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In the present paper, we investigate the following singular quasilinear elliptic
system:

(—A)) u= u>0 in Qu=0, in RM\Q,

us b’

)

(A v= al v>0 in Qv=0, in RM\Q,

where Q c RY is an open-bounded domain with smooth boundary, s1, s, € (0, 1),
p1, P2 €(1,+ ), and a3, az, f1, B> are positive constants. We first discuss the
nonexistence of positive classical solutions to system (S). Next, constructing
suitable ordered pairs of subsolutions and supersolutions, we apply Schauder's
fixed-point theorem in the associated conical shell and get the existence of a
positive weak solutions pair to (S), turn to be Holder continuous. Finally, we
apply a well-known Krasnosel'skil's argument to establish the uniqueness of
such positive pair of solutions.
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1 | INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let Q C RN be an open-bounded domain with C>! boundary, s, s, €(0, 1), p1,p; € (1, + ), and a1, a3, 1, B, are positive
constants. In this paper, we are interested in the following nonlocal quasilinear and singular system:

(—A)f,iu:# u>0 in Qu=0, in RM\Q,

a b’
; u 111) 1 ‘ | y (S)
(_A)pzz V= W’ v>0 in Qv=0, in R \Q
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Here, (—A), u is the fractional p-Laplace operator, defined for s € {s1,s,} and p € {p1,p.}, as

— U W) —u@)
x — y|V P

)

(~A), u(x) :=2PV. / u)
RN

where P.V. denotes the Cauchy principal value. We refer to previous stuies!~® for main properties of this kind of nonlinear
fractional elliptic operators.

1.1 | State of the art

The motivation to study singular systems as (S) comes, for instance, from morphogenesis models. More precisely, we
refer the so-called Gierer-Meinhardt systems; see, for example, previous studies*’ (in the local case). We quote also to
previous studies®~!? and their references within (for the nonlocal setting), as well as for astrophysics models, where the
problem (S) is a natural extension of the following celebrated Lane-Emden equation (with & € R):

(=A)p,u=u" in Q. 1)

This type of equations has been extensively studied in the local setting (s = 1) and nonlocal case; see for further discus-
sions previous studies''* when a > 0. Recently, much attention about singular problems of (1) (i.e., with a < 0) have been
brought, and without giving an exhaustive list, we quote specifically Bougherara et al'> and Ghergu'® and the references
cited therein for the local setting. In the corresponding nonlocal case, we refer to previous studies!’-2! where existence,
nonexistence, regularity, and uniqueness of weak solutions are investigated. More recently, the paper?? investigates the
existence or nonexistence properties, power and exponential type Sobolev regularity results, and the boundary behavior
of the weak solution to an elliptic problem involving a mixed order with both local and nonlocal aspects, and in either
the presence or the absence of a singular nonlinearity.

On the other hand, quasilinear and singular elliptic systems have been also intensely investigated in the literature with
various methods. In particular, Ghergu'® studied (S) in case s = 1, p = 2. He discussed the existence, nonexistence, and
uniqueness of classical solutions in C2(Q) N CQ) by applying the fixed-point theorem. In Giacomoni et al,?* considering
the nonlinear case 1 < p < oo and combining subsolutions-supersolutions method with Schauder's fixed-point theorem,
the authors proved the existence, uniqueness, and regularity of the weak solution to the following system:

()

Ay =

—_— 1 1 . —_— H
—Apu = - in Q; Ulgo=0, u>0 in Q,
in Q; Vje=0,v>0 in Q,

1
a2 uﬂz

where 1 < p, g < o, and the numbers a4, a3, f1, > > 0 satisfy suitable restrictions. The required compactness of involved
operators is ensured by a Holder regularity result of independent interest they proved for weak energy solutions to a
scalar problem associated to (2) (see also Singh?* for related issues). Recently, Candito et al*® and Chu et al?® used the
same approach to get the existence of positive solutions to other kinds of quasilinear elliptic and singular systems (see
also previous studies?’-?° for further extensions).

Concerning the nonlocal singular systems case, Godoy>® deals with the following (in the special case s = s; = s, and
p1 = p2 = 2), with d(-) := dist(-, 0Q) denoting the distance function up to the boundary:

dvhL

(—AYv=-22 50 in Q v=0, in RM\Q

T duyh’

{(—A)Suz S0 50 in Q u=0, in RM\Q,

Here, a and b are nonnegative bounded measurable functions such that infoa > 0 and infpb > 0. The author gave suf-
ficient conditions on a1, a3, fi1, f2 to guarantee the existence of weak solutions and investigated the asymptotic behavior
of these solutions near 0. More recently, using regularity results from Giacomoni and Santra!’” and de Araujo et al3!
extends the results obtained in Ghergu'® in case of linear and fractional diffusion (with p; = p, = 2); see also previous
studies®?34 for related issues. We highlight here that only very few results are available for systems in the nonlinear and
nonlocal case, that is, (s, s;)-fractional (py, p,)-Laplacian operators, that is, with s; <1, s, <1, p; #2, and p, #2, and it
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concerns the nonsingular case. We refer in particular Mukherjee and Mukherjee®> and Xiang et al*® and in the nonho-
mogeneous case Mukherjee and Mukherjee3” where existence of solutions are investigated with variational methods in
case of subcritical and critical growths.

The main goals of the present article is to discuss nonexistence, existence, uniqueness, and Holder regularity results
for (S). Here, we follow the approach in Ghergu!¢ and Giacomoni et al?* to get nonexistence and existence of positive
solutions pairs to (S). To this aim, we use a weak comparison principle inherited from Arora et al.3% Theorem 1.1 from which
nonexistence results and suitable subsolutions and supersolutions are provided. Using Schauder's fixed-point theorem
together with the subsolutions and supersolutions method, we prove the existence of a pair of positive weak solutions. In
this goal, we introduce the nonlinear operator 7 define as

T : Ww,v)>TWwv) =), W) : C - C, 3)

where

c v Ti) 1=i € WP(Q) and u > To(w) 1= € W)2P*(Q) are defined to be the unique positive weak solutions of the
Dirichlet problems, respectively,

(-A),) i=——, >0 in Q; &=0, in RM\Q, (4)
1 ixph
(A2 P=— 550 in @ =0, in RM\Q. )

D% ybs

« Cis asuitable closed convex subset of (W,'(Q) n C(Q)) X (W>P2(Q) n C(Q)) that contains all positive functions that

loc
behave suitably in terms of the distance function up to the boundary.

