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Abstract
In this article, we prove new discrete Picone inequalities, associated to non local elliptic
operators as the fractional p—Laplace operator, denoted by (—A); u and defined as:

T
(—A);u(x):zp.v./ lu) —wOI" W) —uG)) 4,

RN |x — y|NtPs

where p > 1, 0 < s < 1 and P.V. denotes the Cauchy principal value. These results lead to
new applications as existence, non-existence and uniqueness of weak positive solutions to
problems involving fractional and non homogeneous operators as (—A)i} + (—A)ZZ, where
s1,52 € (0,1)and 1 < g, p < oo. For this class of operators, we further obtain comparison
principles, a Sturmian comparison principle and a Hardy-type inequality with weight. Finally,
we also establish some qualitative results for nonlinear and non local elliptic systems with
sub-homogeneous growth.
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1 Introduction

In 1910, Mauro Picone presented in the original paper [28] the following equality:
2 2
Yuv (U—> —|Vv|2=—‘Vv—Vu (3)‘ (1.1)
u u

where u, v > ( are differentiable functions, with # > 0. This version was used to prove a com-
parison principle for ordinary differential equations of Sturm-Liouville type. In [2], authors
extend the result to the nonlinear p—Laplace operator, defined as A ,u = div(|Vu|? -2 Vu),
with p > 1 as:

P
VP2 Vuv [ —— ) < | Vol . (1.2)
up—1

More recently, non-homogeneous Picone inequalities of (1.2), were established. The first
contribution is obtained in [11,Proposition 2.9] and states as:

2 v
|VulP=>VuVv (—) < |Vo|? |Vul|P~1
ud=!
and a second form of identity is given in [24,Lemma 1] as follows:

p p—q+1
[Vul?=2 Vuv (L) < |Vu|97?2 VoV (v ) (1.3)
ub-1 ub—4a

where u, v are nonnegative differentiable functions, withu > O and 1 < g < p. We also
quote [8] where the inequality (1.3) is established when p < ¢, leading to several applications
for problems involving (p, g)—Laplace operators.

Tyagi [31] proved a more involved nonlinear Picone inequality analogue of (1.1), in
connection to the Laplace operator, as follows:

(7i) =erer
VuV | —— ) < a|Vy|
S )

for differentiable functions u and v, with u # 0 and where f(y) # 0 when y # 0 together
with f/(y) > é for some o > 0. In [7], the author provides an extension of Tyagi’s result to
the p—Laplace operator (with « = 1): For u and v differentiable functions such that u > 0
and v > 0, one has

|Vu|P~2 Vuv (fv(—p)) < |Vol?
u

-2
where 0 < y, f(y) > 0and f'(y) > (p — l)f(y)% with p > 1. Furthermore, Feng and
Yu in [17] obtained analogue results to the pseudo p—Laplace operator, defined as:

Ny
>

Picone’s inequalities are often used to prove several qualitative properties of differential
equations. For instance, these inequalities arise to obtain the uniqueness and non-existence
of positive solutions of partial differential equations and systems of both linear and nonlinear
nature, as well as Hardy type inequalities, bounds on eigenvalues, Morse index estimates,
Liouville’s Theorem and Sturmian comparison principle, see e.g. [9, 11, 30] and the references

P=2 4y

) , with p > 1.
ax,-

ou

ax;
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therein. In the context of problems with non standard growth, we refer to [1, 6] and [33] for
suitable forms of Picone identity. In case of high order elliptic operators, we further refer
the readers to [15] and [16]. More recently, the paper [32] investigates Picone’s identities
for p—Laplace operator and biharmonic operators on hyperbolic space. They use this result
to prove the existence of the principal eigenvalue, and obtain a Hardy-type inequality on
hyperbolic space. From Picone inequalities, one may derive useful Diaz-Saa type inequalities
from which comparison principles, accretivity of nonlinear operators can be established. In
this direction, we refer the seminal works [12] and [13] (concerning case p = 2 and general
case 1 < p < oo respectively).

The study of nonlocal elliptic operators have found great interest in the recent time, in
connection with problems showing analomous diffusion and transport aspects.

This naturally rises to the following question:

Question: Can we extend in the nonlocal setting similar type Picone inequalities?

