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AN EFFICIENT NEW HYBRID CG-METHOD AS CONVEX COMBINATION OF
DY AND CD AND HS ALGORITHMS

AMINA HALLAL*, MOHAMMED BELLOUFI AND BADREDDINE SELLAMI

Abstract. In this paper, we proposed a new hybrid conjugate gradient algorithm for solving uncon-
strained optimization problems as a convex combination of the Dai-Yuan algorithm, conjugate-descent
algorithm, and Hestenes-Stiefel algorithm. This new algorithm is globally convergent and satisfies the
sufficient descent condition by using the strong Wolfe conditions. The numerical results show that the
proposed nonlinear hybrid conjugate gradient algorithm is efficient and robust.
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1. INTRODUCTION

Consider the following unconstrained optimization problem:
min {f(z),z € R"}. (1)

Let f:R™ — R be a function that is continuously differentiable, V f (z)) the gradient of f denoted g (z).

The conjugate gradient methods are one of the most effective optimization methods for solving this problem,
especially for large-scale problems.

Generally, the conjugate gradient method creates a sequence of points {zy},  as

2oeR"™, i1 =z +apdy, k=0.1... (2)

a€]0, 00[ is the stepsize selected by using line search, the search direction dj, is represented by
do = —go, dk+1 = —Gr+1 + Prsk, k=0.1... (3)

Sk = Tp41— Tk, OreR the coeflicient of conjugate gradient method. The different choices for the coefficient
By, correspond to different conjugate gradient methods.
Some well-known (j formulas from previous researchers are
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Hestenes-Stiefel method (1952), Fletcher-Reeves method (1964), Polyak-Polak-Ribére method (1969),
Conjugate-descent method (1987), Liu-Storey method (1991), Dai-Yaun method (1999) (see [7,15, 16,18, 21,
24,25]), which are given by

HS _ ngﬂyk
k = 1 (4)
Sk Yk
lgsall”
P = e (5)
gl
T
9r+1Yk
P = S (6)
llg |
ﬂCD _ ||gk+1||2 (7)
i —%gk '
DY H9k+1H2
/Bk =7 (8)
Sk Yk
LS _ ng+1yk
k T . (9)
—SL 9k

The FR [16], CD [15], and DY [7] methods are globally convergent, but they may not perform in practice.
On the other hand, the HS [18], PRP [24,25], and LS [21] methods are more efficient with excellent numerical
performance, but they may not always be convergent without some modifications this survey of methods, with
special attention to their global convergence, is given by Hager and Zhang [17]. Naturally, researchers try to
develop some new methods that have the advantages of both these two categories of methods. One of the most
effective conjugate gradient methods is the hybrid CG method, which is a combination of different classical
CG methods for global convergence properties and excellent numerical performance. Recently, some hybrid CG
methods. For example the HSDY method is a convex combination of HS and DY methods (see [2]), where S
has been introduced as

BESPY = (1 - 64) B + 03P (10)
The LSCDCC method is a convex combination of LS and CD methods (see [12]), which 55 was proposed as
BESCPCC = (1= 0) BT + 0687 (11)

0e0,1).
Sellami et al. (see [27]) proposed a family of globally convergent conjugate methods, where

gr = Moaenall + 0= N yfge

(12)
Mgll® + @ =X lgxl?

e [0,1]. Here yx = gr+1— gx and ||.|| the Euclidean norm.

Motivated by the works of [2] we present a new hybrid conjugate gradient method for solving problem (1)
based on Dai-Yaun method, Conjugate-descent method and Hestenes-Stiefel method. In Section 2, we find new
scalar (3, computed as a convex combination of 6,? v kCD and ﬁ,f[ 9 formulas. The sufficient descent property of
the suggested method is proved in Section 3. The global convergence of the suggested method is established in
Section 4. In Section 5, we discuss the numerical results and comparisons. Finally we present some conclusions.
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2. THE NEW CONJUGATE GRADIENT METHOD

In this section, we will present a new hybrid conjugate gradient formula. The our new (; which is known as