Under some conditions to be defined later, we infer that the mappings 73, 7; are order reversing (see in this regard Arora
et al. 3 Theorem 1.1 ‘"Therefore, we obtain the (pointwise) order preserving of the following mappings:

U (Tio7)Ww) and v (ThoT7)(V).

On the other hand, we remark that any fixed point of the operator 7 is a positive solutions pair to (S) and conversely.
Then, we shall prove that 7 satisfies the following conditions:

T (C) C C, T is continuous and compact.

To prove the compactness of 7', we use boundary asymptotic behavior and regularity of solutions thanks to Arora et al.3
Finally, to establish the uniqueness of a positive fixed point, it is essential to take into account the homogeneity of the two
mappings 7707, and 7,07;. In this regard, we have for 4 € ]0, 1[:

- —h
T1(Av) = Arrat Ti(v), To(Au) = Arra Th(u),

and
(TyoTa)(Au) = A s (TroTo)(w) > A(TroTo)(u),
(T20T1)(Av) = Ao et (T20T)(W) > A(T20T1)(V).
This means —-— . % .1, Then, it is not difficult to get that the mappings 7;07; and T,07; are subhomogeneous

pyta;—1  pr,+a,—-1
under the following condition:

i+ - @P2+a—1)— 1> 0. (6)

As we will see, this condition ensures also the existence of a positive solution to (S).
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1.2 | Functional setting and notations

Let us take 0 <s <1 and p > 1, we recall that the fractional Sobolev space W*P(RYN) is defined as follows:

WPRY) 1= Ju e LPRY), / / "i;x) ylﬁ‘v(il'pdxdymo ,

endowed with the Banach norm:

p Juto = uy)|P
el wenceesy <= [ llull RN)+/ =y
RN RN

The space W7 (Q) is the set of functions defined as
WPQ) :={uew?(R") |u=0ae in RN\Q}.

The associated Banach norm in the space W,*(€Q) is given by Gagliardo seminorm:

u(x) —u(y)|?
||u||Wg~P(Q) = / ﬁdxdy

|X— y|N+sp

The space Wg’p (Q) can be equivalently defined as the completion of C°(Q) in Gagliardo seminorm if 0Q is smooth

enough (see Fiscella et al.% Theorem 6) where
C2(Q) :={p : RY >R : g € C*(R") and supp(p) € Q}.

Now, we define
WE(Q) := {u € IP(w), [Ulwsrw) < oo, forallw € Q},

where the localized Gagliardo seminorm is defined as

- p
[Ulwsp(w) == / ded

|x — y|N+sp
@ (0]

Let a €(0, 1], we consider the Holder space:

Ca(ﬁ):{uec@), sup ) —u)| _ oo}’

x,yeﬁ,x#y | - y|

endowed with the Banach norm

JuC0) = u(y)|

lull o, = llutllzo@) +  sup
@ By XL

X,yEQxFy

We denote by the function d(x) of the distance from a pointx € Qtothe boundary 02, where Q = QUAQ is the closure

of Q, that means
d(x) := dist(x,0Q) = inf |x —y|.
yEOQ
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1.3 | Preliminary results

In this subsection, we collect some results concerning the following fractional p-Laplacian problem involving singular
nonlinearity and singular weights:

s _ K@)
(_A)p u= u

—, u>0 in Q u=0, in RM\Q (EQ)
where s € (0,1), p € (1, ), a > 0, and K satisfies the following condition: for any x € Q
dx)? <KX < cdx)’, @)

for some g €[0, sp) and ¢y, ¢, are positive constants.
Now, we introduce the notion of weak subsolutions, supersolutions, and solutions to problem (EQ) similarly as in3®:

Definition 1. A functionu € Wls(fc’ (Q) is said to be a weak subsolution (resp. supersolution) of the problem (EQ), if

u* € W,*(Q)for some x > land i%f u>o0foralkK € Q,

and
_ p-2 _ -
/ / |u@) — uWI™” W) — uy)) () — ) dy < (resp. >) / K(x) odx. ®)
|x — y|N+sp u«

RN RN Q

forall ¢ € | Wg’p (Q). A function that is both weak subsolution and weak supersolution of (EQ) is called a weak
QeQ

solution.

Arora et al*® have studied (EQ), under the condition (7), and obtain the existence of a weak solution via approximation
method. They also investigate the nonexistence, the uniqueness, Holder regularity, and optimal Sobolev regularity for
weak solutions, for some range of @ and f. In the following theorem, we recall some results there that are used in the
present paper:

Theorem 1 (Arora et al.3®).

@ If g + a < 1, then there exists a unique weak solution u € Wg’p (Q) to problem (EQ), which satisfies the following
inequalities for some constant C > 0:
Cld* <u<Cd € holdin Q,

for every e > 0. Furthermore, there exist constant w; € (0, s) such that

C4(Q) foranye > 0if2 <p < oo,
C(Q) ifl<p<2.

(i) If g +a>1withf <minqsp,1+s— 11) , then there exists a unique weak solution in the sense of Definition 1 to

problem (EQ), which satisfies the following inequalities for some C > 0:
Cld” <u<cd” in Q,
where a* = %. Furthermore, we have the following (optimal) Sobolev regularity:

« ue W(Qifand only if A< 1
and
- u’ e W,P(Q)ifandonlyif 0> A > 1,

where A 1= %. In addition, there exist constant w; € (0, a*) such that

. C(Q) if2<p< oo,
C”(Q) ifl<p<2.
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(iii) If B > ps, then there is no weak solution to problem (EQ).

Proof. See Theorem 1.2, Corollary 1.1, Theorem 1.3, Theorem 1.4, and Corollary 1.2 in Arora et al.3 O

Remark 1. We can conclude the result of nonexistence in Theorem 1 (iii) for (EQ) by a similar proof in Arora
et al.3% Theorem 1.3 when K satisfies the following condition:

c1dx)™ < K(x) < c,d(x)™" for any x € Q,

where ps < 1 < B, and ¢y, c; are positive constants. Precisely, by contradiction, we suppose that there exist a weak
solution u € W;*(Q) of the problem (EQ) and 6, > 1 such that u® € W;*(Q). Now, we can choose I' € (0,1) and
Bo < sp such that a function K’ satisfies the growth condition:

drdx) ™ <TK'(x) < ldx)™ < c;d(x)™ < K(x) for any x € Q,

where cf, c} > 0 and the constant I" is independent of g, for gy > By > 0. Then, we can follow exactly the proof of
Arora et al.38 Theorem 1.3 ¢4 oet the desired contradiction.