In this regard [5] proved the following Picone inequality:

p p
|u(x)—u<y>|1’*2(u<x)—u(y))[”(x) _ ) ]sw(x)—v(yw’. (1.4)

u(x)P=t u(y)r=!

Brasco and Franzina [11,Proposition 4.2] extended this result, as follows:

q q
lu(x) — uIP2 @) — u(y)) [ o } <[v(@) — v u(x) — u(y)P~
u(x)? u(y)?
where 1 < p <00, 1 < ¢ < pand u, v two Lebesgue measurable functions, where v > 0,
u > 0. Among the others, these inequalities were applied to obtain a weak comparison prin-
ciple, barrier estimates and uniqueness of the stationary positive weak solution of parabolic
problems (see [19] for instance).

Nonhomogeneous (p, g)—Laplace problems have many physical interpretations. We can
refer for example the study of general reaction-diffusion equations, biophysics, plasma
physics and chemical reactions, with double phase features (see [20, 25] and the references
cited therein for further details). Consequently, this kind of nonhomogeneous operators have
attracted more and more attention and we can quote the contributions [8, 29] and the refer-
ences therein in connection with Picone identities. In particular, in [8], authors use Picone
inequalities (1.2) and (1.3) to obtain the non-existence of positive weak solutions to the
following problem:

—Apu —Aju = f(x,u) in Q,
u=>0 on 92
where 1 < g < p with @ c R" is an open smooth bounded domainand f : 2 x R - R
satisfies suitable growth conditions. In case where

Fou) =2(p) lul” 2w+ 1 ul?>u

with A1 (p) denoting the first eigenvalue of the Dirichlet p—Laplace in €2, they also discuss
the existence and non-existence of positive weak solutions, for some range of A > 0.

The nonlocal and non-homogeneous counterpart problems involving (— A);‘ +(— A)ﬁf ,for
s1,s2 € (0, 1)and 1 < g, p < oo have been recently investigated (see, for instance [3, 4] and
the references cited therein, when the domain is RY). Concerning more specifically the case
of bounded domains, we refer to [22] and [27]. In [22], authors establish L°° estimates and
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the interior Holder regularity of the weak solutions to following nonlinear doubly nonlocal
equation:
(—A);lu + ﬂ(—A);zu =a(x) |ul® 2 u+bx) lul" " u in Q,
u=0 on RV \ Q
wherel <§ <2 <¢g<p<r< p;kl, 0 < sy <s1 <1, N > psyand X, B are nonnegative

parameters, a € L = (2) and b € L*°(2) are sign changing functions. Following Brasco et
al. [10] approach and using barrier estimates, [20] established interior and boundary regularity
results in the superquadratic case (i.e. ¢ > 2) complementing those in [22]. They also proved
a Hopf type maximum principle and a strong comparison principle. Recently, [21] expands
the global regularity results to the subquadratic case (i.e. ¢ < 2).

The aim of this paper is first to establish new versions of Picone identities to include
a large class of fractional and nonhomogeneous operators. Then, we give formal applica-
tions as existence, non-existence and uniqueness of a weak positive solutions to fractional
(p, g)—Laplacian problems. Also using these inequalities, we obtain comparison principles
for some nonlocal and nonhomogeneous equations involving (—A)f,,‘ + (—A)f,2 operators,
a Sturmian Comparison principle to fractional p—Laplace equations, as well as a Hardy
type inequality with weight and some qualitative results to nonlinear elliptic systems with
sub-homogeneous growth.

2 Preliminaries and main results
2.1 Notation and function spaces

We recall some notations which will be used throughout the paper. Let us take 0 < s < 1,
p>1land Q C RN, with N > sp an open bounded domain with boundary of class C!-!.
First, for the reader’s convenience, we denote [a — b]P~! := |a — b|P -2 (a —Db).
The Banach norm in the space L? (2) is denoted by:

1
P
lullLr @) = </ Iulde> :
Q

We recall that the fractional Sobolev space W7 (RN) is defined as follows:

WP (RN) = {u e LP®RM), / / dedy < oo}
RV JRN |x — y|VHsp

endowed with the Banach norm:

