”

_ (9i sx) lgx|* + (vi Sk) (9 sk) (yi- sk) .
(i) llgell”
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Finally, we get

(owli* + vF'si ) (g 1)y
4= NIRRT | Vs (2.16)
(v 5e) o el

using (2.16), then we obtain

T
hyb 9k Sk gk 15k 2 gk 1Yk
gk+1dk11 > ( l% N > kil + - (QI{H k)
visk ol gk l®

(9wl + vF'si) (o8 s1)

T
2, Y Sk 2 | is1Vk
< - 3 lgr+ill” + =S llgrall” + === (g 158)
(ui sx) gl gl lgx|I*
2
(Ilgkll + yfsk) (9% 51) 2, GEaYk 1
< T 2 gk+1]I” + 29k+19k+1 + ( k+18k)’
(i si) g || kll lgx|I*
(lgull® + o 5w ) (o sv) (o ) (o)
2, \Ik41Yk Ik+1Yk
< = > g1 ll” + =52 (giask) + = (g sn) -
(vi i) gl [ g
Finally, we get
2 T T
wn (ol +yF i) (o sv) o o)
ng+1dk_yH > T 2 ||9k+1|| - (9k+1 k:) (2.17)
(v sx)ll gl lgxlI*
Then, since y} s > 0 by (2.12) and since gf s < 0, it follows that
2
(9wl + w5t ) (o8 s1) )
T 2 lgr+1lI” < 0. (2.18)
(¥ 5) 19l
Therefore, from (2.8) it follows that g{+1d21b1 < 0 4.e. the direction dk +1 is descent one. g

Now we can prove that d}klibl satisfies the sufficient descent condition in the following theorem.

Theorem 2.3. Suppose that (ngyk) (9k+13k) <0, if 0 < 0k, v, < 1. Then the direction dk+1 given by (2.2)
satisfies the sufficient descent condition

T
hyb Jk+15k 2
gngldkg-l = <1 — (=0 — &) ;1 ) llgr+1ll” (2.19)
Yi Sk
Proof. For k = 0, then dy = —gq, it holds gZ'dy = —||go||?, we can see that (2.19) holds for k& = 0. Next we
assume that (2.19) holds for some &k > 1. Multiplying (2.6) by ggﬂ from the left, we get
2 2
hyb 2 llgr+1ll Iky1Yk llgr+ll
91{+1dki1 = —|lgr+1ll” + 5k72(ng+15k) + ’)’k@(gkﬂsk) + (1 =6 — ’Vk)Ti(ngHSk)
llgel |l Yi Sk
2
2 llga-+1] gk 1||
< — gl (9asn) + (1= 6k = 1) = (gh415%)
[l Yi Sk

gl e Sk

T T
g Sk g Sk
s<1@k“2<1@vm;ﬁ )mmu?
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Let 0 < 6, < 1, so we can write 0 > —d > —1, now we get

T
hyb k415K 2
g dply < — (1 — (1 =6k — ) y;sk ) gr+1]” < 0.
2

Observe that, since yf sy > 0 by (2.12) and since ggﬂsk =y}l sk + g} sk < yl s, then 91{+13k < yi's) implies
T
Ye %k~ 1. Therefore 1 — 6, — 1 < 1, it follows that

QkTHSk
T
Yi Sk
1- 5k — Mk < Tk )
9413k
then
T
Yi. Sk
(1) >~
Ik+15k
we obtain
T T T
s s
T G L L [P B Ly | ==y B S E0)
Yy Sk Jk+15k Y. Sk
Therefore
T
S
(1 — (1= 0% _%)91@;1 k) > 0,
Yi Sk
proving the theorem. O

3. ALGORITHM OF NEW HYBRID CONJUGATE GRADIENT COEFFICIENT

Step 1. Initialization. Select zo € R™ and the parameters 0 < § < o < 1. Let ¥k = 0. Compute f(zo),
go = Vf(zo). Consider dy = —go, set the initial guess: ay = 0 and J; = 0.8.

Step 2. Test a criterion for stopping iterations, if Hi’;” < 1079, then stop. Else continue with Step 3.

Step 3. Line search. Compute oy > 0 by the strong Wolfe line search, i.e. «y, satisfies (1.3), (1.4).