1.4 | Statement of the main results
Before, stating our main results, we introduce the notion of the weak solutions to system (S) as follows.
Definition 2. (u,v) in W' (Q) x W,2"*(Q) is said to be pairs of weak solution to system (8), if the following holds:
(i) for any compact set K € Q, we have
i%fu>Oand i%fv>0,

(ii) there exists ¥ > 1, such that
W~ V) € WP (Q) x WP (Q),

(iiii) for all (p,y) € J Wy () € J WP (Q):
QeQ QeQ

/ / [4E)—uW) P12 @E)-u))(@®)-e()) dx dy = f 20y

RN RN =y u1vhl dx,
V() —v(y)[P2 > W) —v(3) (W () -y (1) u/(x)
R/N IéN [x—y| V522 dx dy = -/ v uﬁz

Remark 2. This definition introduces the nonlocal counterpart of notion of weak solutions with respect to Giacomoni
et al.?>*0 Moreover, the condition (ii) in the above definition is motivated by the lack of the trace mapping in Wkicp Q)
and W27 (Q).

loc
We then define the classical solutions to system (S):

Definition 3. We say that a pair (u,v) is classical solution to system (S), if (u,v) is a weak solutions pair to (S) and
(u,v) € C(Q) x C(Q).

Next, we introduce the notion of weak subsolutions and supersolutions pairs to system (S):

Definition4. (u,v)and (@,V)in W,"” (Q)xW,>*(Q) are said to be subsolutions and supersolutions pairs to system (S),
respectively, if the following holds:

(i) for any compact set K € Q, we have
inf u, infv > 0 and inf @1, infv > 0,
K= K~ K K

(ii) there exists k1, k, > 1, such that

W, v) € WP (@) x WorP(Q) and (@%,7%) € Wy (@) x Wy (@),
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(iii) for all (¢, w) € |J Wy ()X Ugea Wy (), with @,y >0in Q,

QeQ
ux) — uP *(ux) — u X
// |uGo) — u(y)| ( ( )N+S M(px) — (P(Y)) / @(x) dx, o e [B"_’]
L By e =y unv
/ / V@) = v P ) — v (x) - vo) / 1]
N+s,p,
RV RV =l Q
that is equivalently
Iy |E(x>—g(y>|‘”’%g(ﬁ;lg:ly»((p(x)—wy» dx dy < / (,,(;31 dx.
(p) : {RVRY o ©)
=) |ve0)—v(y)| "2~ W) v W @)y () &)
IéN]R/N [x—y|N+52P2 dx dy < f vzlz xﬁzdx
and
20w — TN PI2(T(x) — T _
// |a(x) — u(y)| (M(X)N (y))(pXx) (p(y))dxdyz/ @(x) PO e W e [v v]
Ix_yl +51P1 finph
RN RV Q
= = P22 = 5
Vx) -V V(x) —v X) —
[v(x) —v(y)| (()N(Y))(ll/() W(y))dxdyz u/()dxv e[ ]
e — y| VP veub,
RV RV Q
that is equivalently
I/ |u(x)—u(y)|P1‘Z(u(xh),;igly»(:p(x)—w(y)) dx dy > / ‘f(x;
Py - JRVRY b=t w 10
(P) : Iy |a(x)-a<y)|Pz*2<v<x3]:f(py))<w(x>—w(y>> dedy> / 0 g (10)
RN RN Pe—y[ TP ub2

Our first result concerns the nonexistence of positive classical solutions to (S) and is given in the following theorem:

Theorem 2. Assume that the numbers a;, az, 1, B2 , together with ¢ >0 small enough, satisfy one of the following
conditions:

1. % +a; <1 and ﬂg(S] —6)Zp2S2,
1
2. % +a; < 1 and ﬂ1(S2—£)>p181,
2
Bis ACY I 1
3. 82 4 gy > 1land 222870220 > s, With fi1s, <1451 — —
" 1 pw— D282 b1z 17
4. B 4y > 1and PO > by with fos < 1+ — =,
s, a+p,—1 P2
5 a;>1, > Sz (al +p1— DA — ay), ﬂzslpl < min {Szpz, 1+s; — p_} and
2

Pr(82p2(a1 + p1 — 1) — fasip1) = sipi(ar +p1 — 1)(az +p2 — 1),

ﬁl S2P2

6. a;>1, p1 > —(az +p— DA — ay), <m1n{slp1,1+sl—p—}and

Pa(s1p1(az + pa — 1) — p152p2) > sopi(@ + pa — D(ag + p1 — 1).

Then, there does not exist any classical solution to system (S).

To prove the above result, we use a comparison principle given in Arora et al.3% Theorem 1.1 tooether with the boundary
behavior of suitable subsolutions and supersolutions to problem (EQ) deduced from Theorem 1, as detailed in Proposition
1 and Lemma 1 below.
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The next result states our main existence and regularity result:
Theorem 3. Assume that the positive numbers a;, az, f1, B2 satisfy the condition (6).

1. Let? 132 +a; <land? Zsl + a < 1. Then, problem (S) possesses a unique positive weak solution (u,v) € W, (Q) x
Sp 2(Q) satisfying for any € > 0 the following inequalities for some constant C = C(¢) > O:

Cldn <u<Cd" ¢ and C'd> <v<Cd*¢ in Q.

In addition, there exist constants w; € (0,s1) and w, € (0, s,) such that

v e CTRY X CERY) if2 <p < oo,
U Co(RN) x Co:(RN)  ifl<p<2.

2. Let
pisi(az +p2 — 1) — p1fise _ PpSaar+pi—1)—pafrs

= d &= .
(a1 +p1—D(az+p1 —1)— pip> d (a1 +p1— Dz +p2—1)— pif2

Now, assume that o, air > 1 with €7 < min {p1s1,1+s1—pi} and @ + ay; > 1 with yp <

Sy 1

min { D282, 1+ 85 — o } Then, problem (S) possesses a unique weak solution (u,v) in the sense of Definition 2 and
2
satisfies with a constant C > 0:

Cld" <u<Cd and C'd* <v<Cd® in Q.