1
(o () =P 7
||u||ws,p<RN>.—(nuuLP(RN) / /R ey )

The space W,'” () is set of the functions defined as:
Wy (@) = {ue wr (RY) | u=0 ac.in RV\ @}

and the Banach norm in the space Wg "P(Q) is the Gagliardo semi-norm:

1
lu(x) —u(y)|? »
lullysr @) = </]RN /]RN X — y[N s ———————dxdy
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We recall that by the fractional Poincaré inequality (e.g., in [14,Theorem 6.5]), there exists
a positive constant ¢ > 0, such that

-1
cullws.r@ryy < ||”||W(;‘-I’(Q) < cllullys.p@ny

for all u € Wg’p(ﬂ). We recall that Wg’p(ﬂ) is continuously embedded in L"(£2) when

N
N_’;p (see [14,Theorem 6.5] for

1 <r < p¥ and compactly for 1 <r < p¥, where p} :=
further details).

_ Moreover, we denote by d(x) the distance from a point x € Q to the boundary 02, where
Q = QU 9L is the closure of €2, i.e.

d(x) :=dist(x, 02) = inf [x — y|.
yea2

Setting & € (0, 1], we consider the Holder space:

CO*(Q) = {u cc@. sup MO THON oo}
X, yeQ, x#£y |X - y|
endowed with the Banach norm
[u(x) — u(y)l

lullcoe ) = llullLo@ + - sup "
X, yEQ,XxF#Y X y

Forl < r < coandagivenfunctionm, € L (Q), ¢ _s.r (m,) denotes the positive normalized
eigenfunction (||@y s, (m;) ”LOO(Q) = 1) of (—A)§ with weight m, in W' () associated to

the first eigenvalue A s ,(m,). We recall that ¢y 5 (m,) € Co’a(ﬁ), for some o € (0, s]
(see [23,Theorem 1.1]).
We define for 1 < g < p:

P
. ||¢l,s.q||Wg~p(Q)
Bn, =—T——
”ng ¢1,s,q”£ﬁ(9)
By definition of A1 s, ,(m,), we have that ,8;;1) > Ais,p(mp).

We recall the embedding of Wy'"” () in Wy>? () for suitable powers and orders, in the
following Lemma (see [22,Lemma 2.1] for the proof):

Lemma2l Let 1 < g < p <ocoand 0 < sp < 51 < 1, then there exists a constant
C=C(|,N,p,q,s1,s2) > 0 such that

forallu € WP (Q).
Remark 2.2 The embedding in Lemma 2.1 when s; = s, with p # ¢ does not hold, see
[26,Theorem 1.1] for the counterexample. We then use the framework W := Wé LP(Q), in

thecase 0 < sp <51 < 1, andif s = 51 = 57, weset W := Wg’p(Q) N Wg’q(Q), equipped
with the Cartesian norm ||-||yy := ||-||W8>p(9) + ”'“WS”(Q) .
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2.2 Statements of main results

We first extend the Picone inequality (1.3) to the discrete case:

Theorem23 Let 1 < p < ococand 1 < g < p. Let u,v be two Lebesgue-measurable
functions in Q, with v > 0 and u > 0, then

[u(x) — u(y))?~! [ v v? ] < o) — v~ [U(x)p—qﬂ - v(y)p—q+l:|.

u()P=1 u(y)r-1 u(x)P—4 u(y)p—4
@2.1)

Moreover, the equality in (2.1) holds in Q2 if and only if u = kv, for some constant k > 0.

The next main result in the present paper is the following nonlinear discrete version of Picone
inequality:

Theorem24 Let 1 < p < coand 1 < g < p. Let u, v be two nonnegative Lebesgue-
measurable functions such that u > 0 in Q2 and non-constant. Also assume that f satisfies
the following hypothesis:

(fo) f :RY — RT is a continuous function and positive on R\ {0} .
(f1) f(s)>s7"', foralls e RT.
(s)

(f2) The function s — fq_l is non-decreasing in R\ {0} .
s

Then

v(x)? v(y?
f@@)  fw)
Moreover, the equality in (2.2) holds if and only if v4 = kuf (u), for some constant k > 0.