Step 4. Generate. xi+1 = Tk + agd. Compute f(zr11), gr+1 = Vf(Tk+1) and sk = Tp41 — Tk, Yk = Jkt+1 — Gk

Step 5. Compute v;, as in equation (2.7).

Step 6. Calculate ﬂ:yb by equation (2.1).

Step 7. Computation of the search direction. Compute d = —gp41 + ﬁgybsk. If the restart criterion of Powell

2
|9k 19k = 0.2][gkrall”,
is satisfied, then dy411 = —gr+1. Otherwise define dy41 = d.
Step 8. Put k£ = k + 1 and continue with Step 2.
4. CONVERGENCE PROPERTIES

In this section, we study the global convergence properties of the proposed conjugate gradient method. For
further considerations we need the following assumptions and lemmas.

Assumption 4.1. The level set S = {x € R™ f(x) < f(xo)} is bounded, i.e. there exists a constant B > 0,
such that
lz|| < B, for all z € S. (4.1)
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Assumption 4.2. In a neighborhood N of S the function f is continuously differentiable and its gradient V f(x)
is Lipschitz continuous, i.e. there exists a constant 0 < L < oo such that

IV f(z) =Vl < Lz —yl, foral z,yeAN. (4.2)
Under Assumptions 4.1 and 4.2 on f, there exists a constant I" > 0, such that
IVf(@)| <T, (4.3)

for all x € S.

Lemma 4.3. Let Assumptions 4.1 and 4.2 hold. Consider the method (1.2), (1.5), where dy, is a descent direc-
tion and oy, obtained by the strong Wolfe line search, if

1
Y s = (4.4)
2T
Then
klim inf||gx|| = 0. (4.5)

Lemma 4.4 ([16]). Suppose that assumptions (2.1) and (2.2) holds, if di. is a descent direction and «y, satisfies

Giyrd > ogldy, o<1 (4.6)
Then,
(1—0) |df g
ap > . 4.7
S A PN ®o)

Proof. 1t follows (4.6), the Lipschitz condition, the Cauchy—Bunyakovsky—Schwartz inequality, it holds that
—(1 = o)di g < odigr — di.gr < di (grs1 — gr) < dif Lagdy < Lovg|dy||*. (4.8)
Hence, the assertion (4.7) holds. O

According to the Lemma 4.4, assumptions (2.1) and (2.2), the strong Wolfe condition and (2.19), we conclude
that oy which obtained in our new method is not equal to zero i.e. there exists a constant A > 0 such that

ap > A, forall £ > 0. (4.9)

Now, by Lemma 4.3, we can prove the following convergence result.

Theorem 4.5. Consider the iterative method, defined by algorithm (3) and let all conditions of Theorem 2.3
hold then either g, = 0, for some k, or
klim inf||gx|| = 0. (4.10)

Proof. Suppose that g # 0 for all k. Then, we are going to prove (4.10).
Suppose by contradiction that (4.10) is false. Then there exists r > 0 such that

llgrll > r, Vk sufficiently large. (4.11)
From the above Theorem 2.3, we have

gldy < —K||gi|?, for all K. (4.12)
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From the strong Wolfe conditions, we get
ik = gl d — gidx > dgidy, — gl dy, > —(1 = 8)gi > K (1= 6)|lge%,
multiplying (4.13) by aj > 0 and using (4.9), (4.12), we obtain
ylse > K1 —8)awllgel® > K(1— 8)Ar2.

On the other side, we have

lyell = llgr+1 — grll < Lllzktr — il < LD,
where D is the diameter of the level set S.
We have
&Y = —gir1 + B sk
hyb hyb
it < gwall + 852" el
While
WY = 5B 4+ BREE 4 (1 — 6 — ) BRY.
‘5hyb‘ < ‘ﬂ |+ |6PRP‘ + |5I]3Y|.
Further
|5 |_ ||9k+1|| 12
7,2
Also
|BERP| = 9k+lyk gkl lywl < ILD
9k 9n [
Finally, we get
I'LD
|ﬁPRP| <
Also
|5 |_ H9k+1H r? .
v 5k| K(1—0)Ar?
From (4.15) to (4.17), we can write
F2 I'LD I?
hyb - M
‘ﬁ 2 r2 + K(1—0)Ar?