Furthermore, we have the optimal Sobolev regularity:

o (u,v) € WPH(Q) x WP(Q) if and only if A; <1 and A; <1 and
o i, u®) e WiPH(Q) x WP (Q) ifand only if ;> Ay > 1and 0,> A, > 1,

where Ay 1= SRTVOIG) ppg Ay = ©tV0T140) 1y g qdition, there exist constants ws € (0,7) and wy € (0, )
W that P1(s1p1—¢B) D2(S202—7Fa)
such tha

C7(RN) x C4(RN) if2 < p < oo,
(u,v) € .
CoRN)x C*(RN)  ifl<p<2.
3. Let
_ S5ib — b1s2
oy +p1— 1 '
fﬁl(s2 94 ay > 1 for some € > 0, with f15, < min {plsl, 148 — p— and ﬁ” + ap < 1 hold, then the problem (S)
possesses a unique weak solution (u,v) in the sense of Definition 2, satlsjj/lng the following inequalities for some
constant C> 0:
Cl'd" <u<Cd and C'd» <v<Cd>™* in Q.

Furthermore, v € Wgz’p 2(Q) and

e UE ng’pl(Q) ifand only if A3 <1 and
- u e WP (Q)ifand only if 0> Az > 1,

= G- Ve -lta) g, addition, there exist constants ws € (0,y) and wg € (0, s3) such that

where A
3 D1(81p1—F152)

wv) e C'RV)x C2¢(RN)  if2<p< oo,
u,v
Co(RNYx C?(RY)  ifl <p<2.
4. Symmetrically to Part 3 above, let
_ 502 = Posi
ay + Py — 1 ’
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fﬂ2(s] mJ, +a; > 1forsomee > 0, with f>s; < min {pzsz, 1+5,— o } and == ﬁl 2= +ay < 1hold, then problem (S) possesses
a unlque weak solution (u, v) in the sense of Definition 2, satisfying the followmg inequalities for some constant C > 0:

Cld"<u<Cd"cand C'd* <v<Cd® in Q.

Furthermore, u € W,'*'(Q) and:
e VE Wgz’pz(Q) ifand only if Ay <1 and
« VW e WP (Q)ifand only if 0> Ay > 1,

- (s,p,—=1)(p,—14a,)

. In addition, there exist constants w; € (0, s1) and wg € (0, &) such that
P2(8$202—B281)

where Ay

COERM) X CE(RY)  if2<p < oo,
(u,v) €
Cor(RN) x C?s(RN) ifl<p<2.

1.5 | Organization of the paper

The paper is organized as follows: Section 2 is devoted to prove Theorem 2. Next, we prove the existence, uniqueness, and
regularity of positive weak solutions contained in Theorem 3 in Section 3. The proof is divided into three main steps. First,
we need to fix the invariant conical shell under the operator 7 defined by (3), containing all positive functions between
pairs of subsolutions and supersolutions. Next, thanks to the regularity contained in Theorem 1, and applying Schauder's
fixed-point theorem, we prove the existence of a positive solution in C. Finally, to complete the proof of Theorem 3,
we apply a well-known argument due to Krasnosel'skii#! Theorem 3.5 (p281) and Theorem 3.6 (p282) t prove the uniqueness of the
positive solution.

2 | NONEXISTENCE OF POSITIVE CLASSICAL SOLUTIONS

In this section, we prove Theorem 2. To this aim, we need the following new technical results.
First, by comparison principle3® Theorem 1.1 tgoether with Theorem 1, one can derive the following proposition for
subsolutions and supersolutions to the problem (EQ):

Proposition 1. Let u (resp. ii) be a weak subsolution (resp. supersolution) of (EQ) in the sense of Definition 1. Then, there
exists a positive constant C > 0 such that

1. u<Cd*=¢ forevery e >0, and &t > C~'d* holds in Q, ifg +a<l.
2. u<Cd and i > C~1d* holds in Q, lf‘g +a>1with0<f< min{sp,1+s—ll)},

sp—p

where a* = .
a+p-1

Next, we have the following result about the behavior of classical solutions to (S):

Lemma 1. Let (u, v) be a pair positive classical solution of system (S). Then, there exist two positive constants C;, C; such
that
u > Cid* and v > C,d™ holdsin Q. (11)

Proof. Let wy, w, be, respectively, positive solutions of the following problems:

(A wi=1,w; >0 in Q w; =0, in RM\Q,

(A w, =1, w; >0 in Q w, =0, in RM\Q.
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By using Iannizzotto et al.,*> Theorem L there js @y € (0, 5,] and a; € (0, s,] such that w; € C*%(Q) and w, € C%(Q). In
addition, by Del Pezzo and Quaas,** Theorem 1.5, p- 768 ye gbtain that

w; > Kd* (x) and w, > Kd*(x),

for some K> 0. Finally, since (u, v) is a pair of classical solution of system (S), we obtain

1

(—A)) u>c = (-A) < e 1w1> and (M) V> e =(-A); <c§2_‘1w2) in Q,

for some constants c;, ¢, > 0 small enough. By the comparison principle,3 Theorem 1.1 we then deduce (11). O

Proof of Theorem 2. Suppose that there exists (u,v) a positive classical solution of system (S). We distinguish the
following cases according to the statement of Theorem 2:
Cases 1 and 3: Assume conditions in Case 1. By using the estimates in (11), u is a subsolution of the problem:

S d=h% . . N
(A, w=——w>0 in Q w=0, in R'\Q,
' Cgl wa

where the constant C, is defined in (11). Since ﬁ 22 + a; <1 and by Proposition 1, we obtain for every ¢ > 0:

Cld%%=9 <y % < Cd%% holdin Q,

for some constant C > 0. Then, from Remark 1 (since f,(s; — €) < f251), the following problem

B
(-A)p v = ”v— v>0 in Q v=0, in RM\Q,

has no weak solution if §,(s; — €) > p.s,. Analogously, we get the same conclusion for Case 2.