[ (x) = u(y))P~! [ ] < @) —vWI? fux) —uWIP™1. (22)

Example 2.5 An example of function f satisfying (fo)-(f2) is: f(s) = as?~! 4+ Bs9~!, with
a>0and g > 1.

Remark 2.6 Taklng f(s) = asP~! + Bs?~! withe > 1 and B > 1 in Theorem 2.4 and

observing v? = (v¢ i )4, we obtain:

B o1 v(x)P B v(y)? ] B »
[u(x) — u(y)] [au(x)l’—1+ﬂu(x)‘1—1 2P+ Bu(y)iT < v(x) —v(y)l

and
v(x)? _ v(y)?
au()P~t 4 Bu(x)4=1  au(y)P=! + Bu(y)e-!

Then, we get the following discrete Picone’s inequality which can be used for problems
involving fractional (p, ¢)—Laplace with nonhomogeneous nonlinearities:

e gl v(x)? _ v(»)? ]
([ () = I 4 L) — (™) |:am(x)1’—1 + Bu(x)?~t  au(y)P~! + Bu(y)a-!

< e = v + [pi ) =i )"

1 A P q
[4(x) = u(y) < i -]

The following corollary is a consequence of Theorem 2.4:
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Corollary 2.7 Let0O <s < 1,1 < p <ocoand 1 < q < p. Assume that f satisfies (f,)-(f2).
Then for any u, v two non-constant measurable and positive functions in 2, the following
inequality:

() — u(y)]P~! (M(X)f(M(X)) —v@)? u(y) fu@y) — v(y)q>

Fu) FuO)
o v(x)f(v(x))—u(x)‘f_v(y)f(v(y))—u(y)‘1> 0 s
o vl ( Fom) FON =0 @3

holds for a.e. x, y € Q. Furthermore, if the equality occurs in (2.3), then there exist positive

1
constants ki, ky such that vl = kiuf (), ud = kyvf (v) and kv < u < = ae in Q.

Ykt

Now, we give a series of applications of above discrete Picone’s identities:
Application 1. We consider the following nonlinear problem involving fractional (p, g)—
Laplace operator:

(—A);‘u + (—A)flzu =gx,u), u>0 inQ wu=0 nR¥V\Q; (P1)
where 0 <50 <s;y <landl <g < p < o0.

e First, we assume the following hypothesis on the function g:

(H1) g:Q x RY — Rt is a nonnegative continuous function, such that g(x, 0) = 0 and
g is positive on  x RT\{0}.

(H2) Forae.x € Q,s > gs(j_’f) is non increasing in R™\{0}.

(H3) limg_, o+ gs(qx_’f) = oo uniformly inx € Q.

Example 2.8 A prototype example of the function g satisfying (H1)-(H3) is g(x,s) =
h(x)s™1, withr < g and h € C(R) a positive function.

We define the notion of weak solution to problem (P1) as follows:

Definition 2.9 A nonnegative function u € W N L% () is called a weak solution to (P1) if,
for any ¢ € W we have:

/ / [u(x) —u(M1P " (p(x) — (1)) dnd
RN JRN Y

x — y|NFsip
[u(x) —u(M1 (p(x) — 0(»))
* /R /RN I~y dxdy
_ / g (x, wpdsx. 2.4)
Q

In addition if u satisfies u > 0 in 2, we call u positive weak solution.

The result regarding the existence and uniqueness of the weak solution to (P1) states as
follows:

Theorem 2.10 Assume that g satisfies (H1)-(H3). Then, there exists a unique nontrivial
weak solution u to (P1). In addition, u € C%%(Q), for some o € (0,s1) and for any
o € (0,s1) and o' > sy, there exists a positive constant ¢ = c(o,0') > 0, such that
1o <u<cd® inQ.

@ Springer



100 Page 8of 21 J. Giacomoni et al.

e Next, we investigate (P1) in case of asymptotically homogeneous growth, i.e.
glx,u) =2 a(x)up_1 + )\l,sz,q(b)b(x)uq_1

witha, b € (L™ (Q))+ \{0} and X is a positive real number. For this class of nonlinearities,
the following theorem states both nonexistence and existence results to (P1).