According to the relation (4.18), the relation (4.14) becomes
i | < Ngwall + Msill <7+ 2D

wherefrom

XN@W:

So, applying Lemma 4.3, we conclude that
lim inf||gg| = 0.
k—o0

This is a contradiction with (4.11), so we have finished the proof of (4.10).

2323

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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5. NUMERICAL EXPERIMENTS

In this section we present the computational performance of a Fortran implementation of the new algorithm on
a set of 450 unconstrained optimization test problems. The test problems are the unconstrained problems in the
CUTE [7] library, along with other large-scale optimization problems presented in [4]. We selected 30 large-scale
unconstrained optimization problems in extended or generalized form. For each function we have considered
numerical experiments with the increasing number of variables n = 2,4,10,...,25000. In order to assess the
reliability of our new proposed method, we have tested them against FR, PRP and DY algorithms using the same
test problems. All these algorithms implement the Wolfe line search conditions with § = 1072 and o = 1074,
the same stopping criterion HZ’;”z < 1075, where ||.||s is the maximum absolute component of a vector,
and the hybridization parameter 5 = 0.8. The comparisons of algorithms are given in the following context.
Let fAVGl(2*) and fAFG2(z*) be the optimal value found by ALG1 and ALG?2, for problem i = 1,...,450,
respectively. We say that, in the particular problem 7, the performance of ALG1 was better than the performance
of ALG2 if

4101 (@) = AL )

’fiALGl(fo) - fiALGQ(l"O)|

and the number of iterations, or the number function-gradient evaluations, or the CPU time of ALG1 was less
than the number of iterations, or the number of function-gradient evaluations, or the CPU time corresponding
to ALG2, respectively.

All codes are written in Matlab and compiler settings on the PC machine with Intel(R) Core(TM) i3-4030U
CPU @ 1.90 GHz processor and 4 GB RAM memory and windows 7 professional system.

<1073, (5.1)

Figures 1 and 2 show the performance of these methods relative to the number of iterations (iter) and CPU
time (time), which were evaluated using the profiles of Dolan and Moré [11]. Benchmark results are generated
by running a solver on a set P of problems and recording information of interest the number of iterations and
CPU time and using parallel processing running a different CG method in each processor choosing in every step
the result giving the least value of the function [18]. Let S be the set of solvers in comparison. Assume that
S consists of n, solvers, P consists of n, problems. For each problem p € P and solver s € S, denote t, ; be
the computing time (or the number of iterations) required to solve problem p € P by solver s € S, and the
comparison between different solvers is based on the performance ratio defined by

tp,s _
min{t, s : s € S}

Tp,s =

Assume that a large enough parameter r3; > 7, ¢ for all p, s is chosen, and 7, ; = ) if and only if solvers s
does not solver problem p. Define

1
ps(T7) = —size{p € P :logrp s < 7},
np

where size A means the number of elements in set A, then p,(7) is the probability for solver s € S that
a performance ratio r, s is within a factor 7 € R™. The p; is the (cumulative) distribution function for the
performance ratio. The value of ps(1) is the probability that the solver will win over the rest of the solvers.

That is, for each method, we plot the fraction P of problems for which the method is within a factor of the
best time. The left side of the figure gives the percentage of the test problems for which a method is the fastest,
the right side gives the percentage of the test problems that are successfully solved by each of the methods. The
top curve is the method that solved the most problems in a time that was within a factor of the best time.

From the two figures, we can see that the new method is superior to the other conjugate gradient methods
on the testing problems.



NEW ITERATIVE CG METHOD FOR NONLINEAR UNCONSTRAINED OPTIMIZATION 2325

Performance Profile based on the iteration number.
1 T T T T

0.9 |

FIGURE 1. Performance Profile based on the iteration number.

Performance Profile based on the CPU time.
0.8 T T T T

0.4

0.1 . . . .

FIGURE 2. Performance Profile based on the CPU time.

6. CONCLUSION

There are many conjugate gradient methods for solving unconstrained problems, especially large scale ones.
One of the most useful CG methods is the hybrid method, which combines the classical CG methods in order
to create a new method that performs well. In this paper, we have proposed a new hybrid method where the

parameter (§j is computed as a convex combination of three parameters B}:R, }SRP and B£Y7 the sufficient
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descent and global convergence have been proved and the practical results shown that the selected method is
faster and more efficient compared to the methods used.
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