Consider Case 3. Since 132 + a1 > 1 with 15, < min q s;p;,1+ 5] — o } then by Proposition 1, we have
1

—P2G1P1-P152)

Cld” am1 <u? < Cd”* holdin Q,

By(s1py— ﬁlsz)

for some constant C > 0. Again, from Remark 1 (since pra
ay 1

< fp,51), the following problem

b,
(-A) v = L:)— v>0 in @ v=0, in RM\Q

has no weak solution if Z28121=/152)
a;+p—1

Cases 5and 6: Let M = min§ {v‘ﬂl } Then, we have in Case 5, u is a supersolution to the problem:

> p»Sz. Analogously, we obtain the same results for Case 4.

o w=22L w>0 in @ w=0, in R\Q
1 we
By using Proposition 1 (since a; > 1), there exists a positive constant C > 0 such that
S1P1 .
u > Cd=+1-1 hold in Q.

Hence, v is a subsolution to the following problem:

_ _Bsim
a)+p1-1

(A w= —dcﬁl —. w>0 in Q; w=0, in RM\Q.
W%
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Since —2%PL_ 4 ¢, > 1 and ﬂzs—lp‘l < min{spy1+s——+ } , by applying Proposition 1 and the estimates (11),

S(o+p =D a+p,— b
there exists a positive constant C > 0 such that

—P1(sap2 (a1 +P1=D=Frs1P1)

C7ld” @mvemmn <y < Cd % hold in Q.

Finally, by Remark 1 (since 2&22@tP1=V=Psip1) o g o) we obtain that the following problem
(ay+p; —1)(ay+p,—1)

-
(—A), u= v—al u>0 in @ u=0, in RM\Q,
u*
has no weak solution if

pr(s2pa(an + p1 — 1) — fosipr) = sipi(ar + p1 — D(az + p2 — 1).

Analogously, we get the same results for Case 6. O

3 | EXISTENCE AND UNIQUENESS RESULTS

Proof of Theorem 3. We perform the proof along four main steps:
Step 1: Existence of a pair of subsolutions and supersolutions, invariance of the associated conical shells.

We decline this step through four alternatives according to the boundary behavior of solutions to nonlinear
fractional elliptic and singular problems of type (EQ), as described in Theorem 1:
Alternative 1. If % +a; <land % + a, < 1. So we consider the following problems:

1 2

d —Bis . .
(—A),) uo = M up>0 in Quy=0, in RM\Q,

ay
0

d(x)~Ps:e)

(—A), uy — w; >0 in Qu; =0, in RM\Q,
1 ull
and
dx)~ P
(=), vo = %, Vo >0 in Qvy=0, in RV\Q,
0
d(x)~P61-€)
(—A)lsfz v = (x)T v >0 in Qv =0, in RVM\Q,

Y1

forevery e > 0. Then, from Theorem 1 (i), there exists unique solutions ug, u; € ng’p ! (Q)nC(ﬁ) andvy, v, € Wgz’p 2(Q)n
C(Q) to above problems, respectively, and one has for some constant C > 0:

Cld" <ug, up < Cd™~€ and C'd* < vy, v; < Cd2™¢ in Q.
Now, we define the following convex set:

C: = {(u, V) € C(ﬁ) X C(ﬁ); miu; < u < Mjug and myv; <v < szo}

= [myuy; Myiuo] X [mavy; Mavo],
where 0 < m; < M; < oo and 0 < m, <M, < oo are such that C is invariant under

T @ W)= Tw) = (T10), W) : C— CQ)x C(Q)
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where 7 defined in (3), thatis 7(C) c C.
Hence, we need to check the following inequalities:

T1(Mzvo) > miuy and T5(miug) < Mo, (12)

To(Miug) > myvy and T1(mavi) < Myug. (13)

Thus, it suffices to show that (mju;, myvy) (Myug, Mavy) are, respectively, subsolutions and supersolutions pairs
to (S) by using comparison principle3® Theorem 11 for appropriate constants my, m,, My, M,. Precisely,

(—A)f,l1 (miuy) < S — 5 and (—A)f;2 (Mavp) > S S S-in Q
(Mmyup)*™ (Mavo)™ (M2vo)™ (maup )™
(=A)p, (Miuo) > 1 and (-4),; (mavy) < — L ___ing

(Miug)™ (mavy ) (mav1)™ (myuy )

in the sense of Definition 4. Then, we have the following conditions:

) m‘fl"’Pl 1Cﬂ1Mﬂ1 M”z"’Pz_lC ﬂzmﬂ
(A (mun) € 2 and (<MY (Myvp) > 2L
(myup)™ (Mavo)™ (Mavo)™(myuy )™

M“1+P1—1C b mﬂl mbe P ICﬂZMfZ

and (- A)p (myvy) < —2

(= A)p (Myug) > —— .
(mav1)™(M1ug)™

(M1up)™ (mavy )

We look for m;, My, m,, M, satisfying inequalities (12) and (13). To this aim, by the condition (6), there exists ¢ €
(0; +00) such that

p—1+a1—1>o_>—ﬂ2 ,
it prtax—1
or, equivalently,
p1+a1—1>0'[31 anda(p2+a2—1)>ﬂ2. (14)

We choose m; = A™', My = A, my = A%, and M, = A°, where A € [1;+0c0) is a sufficiently large constant, we get

Ch < m{P UM that is, Ch < Antpi-1=ohy
Ch < M T imh that s, Ch < AuPl=oh
ch < m_(“2+p 2_1)M that is, CP < A0@atPi—D-h;
c’ < M;’2+P2‘1mf2, that s, CP2 < A°atp VP2,

Hence, by using the inequalities (14), we conclude that all inequalities above are satisfied for A € [1;+o0) large
enough.
Alternative 2. Now, we consider the following auxiliary problems:

d()fﬂl . N
(A) =—2—,u>0 in Q; up=0, in RY\Q,
ul
0
d(x)1h . . N
(A) =——7 >0 in Q; vp=0, in RY\Q,
Vo2

0

where 0 <y <57 and 0 < £ < s, are some suitable constants to be determined. In this regard, we consider ‘fﬂ L4 >1

with £f; < min {plsl, 1+5 — o } and ”ﬂz + ay > 1 with yf, < min {pzsz, 1+5— o } and by using assertion (ii) in
2

1
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Theorem 1, there exists unique minimal weak solutions u, and vy, respectively, to the above problems and satisfying
with some constant C > 0:

s1p1—¢h1 s1p1—¢h1 S2P2-7B) Sap2=1h

Cldam— <uy < Cdam— and Cld=nt <y, < Cd=w1 in Q.