Theorem 2.11 Let0 <sp <s; < land1 < g < p < 0. Then, we have:
(1) If x < Xi5,,p(a), then (P1) has no nontrivial weak solution. Furthermore, if
¢l,sl,p(a) # C¢l,52,q(b) (2.5)

foreveryc > 0, then (P1), with A = Ay s, p(a) has no nontrivial weak solution. Assuming
that s1(p — q) < s2p + L and A > B, then (P1) has no positive weak solution.

(2) If M 5,,p(a) < A < B holds, then there exists a positive weak solution u € L°°(2)
to (P1). Moreover, any non trivial weak solution u to (P1) belong to C 0.0 (Q), for some
a € (0,sy) and for all o € (0,s1) and o' > sy, there exists a positive constant ¢ =
c(o,0') > 0, such that c'd° <u <cd’ inQ.

In frame of (P1), we finally give a weak comparison principle for positive weak solutions to
(P1) with the auxiliary function:

g, u) = h(x)u?™!
with 1 < g < p and h € L°°(Q2) a nonnegative function. Precisely, we have

Theorem 2.12 Let uy, uy € W be positive weak solutions of (P1), with hy, hy in L*(R2),
respectively, verifying 0 < hy < hp a.e. in Q. Then, u; < up a.e. in Q2.

Application 2. In the following result, we give an extension of the Sturmian comparison
principle in the context of fractional p—Laplacian operators:

Proposition 2.13 Let ay, a> be two continuous functions with ay < ay. Let f, a Lipschitz
Sfunction, satisfies (fo)-(£2). Suppose in addition that u € Wg’p (R2) verifies

(—A);u =a)uP™", u>0 inQ u=0, nRV\Q;
where 0 <s < 1l and 1 < p < oo. Then any nontrivial weak solution of the problem:
(—A);v =ay(x)f(v), in Q; v=0, inRN \ (2.6)
must vanish in 2.

Application 3. The following result establishes a nonlocal and weighted Hardy inequality,
expanding in the nonlocal setting results in [11] and [18].

Lemma 2.14 Let f, a Lipschitz function, satisfying (£o)-(f2). Assume that v € C%5(Q) veri-
fies

(—A)“;,vzkgf(v) inQ, v>0 in Q

where ) < s < 1,1 < p < 00, A > 0 and g is nonnegative and continuous. Then for any
ue (W(‘;’IJ(Q))+ , we have

lu(x) —u(y)|”
/g|u|1’dx</RN/]RN s N ————————dxdy. 2.7
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Application 4. Finally, we deal with nonlinear fractional elliptic systems:

Theorem 2.15 Assume that f a Lipschitz function, satisfies (f9)-(f2). Let (u, v) be a weak
solution to the following nonlinear system:

(=), u=f(v), >0 inQ u=0, in RV\Q;
2 (2.8)
(—A)Spv: (@) , o v>0 inQ; v=0, in ]RN\Q,
up—1

withQ < s < land 1 < p < 00. Then, there exists a constantk > 0 suchthatv? = kuf (u).

This paper is organized as follows. In Sect. 3, we give the proofs of new Picone inequalities
stated in Theorems 2.3, 2.4 and Corollary 2.7. Finally, Sect. 4 is devoted to the proof of
results stated above as applications of the Picone identities.

3 Proof of main results

We begin this section with the proof of Theorem 2.3. To this aim, we need the following
technical Lemma:

Lemma3.1 Letl < p <ocand1 < q < p. Thenforall0 <t < 1and A € RT, we have:
(1=09"YAP —1) < |A— 1|97 (A — 1)(AP~1H —p), (3.1
Moreover, (3.1) is always strict unless A = 1 ort = 0.

Proof Since the case p = ¢ is covered by [18,Lemma 2.6], we assume that | < g < p.
First, for t = 0, 3.1 is obviously satisfied. Let us assume ¢ > 0.

e Let us start with the case A? < ¢, this implies that A < 1. We distinguish three cases:

(1) Suppose that AP~9F! > ¢ we obtain A > AP~9T! > ¢ > AP then (3.1) follows
from

AP —t <0 and (A —1)(AP~9H — 1) > 0.