5HDYCDHS A /8 + ekﬁgD + (1 — A — ek) 1£{S~ (13)
And
HDYCDHS Hgk+1|\2 Hgk+1|\2 91?+1yk
ﬂk = A\ oA + 65 x + (1 — g — Gk) oa . (14)
Sk Yk —Sk 9k Sk Yk
So, we may actually write
do = —go, dpy1 = —gry1 + BHPYCPHS s k=01, (15)

The parameters Ay, 0re[0,1] and 0 < A\, + 0 < 1.
The following line search conditions are used to find «ay

fzr + apdg) — f (z) < 5akggdk. (16)

ogrdi < ghyidi < —ogp dy. (17)
0<6<o< .
The value of the Ay and 6 is determined in such a way that the search direction fulfills the famous D-L
conjugacy condition [8]:

dgleCDHsyk = —ts} gp41, t>0.
‘We have
dpPYOPHS = —gi 1+ B Y s 4 0k BE P s + (1 — Mg — 01) B si.. (18)
And
T
k
dEJ]rDlYCDHS ka1 + Ak ||9k+1|| .+ 0O ||9k+1|| e+ (1= e — 6y) gk;ﬂ/ Sk, (19)
Sk yk _Sk 9k Sk Yk
Therefore
gk 9k g Yk
—Gh 1Yk + AkM k + Ok Msk + (1= A — O) k+1 SEYk = —tS}, G- (20)
Sk Yk Sk 9k Sk k

Solving (20) implies that

L

(gg+lgk)

A >1put A\py =1,if A\pg <Oput Apg =0,if A\p + 60, > 1 put A\ +6, = 1.
Finally, having in view the relation (13), we define

2
\ O (Q{Hyk - Msfyk) — tS1 grt1
= .

DY IfA\,=1,0,=0
oD If A\, =0,0,=1
B If A, =0, 0, =0
MeBPY + (1 —Ak)ﬂHS If Arel0,1], 6, =0
ﬂk = DY Hk = 1—- )\k
Akl + (1= M) 57 i " It and Ag, 0x€]0, 1]
0,85 + (1 —0y) BHS If \p = 0,0x€]0,1]
Ar€]0, 1], Oxe]0, 1]
DY CD HS k sy Ly Vk ;
/\kﬁk + ekﬂk + (1 M- Gk) k It and 0 < A\p + 0 < 1.

ﬁII;IDYCDHS

The following is the method algorithm:
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Algorithm 1

Step 1: Select xg € R™, € > 0, compute fy and gg, set dy = —go, ap =
Step 2: If || gk|| < € = 107> then stop.

Step 3: Compute «y, using (16) and (17).

Step 4: Compute zx+1 = Tk + ardk, gr+1, Sk = Th+1 — T and Y = gr+1 — G-
Step 5: If g}, g = 0 then A\, = 0, otherwise compute Ay as in (21), 0 < 6 < 1.
Step 6: Compute % as in (13).

Step 7: Compute d = —gj41+ BHPYCDPHSg,

If the restart criterion of Powell condition

1
llgoll

2
l9h19k] = 0.2]|grsal” (22)

Is fulfilled, then dx41 = —gr+1-
Step 8: Put k = kK + 1 and continue with step 2.

3. THE SUFFICIENT DESCENT PROPERTY

It is well known that the descent property is an important property for iterative methods to be globally
convergent. The search direction dj of the new method satisfies the sufficient descent condition with inexact
line search.

Theorem 3.1. Let {di}, . given by Algorithme 1, oy, provides (16) and (17) then
odiss < —Cligenl’, k=0.1... (23)
C > 0 where o < .