Then, setting
_ Sp2—vh and v = 101 —¢h

a+p,—1 (11+p1—1’

we obtain the following equivalent system:

E(az +p2—1) +yfr = $2p2,
Epr+y(a +p1— 1) =s1p1.

Under the subhomogeneity condition (6), the system above is then uniquely solvable and

&= PaSy(@ 4P —1)—py o8y
(a1 +p—D(@y+p,~ -, 5,

— S (4P, —1)—p1 15,
(ay+py =)@ +p—D—p1 b,

Arguing as in Alternative 1, we define the following set:

C:= {(u,v) € C(ﬁ) X C(ﬁ); miuy < u < Miug and myvg <v < szo}

= [myug; Miuo] X [mavo; Mavo],

where 0 <m; <M; <oo and 0<m, <M, < oo are such that C is invariant under 7. Hence, we need to fulfill the
following inequalities:

T1(M3vo) > myiug and Tr(mqug) < My, (15)

To(Miug) > myvg and 71(mav) < Miug. (16)

Thus, it suffices to show that (m;ug, m,vy) and (M;ugy, M,vy) are, respectively, subsolutions and supersolutions pairs
to (S) with appropriate m,, m,, M1, M,, that is,

1

(M1up)™ (Mavo)
1

(Miuo)™ (mavo)”

and (—A); (Mavo) > 1 Q,
? (Mvp)® (myug)”

and (—A),; (mavp) < a;ﬂin Q
(Mav)™ (myup)™

(=A)p (myug) <

(=), (Myug) >

in the sense of Definition 4. Equivalently, one has

me +p, -1 CﬂlMﬂl Ma2+p2_lc_ﬁ2 mﬂz
(=A)p, (M) € —————22 and (=A);, (Mow) 2 —————,

(myuq)™ (Mavg)™ (Mavo)*(myup)™

M‘111+P1_1c—ﬂ1 mgl mgz‘*'pz_l Cﬂszl

(=A), (Myug) > and (—A)y; (mavo) <

(Myug)™ (mavp) (Mave)(Myug)”

Now, we recall inequalities (14) to conclude that all inequalities above are satisfied by choosing m; = A7, M; =
A, my =A~°, and M, = A° with A € [1; +0) taken sufficiently large.
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=€)

Alternative 3. Consider the case where ﬂl(ss— +a; > 1 for e > 0small enough, with f;5, < min {s1 p1,1+s1 — pl }
1

Then, by using assertion (ii) in Theorem 1, thte following problems

d(x)=hs . .
(=), uo = %, Up>0 in Quy=0, in RM\Q,
u

0

_ d(x)—ﬁl (8,—¢€)

(—A), uy u; >0 in Q u; =0, in RN\Q,

ay ’

ul
have unique positive weak solutions denoted respectively by uy and u; satisfying

s1P1-P152 s1p1-F152 s1P1-P1(52—€) s1P1-P152

Cld e <uy < Cdwn-t and C'd w1 <uy < Cdwm-1  in Q,

where C is a positive constant large enough. Now, we consider the scalar auxiliary problem:

B d(x)Per

(—A); vo = V>0 in Q; vp=0, in RM\Q,

a ’
0

with y = Z”'L%ﬂlsf. If ﬁ;—7 + a, < 1, by assertion (i) in Theorem 1, there exists a unique solution vy in W,***(Q) n cQ)
1 1~

to the above problem which satisfies for some constant C > 0:
Cd2 <vy < Cd>¢ in Q.

Set
C:

{(u, V) € C(Q) x C(Q): myuy < u < Myug and myvy < v < szo}
= [myuy; Mauo] X [mavo; Mavo] .
Following the approach as in Alternatives 1 and 2 and by using the inequalities (14), we can infer the existence of

mq, My, my and M,, with 0 < m; < M; < co and 0 < m, <M, < oo such that C is invariant under 7.
Alternative 4. Symmetrically to Alternative 3, we assume @ + ay > 1 for e small enough, with fs7 <
2

min { D252, 1+ 55, — pi } Hence, again by using assertion (ii) in Theorem 1, the following problems
2

d —Bsy
(=AY v = L V>0 in Qv =0, in RM\Q,
)
d —P,(s1—¢€) . .
(—A);,2 V) = (x)T’ vy >0 in Q;v; =0, in RM\Q,
v
1

admit unique positive weak solutions vy and v; in the sense of Definition 1, that satisfy, respectively:

$2P2=F251 SpP2=Pas1 S22 =P (51-€) SpP2=Pas1

Cld@wm1 <yy < Cd et and C'd =27 <y < Cd = in Q,

where C is a positive constant, large enough. Now, we consider the following problem:

d ¢
(=), up = (x)— Up>0 in Q; up =0, in RM\Q,
u 1

0

where £ = S;Pi%. If ¥ +a; < 1, from assertion (i) of Theorem 1, there exists a unique solution uy € W,"”(Q)n cQ)
2 27 1

which satisfies for some constant C > 0:

Cld% <uy < Cd"™¢ in Q.
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As in cases Alternatives 1-3, and using (14), we can prove that

C:= {(u,v) € C(Q) X C(Q); myup < u < Myup and mav; <v < szo}

= [myug; Miuo] X [mavy; Mavo]

is invariant under the operator 7.
Step 2: Applying Schauder's fixed-point theorem.

Along the different Alternatives 1-4, we aim to show that 7 : C — C is compact and continuous.
In this regard, for any (u,v) € C, we infer the following statements:
Alternative 1. Applying assertion (i) in Theorem 1 with

s=5,p=p,a=ay, and K(x) =v" forx € Q,

(4) possesses a unique solution &t € Wg"p '(Q). Furthermore, one has (with uniform bound depending on
my, My, M1, M, and ¢) for some constant w, € (0, s;) and for every e > 0:

e Che(Q)  if2<p<oo,
Co1(Q) if1<p<2.