(2 Ifr > A > AP~9%! thenr > A > AP~9F! > AP Hence, (3.1) again follows.
(3) Finally,if A >t > AP~9%! weobserve that (1 — )7~ > (A—1)9 ' and AP —1 <
AP~4+1 _¢ < 0. Then, by multiplying the previous two inequalities, we obtain (3.1).

e We now assume A” > ¢ (note that if A? =1, (3.1) is obvious). Since < 1, this implies
that A > ¢. We then define g as below:
(A — )4~ (AP=TH! — 1)
AP —t '
After straightforward computations, the derivative of g with respect to A, denoted by
g'(A), verifies

g(A) =

, (g — DA =972 [(AP=1TT — ) (AP — 1) — (A — 1)(A?P=1 — 1 AP™)] + pt(A — )71 (AP~ — AP~
g'(A) = A7 =1
t(g—1D(A—1)I"2[APTI(AP — AT — 1) + 1]+ pt(A— )41 (AP — AP=0)
- ar—n?

AP — 1t
Ad

t(A—1)17? [(q ) ( ) (AP — AT+ p(A—1) (AP7! — AH)]

(AP —1)?
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100  Page 10 of 21 J. Giacomoni et al.

Now, we note that g’(A) is positive if A > 1 whereas it is negative if 0 < A < 1. Noting
g'(1) = 0, we get that A = 1 is a global minimum point of the function g. Then

g(A) = g(1)
1
for all A > ¢7. The proof is now complete. O

From Lemma 3.1, we deduce the proof of Theorem 2.3:

Proof of Theorem 2.3 First, note that if p = ¢, then (2.1) is obviously satisfied from (1.4).
Therefore, since the inequality (2.1) is invariant under the permutation (x, y) — (y, x), we
can suppose in the sequel that u(x) > u(y) together with p > q.

Now, the left-hand side expression of (2.1) can be rephrased as:

- v(x)? v(y)?
o) — (177 () — u(y) [u(x)p-l - u(y)ﬂ-l}

= u(x)" ((y)) (1 _ <y>) ((vmuw)” _ ﬂ)
u(y) u(x) v(y)u(x) u(x)

and the right-hand side

—q+l p—q+1
lu(x) —v(]92 ((x) — v(y)) [v(x)ﬁ ™ ey ]

w()P=4 u(y)r
_ uy (v(y))f’ (v(x)u(y)) w7 ((v(x)u(y)) B @)
u(y) vu@) ) ux)
v@u( " uy)
<<v(y)u(x)) - u(x)) '

v ux)
VWU | ul)
VU )

Setting A = , and applying Lemma 3.1, we obtain the desired conclu-

sion.
On the other hand, since r # 0, we remark that the equality in (2.1) holds if and only
A=1,ie.

U@ _ u@)
v(x)  v(y)
from which we get u = kv a.e. in 2 for some k > 0. O

Proof of Theorem 2.4 First, observe that if u(x) = u(y), then (2.2) is obviously satisfied. So,
since u is non-constant, we may consider u(x) # u(y). In this case, we note that (2.2) is
equivalent to the following inequality:

v(x)? v(y)?
S)  fw®))
Since the inequality (3.2) is invariant under the permutation (x, y) — (y, x), without loss of

generality we can assume that u(x) > u(y). Now, the left-hand side expression of (3.2) can
be rephrased as:

ux) — w77 (x) — u(y)) [ ] < @) —vI?. (3.2)
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q q
() — w72 w(x) — u(y)) [ pix) v0) ]

fu)  fuk))
= u(x)?"! (1 - ”(y)>ql [ v v ]
u(x) @) fu@)
_ v Tun)?! <1 B u(y))‘f“ v Tu(y)! (u(x) B 1)‘1“
Fu(x) u(x) Fa()  \u)

Setting t = %, the previous statement shows that (3.2) holds if the following inequality is
proved:

vt <|v(x)—v(y)|q> o <v<y>qu(y)q—1>. (33)

S (u(x)) (I=n4 19 f (u(y))

From (f}) and (f,), we obtain

1 1 1
qg—1\ ¢ q—1\ ¢ qg—1\ ¢
(b}(ét)m)) ”(X)_@((i)(y))) ”(y)§<l}((i)(y>)> (e = v = o) =il

Then, thanks to the convexity of 7 — 77 on R™, we get (3.3) and then (2.2).