Proof. Induction is used to show (23).
Since dy = —go, we get gT'dy = — ||go]|* < 0. Consider that (23) for k > 0.
If (22) hold then g, | diPYCPHS — — |lg, 1 |* < 0.
The search direction that meets the sufficient descent condition is achieved.
If (22) does not hold then

|91{+19k| < 0.2]|grs1? (24)
Using (17), we can get that
i sk = (gre1 — gk) sk = — (1 — ) gf s (25)
And
g]ZJrlsk a ]
yise |~ (1—0)

Multiplying both sides of (18) by gg_H, we get

T JHDYCDHS 2 DY T CD . T
G191 = = lgr1ll” + A0y k15 + OBy " ki 15k

+ (1= e — 0k) B g1 s

We have demonstrated seven cases.
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Case 01: [4] If A\p =1, 6 = 0 we have g} | dfISPYOPHS = gT' qD¥,

gk+13k

91PN = —lgral” + 8P glise < = llgrsall® + llgp+a |

Y

k

o 2 2
< - (1 s g > lgrs1ll” < —ai [lgrsall”-
—

a1>0whereo<1—51
Case 02: [12] If A, = 0, 6, = 1 we have g, \dff5PYOPHS = g 'l

| gr+1]l”
gk+1dk+1 = —|lgk +1|| 7( gTSk) (QIZHSI@) > - ||9k+1|| + lgr+1 H
k

9k+1 k
gk Sk

)

2 2
<=1 =0) llgrs1ll” < —az [|grs1ll

a2>0whereo<1—51
From (24), we obtain

2 2
lgm 1wk < Ngreall” + g8 19x] < 1.2 lgrral]

Case 03: [13] If A, = 0, 6, = 0 we have g, | difSPYOPHS = oI afls

(ng+1yk) T
+ e .
(ygSk) (9k+15k)

Gir1ditr = = g1l
Now, with (26) and (18) implies that

gk+18k
Yi sk

1—-220 2 2
< (5222 ol < ~aslgwnal

gk+1dk+1 < ||9k+1|| +’9k+1yk|

7

asz > 0 where 0 < 1—51
Case 04: If A\re0,1[, 6 = 0 we have g, | di/SPYOPHS = o' gl SPY

ggﬂdfleY - ||9k+1|| + )\kﬁk 9k+15k + (1 = Ag) ﬂlg{sggﬂsk'

The sufficient descent condition is fulfilled, is montioned in [2], where

2
gi 1 d " < —aglgrsall”

a4>0wherea<TE’1
Now, we have that

2 2 2
G dEEEY OPES = XMl g |1F = e llgra)® — (1= Mo — o) lgmsa |
+/\kﬁl?ygg+13k + ukﬂngszSk + (1= A — ) @fsgl{ﬂsk-
Hence
CDHS
glerldkHJgY PHS = ) gk+1dk+1 + Hk9k+1dk+1 + (1= X — px) gk+1dk+1

Case 05: If 0, = 1 — A\ and A, 0xe]0, 1] we have gi,  dif SPYOPHS = g aPYCP

4051

(26)

(27)

(28)
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With (28) we get
G T = Mg diy + (1= M) gia diy.
Jwi, weR : 0 < wy < A < w3 < 1 then

2 2
gi 1 dPN P < — (wiay + w3az) [|gr4]|* < —as lgesa |-

a5>0wherea<1i
Case 06: If A, =0, 0x€]0, 1] we have ng+1dkH_f1DYCDHS g +1dkach
With (28) we get
G TP = Orgil i di Py + (1= 0k) gi 1 diS
Clearly, the sufficient descent condition is fulfilled, which

6
ngdgﬂH < —ag ||gr41l” - (29)

ag > 0 where o < 1—51
Case 07: If A\re]0,1[, Oxe]0,1] and 0 < A + 0 < 1 we have

T HDYCDHS T DY T CD T HS
Gi419541 = Mehr19511 + HrGir1disr + (1= Ak — pr) Gyt -

[11] 3k1,]€1,k37]€46R :
0< k<A <k3<l1,0<ky <l <ks<1then

gr diEBY OPHS < — (kyay + kaa + (1 — kg — k) a3) [|ges]|” -

ar = kiaq +/€2a2+(1—k4—k3)a3 > 0 where o < %
The Proof is complete. O

4. THE CONVERGENCE ANALYSIS

The following two assumptions are required to obtain the convergence of our algorithm in this part: [2]

HI1. The level set H = {z € R | f(z) < f (x0)} is bounded where x¢ is the initial point.