Analogously, we get ¥ € Wgz’p ?(Q) unique solution to (5) with
S=8,p =D a=a and K(x) = u", forx € Q,

and there exists a constant w, € (0, s,) such that

. Coe(Q)  if2<p<oo,
c»@Q) ifl<p<2,

(with uniform bound depending on m;, m,, My, M, and ¢) for every ¢ > 0.
Alternative 2. Applying assertion (ii) in Theorem 1 with

s=s,p=p,a=a;, and Kx) =v™", forx € Q,

there exists a unique weak solution to the problem (4). Furthermore, we have the sharp Sobolev regularity result:

« il e W (Q)ifand only if A; <1
and
« 0 e WP (Q)ifand only if 0> Ay > 1,

where A; 1= %, and there exist constant ws € (0, y) such that
1W1P7176A

e CrQ) if2<p< o,
Cc»(Q) ifl<p<2.

Analogously, we get ¥ a unique weak solution to the problem (5). Furthermore, we have

« Ve WP (Q)ifand only if A, <1
and
« ¥ e WrP(Q)ifand only if 0> A, > 1,
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— 2P~ V(P —14ar)

where A, :
P2(8:0,—75,)

, and there exist constant w4 € (0, £) such that

. CiQ)  if2<p<oo,
co(Q)  ifl<p<2.

Alternative 3. Similarly to Alternative 2, applying assertion (ii) in Theorem 1 with
s=s,p=p,a=a;, and Kx) =v?, forx € Q,

there exists a unique weak solution i to the problem (4). Furthermore, we get the optimal Sobolev regularity:

« i€ W) ifand only if A3 <1
and
« % e Wit (Q)ifand only if 0> A3 > 1

- (5;p1—D(p;—14a;)

where As :
3 P1(8:p1—5:81)

, and there exist constant ws € (0, y) such that

e Cr(Q) if2<p<oo,
C*(Q)  ifl<p<2.

In the same manner, analogously to Alternative 1, applying assertion (ii) in Theorem 1 with
S=S5,p=ps a=0a, and K(x) =u", for x € Q,

we obtain the existence of ¥ € W;”P 2(Q) such that for some wg € (0, s5,), we have

e Coe(Q)  if2<p< oo,
Ccs(Q)  ifl<p<2
Finally, Alternative 4 is treated analogously, by combining the arguments from Alternative 3.

» Compactness of 7: Let (u,v) € C. Since 7 (u,v) = (ii,?) € C, from above results, there exist constants 7; € (0, s;)
and 7, € (0, s,), such that

e Cn(Q)and b € C=(Q),
for all Alternatives 1-4 and with uniform bounds in C. Now, the compactness of the embedding C™ (5) o C(ﬁ)
and C"2(Q) < C(2) ensures that 7 is compact.
« Continuity of 7: Now, let us consider an arbitrary sequence {(u,,Vn)},en C C verifying

(Un, Vi) = (Ug,vp) in C(Q) x C(Q),

as n — oo. Setting (i1, V,) 1= T (uy,vy) and (&g, Do) := T (ug,vp). Since 7 is compact there exists a subsequence
denoted again by { (i1, ¥»)} ,en such that

(i, D) = (@,D) in CQ) X C(Q). (17)
On the other hand, from Definition 1, we have (. 9,) € W,”(Q) x W,2P*(Q) satisfying

oy € WyP(Q) and inf i, > 0 for all K € Q,

by € W,P(Q) and inf 9, > 0 forall K € Q,
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for some k¥ > 1, and

/ / 1800 = B )P @) = BP0 = 0O / o)
~ay Py ’

N+s,p
|x — y|" A ,'v
RN RN Q non (18)
[9() = Dn()IP2 2D () — Du (M)W (X) — w(»)) _ [ v
dx dy = dx,
|x _ |N+32P2 £ By
y L 7
RN RN Q

for all (g, y) € J W' ()X Ugea Wy ().
QeQ
We now pass to the limit in (18) as n — co. For this, we distinguish along above Alternatives 1 to 4. Precisely,
Alternative 1: By taking (¢, y) = ({L,, D,) € W1(Q) x W*P*(Q) as a test function in (18), we have that

P — N P
/ [0, (X) — ()| dx dyz/ 1 dx < /d(x)_sl(al_l)_ﬂls2dx <C

N+s,p ~ra—1
X — 1F1 1 1
T Tex |x =yl v, A

I N P>
/ 1on(0) = P dy = / L i< / Ao DB gy < C.

N+s Ady—1
|x — yl 2P> vnz uﬁz A

Therefore, {&i,}, and {D,}, are uniformly bounded in W,"”'(Q) and W;*"*(Q), respectively. Hence, taking into

account (17), we have
u, — dweakly inW,"”'(Q) and v, — d weakly in W,>**(Q),
u, — istrongly inLP1(Q) and v, — Dstrongly in LP2(Q),

u, — fta.e.inQ and v, - va.e. inQ.

Now, for any ¢,y € C(Q):

7 ) 1=2 (4 — 1 —
lim / |8 (x) = 2 (D)7 ({1(X) = 8 (1)) (@(X) = 9(¥)) dxdy
n—co |x — y|N+S1P1
RN RN
_ / / 10(x) — ()P~ (@) — 0(y)) (9(x) — P(»)) dd
=y »
RN RN
and
1 -9 DP2=2 (4 - _
lim / [0 (0) = Dn()|7> 7 (Dn () — V() (W (X) — () dxdy
n— oo |x — y|N+52P2
RN RN
_ / / 960 = P~ (06 = 0D W) =y ) |
|x — y|N+s2p2 Y.
RN RN
Next, using
(p(X) <¢ d(x)—suh—szﬂl c LI(Q) and W(X) <c d(x)—szaz—s1ﬂz c LI(Q),
i i

where ¢;,¢c; >0 and for any @, y € C(Q), and by the dominated convergence theorem, we obtain

yx) / v o

. X X .
hm/(’;(;dx=/(p(;dxandhm/aﬁdx— - dx.
A anlvnl A ﬁt"lvol n—oo A ﬁnzunz ﬁ%uoz

Q
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Finally, passing to the limit in (18) as n — oo, we obtain
/ / 809 = 81" A — AW — 90 4 / o0
e — y| V0P u”‘lvﬂ !
RN RN Q (19)
/ / 1900 — PP 00) ~ MW ) =y O . / ve) 4o
Jx — y| NP2 Pyl
RN RN Q

for any @,y € CX(Q). By density arguments, we then conclude that (19) is satisfied for any ¢ € ng’p '(Q) and
w € WP(Q).
Alternative 2. We distinguish the following cases:

o If Ay, A, <1. By using (¢, y) = ({Ly, D) € WP1(Q) x WP*(Q) as a test function in (18), we obtain

~ 1 P1
|2, (X) — L, (V)] dx dy = dx < d(x)—}'(al—l)—ﬂlfdx <C
|x _ y|N+S1pl aal 1 ﬂ1

RN RN Q Q
A 5 D>
[Dn () = V() dx dy = dx < d(x)—é(az—l)—ﬁﬂdx <C.
_ 4,|N+s,p, adp—1 ﬂ
lx — yl Dy
RN RN Q Q

Then, {{,}, and {D,}, are uniformly bounded in W;'*(Q) and W,>**(Q), respectively. Now, as above, passing to
the limit in (18) and (19) holds.

« If A1, Ay > 1. Using (@, w) = (@5, 05') € WP (Q) x W*P*(Q) with «' > max {A1, A, }, as a test function in (18),
and using the inequality in Brasco and Peurlnl,44 Lemma A2 we obtain

~AK _ 0K b1
|M (.X') (y)l dx dy S 1/ dx S d(x)—}’(a1_'f/)—ﬂ1§dx S C
|x y|N+S]p1 a‘xl_’( Vﬂl
Q n n

Q
P (x) = VK P> ,
|() [re) =BT g o e < [ d@ e e s C,
x — y|VFoP A ul A

where k = % >landC' = o ;_pl)p .Then, {a} } and {9} areuniformlyboundedin W;""(Q)and W***(Q),
respectively. Moreover, by using Fatou's lemma, we have

AK ) s KN
||u ”‘,V\ULM(Q) < llgéonfllunﬂwolvm(g) <C,

and
||17K||Wgz,p2(g) < 1innl(i)onf||9§||Wgz,pz(Q) <C.

Since @, b € C(Q) and by virtue of the strong maximum principle, for all K € Q, there exists pg, such that
i(x), v(x) > px > 0 fora.e. x € K.

From the proof of Theorem 3.6 in Canino et al,?° we obtain

lx_y|i"+S1P1 = FK i '|x—y|AN+“1P1
P2 1k KO-
|x—y|N¥s2p2. = FK |x—y|N+s2pP2

[B)-aWIPT 1k |8 )-8 ()|
x,y €K, K € Q.

This yields
~ S1,P1 N $2.D2
e W, (Q) and h e W 2=(Q).
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Finally, we can follow exactly the proof of Canino et al.2% Theorem 3.6 (pp240-242) jp grder to pass to the limit in the
left-hand side (18). For the right-hand side, we obtain for any Q € Q, and ¢ € W,""'(Q) and y € W,>**(Q):

@

N
U, vy

1/

Al 7l
n “n

<d)7raPe | € LYQ) and <d)~ERPr |y | e LY(Q),

we conclude that

[2(x) — B[P *(@x) — ) (@() — () dx dy = PX) de
x — y|N pay’
RN RN Q 0 (20)
/ / 19(x) — D()IP2 2 (D) = D)W (x) — w()) de dy = / Y (X)
y = dx7
| — y| NP2 D2y
RN RN Q 0

for all (¢, ) € U WP QX UgeaWor P (€D).
QeQ

Alternatives 3 and 4. Using the same approach as in Alternatives 1 and 2, passing to the limit in (18), we get & and
? weak solutions to (20) in the sense of Definition 1. From Theorem 1, we infer that

(@, D) = T (uo, vo),

which implies that 7" is continuous from C(Q)XC(Q) to C(Q)XC(Q). Finally, applying Schauder's fixed-point theorem
to7 : C - C, we obtain the existence of a positive weak solution pair (u, v) to problem (S).

Step 3: Uniqueness by strict subhomogeneity.

Here, to  prove uniqueness, we apply a  well-known argument due to  Kras-
nosel'skiz,#1> Theorem 3.5 (p281) and Theorem 3.6 (p282) precisely, arguing by contradiction, we suppose that (uy,v1), (U, v;) € C
are two distinct positive weak solutions pairs to (S) belonging to the conical shell C = [g, 1_)] X [g, 1_)], where u, v are
given in Step 1. This means that

T (ul’vl) = (ul,V1) and T (u27 v2) = (u2’v2) 5
this equivalently
(T10T2) (u1) = uy, (T2071) (V1) = vy and (T1073) (Uz) = Uy, (T2071) (v2) = V2,

respectively. Now, we define
Cmax :=Sup{c e Ry, cuy; <ujand cv, <vi}. (21)

‘We have

o 0 < Cmax < o0, since (u1,V1), (Uz, V,) in the conical shell C.
« If one can show that ¢y, > 1, then we are done, as this entails:

u <uyandv; <v, in Q.

Thus, by interchanging the roles of (u;,v;) and (45, v;), we have

U <upand v, <v; in Q.
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To this aim, we suppose by contradiction that 0 < cpax < 1. Then,

_h _h
T1(CmaxV1) = (Cmax) Pr* 7 T1 (1), T2(Cmaxt1) = (Cmax) 2 27 T1(Uy),

and

A

b Ak _bh
(T207T1)(CmaxV1) = (Cmax) P22 Pr+a-1 (T5077)(V1) = (Cmax) P2t Prea-lyy,

_h .k _h Bk
(T1072)(CmaxU1) = (Cmax) Pt P22t (T10T5)(U1) = (Crax)PrHa~? P2te-lyyy.

Furthermore, by using the weak comparison principle,*® Theorem 1.1 hoth mappings 7;07; and 7,077, being (pointwise)
order-preserving mappings, we get that

L
u; = (T10T)(U1) = (71072)(Cmaxz) = (Cmax) ™ 2 Uy,

L
V1 = (T20T)(W1) = (72071)(CmaxV2) = (Cmax) '+ *2 1,

from 0 < cpax < 1 combined with (6), we deduce that

L
(Cmax) ™1 2 > Cmax,

from which we get a contradiction thanks to the definition of cpax in (21). Then, cmax > 1. This ends the proof of

uniqueness for problem (S) and the proof of Theorem 3. O
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