H2. In a neighborhood V of H the function f is continuously differentiable and its gradient V f(z) is lipschitz
continuous, for all x,y € V there 3 K > 0 such that

V(@) = Vi)l < Kz -yl (30)
Under such hypotheses, there 3 A > 0, such that
IVf(z)|| < A, for all z € H. (31)
The following Lemma holds for any CG method using the strong Wolfe conditions, as shown in [6].

Lemma 4.1. Consider the conjugate gradient method proposed by (2) and (3), with dy satisfies (23) and oy,
satisfies (17) and (18) we have

If =00 Then lim inf |/gx|| = 0. (32)
k2>1 HdkH koo

Theorem 4.2. Assume that H2 holds. Consider the CG method given by (2) and (3) with By = BIPYCDHS gnd
the step length is computed using the strong Wolfe conditions then we have

lim inf ||gx|| = 0. (33)
k—o0
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Proof. We proved by contradiction. B
Assume that (33) is false, ie. gi # 0, then there is a constant A > 0 that exists, which
lgel > A, k=0.1... (34)
D is the diameter of the level set V and sx = xpy1 — x, we have
lyell < K [[sll < KD. (35)

Since
ksl <Il grsr || +]BEYCPHS| | s || -

Using (25) with the inequality of Cauchy Schwartz and H2, we get

ldisrll < Il grsn I+ |BIPYCPES] ] sy |,

2 2
llgriall n llgri1ll n lgx11ll 1yl ™
(1—o)star| |-stor] |- —0)sLgl

It follows with using (23), (31), (34) and (35) that

k+1 All sk Sk |l 1gk+1
ldksll < Nl gt I + <(|| + lgr+1ll + | ”> I s 1l ”) ,

<N gk Il + <|

B B Clgel®
< (14 A e AD\ KDA
- B B ) CA? )"
Hence 1 1
2 2 A AD\ KDA\Z' (36)
(|1 ] (1+(§+A+?) C,LP)
Therfore 1
i (37)
kzo”dk+1”
Is terms of the contradiction with Lemma 4.1, so we have proved (33). g

5. THE NUMERICAL RESULTS

In this section, we discuss the numerical performance of our method HDYCDHS using certain test problems
from references [3, 20].

All numerical tests were coded for a PC computer with a 1.60 GHz processor and 2.00 GB of RAM. The
strong Wolfe line search parameters are: 0 = 1072, § = 1074, we stop if ||V f (zx)| < 1075, with different o
and deminsions, computed Ay as in (21), 6 = 0.25, t = 1.

The comparisons of methods are provided in the following context. Let and be the optimal
solutions determined by ALG1 and ALG2, respectively. We show that, in the specific problem, the performance
of ALG1 was superior than the performance of ALG2 if:

‘fiALGl _ fiALG2| <1073,

And the CPU time, or the number of function evaluations, or the number of iterations of ALG1 was less
than the CPU time, or the number of function evaluations, or the number of iterations of ALG2, which were
evaluated using the profiles of Dolan and Moré [14].

Figure 1 presents the performance profiles based on CPU time of HDYCDHS wersus HSDY, DY, and CD.

In Figure 2, which shows the number of function evaluations where HDYCDHS is better than HSDY, DY,
and CD.

Moreover, in terms of the number of iterations, as shown in Figure 3.

f_ALGl f'_ALGQ
K3 1
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Performance Profile based on CPU time.
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F1GURE 1. Performance profiles using the CPU time.

Performance Profile based on function evaluation.
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FIGURE 2. Performance profiles using the function evaluation.

6. CONCLUSIONS

In this research, we presented a new hybrid conjugate gradient method for unconstrained optimization prob-
lems. The new CG parameter is known as
ﬂ,fDYCDHS = )\kﬂ,?y +9kﬁ,§D +(1 =X —6g) 5557 the convex combination scalars Ay, 85 are chosen in such a
way that the search direction satisfies the D-L conjugacy condition. The suggested method can provide sufficient
descent directions with an inexact line search. The global convergence of our hybrid technique was proved, and
the numerical results demonstrate its usefulness for unconstrained minimization problems.
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Performance Profile based on the iteration number.
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