If u(x) = u(y) then the equality holds. Since u is non-constant, we may assume u(x) >
u(y). Now, if the equality holds, again since the function 7 — 77 is strictly convex on R™
and arguing as above, we infer that

(o) — ()| <u<y>q1>3 v(y)

-1 Ju(y) t
Plugging this relation in (3.3), we deduce that
v ut v Tux)d!
fa@) S u(x))

Then, after straightforward computations, the second statement of the Theorem holds. O

Proof of Corollary 2.7 From Theorem 2.4, we have
v(x)? v(y)?
f@@) — fuy)

By reversing the role of «# and v, we get
u(x)? u(y)?
fG)  fG)
Assume first g = p. From (3.4) and (3.5), we then obtain

[u(x) — u ()™ (”(x)f () —v()”  u()f @)~ v(y)l’)
Fu@) Fu

2 |u(x) —uMI? = vx) —vMI? (3.6)

[u(x) — u()1P~! [ ] < @) —vWI? fux) —u@IP™1. (34

[v(x) — v~ [ } S u@) —uM o) —vMIPT. (3.5)

and

e (VO f @) — u)? _v(y)f(v(y))—u(y)”)
e = vl ( F@) Fw())

= o) —vWIP = fu(x) —u|”. (3.7
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Combining (3.6) and (3.7), we get

() — ()]~ <M(X)f(u(X)) —v@)Pu(y)fuy) - v(y)">
fu(x)) fu(y)
V@) f@) —u@x)? () f() — u(y)”> -0
f(x)) f () -

We finally deal with the case 1 < ¢ < p. By Young’s inequality, (3.4) and (3.5) imply
v(x)? v(y)? ]

+ [v(x) — v(y)]P~! (

L u(x) = uy)|?
3.8)

Loy — vy + 2=

— p=1
[u(x) —u(y)] |:f(u(x)) F )

and reversing the role of # and v

u(x)? u(y)? ]

—4 1o(x) —v(y)I? .
3.9)

Adding (3.8) and (3.9), (2.3) follows. Now, let us assume that the equality in (2.3) holds. By
Theorem 2.4, we deduce that

v =kiuf(u) and u? = kyvf(v)

L) —ur + 2

_ p—1
6 =iyl [f(v(x)) FO))

for some constant k1, k; > 0. From (f}), we finally get that kpv? < u? < kl_1 vfae.in Q.0

4 Applications

In this section, we prove some applications to the Picone identities proved above. First, from
[20] and [21] we have the following important remark about regularity of weak solutions to
fractional non-homogeneous equations that we will use several times in the sequel:

Remark 4.1 Let ug € W be a nontrivial weak solution to (P1). Then, from [20,Theorem
3.5], we obtain ug € L°°(£2). Moreover, Theorem 2.3 in [20], Corollary 2.5 and Remark 2.6
in [21] provide the O (Q2)-regularity of ug, for some o € (0, s1). By [21,Theorem 2.3],
we infer that ug > 0 in 2. Finally, by the Hopf’s Lemma [20,Proposition 2.6] implies that
ug > kd*1 ¢ (x) for some k = k(¢) > 0 and for any € > 0. Again by using [20,Proposition
3.11], we get that, for all o € (0, s1) there exists a constant K = K (o) > 0 such that
uy < Kd°(x)in Q.

Proof of Theorem 2.10 Consider the energy functional 7 corresponding to (P1), defined on
W by:

|u(x)—u(y)|p lu(x) —u(y)|?
J ) = /RNA;N x—y |N+s1p /]RN./RN " dxdy—/QG(x,u)dx
where

1
G(x,t) = /(; g(x,s)ds if0 <t < 400,
0 if —o0o<1<0.

We extend accordingly g to whole 2 x R by setting:

glx, 1) = aa—?(x, t) =0 for(x,t) € Q x (—00,0).
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Itis easy to see that 7 is well-defined on W. Furthermore, 7 is weakly lower semi-continuous
on W. Indeed, from (H1) and (H2), there exists Cy, C; > Osuchthatforany (x, s) € QxR*:

0<G(x,s) <Cys+Cys9. 4.1)
Additionally, W is continuously embedded in Wy'"* (), W(;Z "7(€2) and compactly embedded

in L9($2). J is also coercive on W. Indeed, for u € W, using (4.1), the Holder inequality
and the Sobolev embedding, we obtain

1 -
T ) = ulf, 7 g [; lael? gy = Ci [ Cz]

where constants C1, C, are independent of u. Thus, we conclude that 7 (#) — +oo as
llullyy = +o00. Then, from above properties 7 admits a global minimizer, denoted by ug.
On the other hand, we have:

N — - p
J (o) ZJ(u(J)r) + l / / |(”0 )(x) — (u )(y)! dxdy
P JRN JRN

N
x — y|NFoe

1 [(ug)(x) — (ug) ()|
;/RN \/l;N |x _ y|N+S2q dxdy
2 [(ud) ) = ug)»|”
7,/RN A;N b — y|VF5IP dxdy

_ q
/ / |(u )(x) (g )(y)| dxdy > »7(“(-;_)'
RN JRN B

|N+s2q

Therefore, without loss of generality, we can assume uo > 0. Now, in order to verify that
ug # 0 in 2, we look for a suitable function u € W such that 7(u) < 0 = J(0). To this
aim, (H3) implies for a given M > 0, there is a constant sy € (0, co) small enough, such
that

g(x,s) = Ms?" holds for all (x, s) € 2 x (0, sp) . 4.2)

Consider ¢ € C Cl (£2) an arbitrary nonnegative and nontrivial function. Then, by (4.2) and for
t € (0, 1] small enough, we obtain:

J(r¢>sr‘1[ ||¢>||"s,p(m ||¢||qw(m M||¢||‘£q<m]-

Choosing M > 0 large enough, we obtain 7 (t¢) < 0. Thus, ug # 0. From the Gateaux
differentiability of 7, we have that u satisfies (2.4) i.e. uo is a weak solution to (P1).

From Remark 4.1, we infer that ug € C%(Q), for some o € (0, s1) and for any €9 > 0
there exists a constant K = K (ep) > 0 such that K ~1d*11t€0 < yg < Kd*17% in Q. Let us
show the uniqueness of the positive weak solution. Let v € W be a weak positive solution
of (P1). Now, lete > 0, ue = ug + €, ve = v + € and set

q q q q
uE —v v —u
o= -< € and V= "¢
q—1 g—1
Ue Ve
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It is easy to see that ® and W belong to W. Then, we have:

/ / [uo(x) — ug(»1P~" (P (x) — q’(y))dxd
RN JRN |x — y|N+sip Y
[uo(x) — up(M]?~" (P (x) — D(y))

Lo x — ylNHeg dxd

=/ 2(x, 1) Pdx
Q

and

/ / [v(x) —vMIP~ (W (x) — () dnd
RN JRN

x — y|N+sip
[v(x) — v (W) — W (y)
Lo b =y ey

= / g(x,v)Wdx.
Q
Then adding the above expressions and from Corollary 2.7, we deduce

05/ /‘ [ue (¥) = ue(1"~! (@ (x) —<I>(y))dxdy
RN JRN

x — y|NHsip
[te (x) — ueMITH (@) — D(y))
* /R fRN vy dxd
[Ve (x) — e TP (W (x) — W (y))
* /RN fRN x — y[Voorr dxd
[ve (x) — ve(MIT™1 (¥ (x) — W ()
* /R /R v — y|VF axdy
:/ (g(x,_:)) g(x, uo)) W — ul)dx. 4.3)
o\ v ul

In order to pass to the limit in the right-hand side of (4.3), we use ug, v € L°°(2) and
g(x, up), g(x, v) € L*°(R). Therefore, according to boundary behaviour of u#( and v (given
by Remark 4.1), we have

() =2 () s ]

Indeed, from the Holder inequality and the fractional Hardy inequality [11,Theorem 6.3], we
obtain:

“oy! mw_\* CNT o ow )\
|uo(x) —uo(y)]” )Z
=¢ ——o.—dxd
) </ﬂ ar q%n) (fR /R oy Xy ) <00

for €y small enough and C = C(ep) > 0. Similarly, we have for ¢y small enough

q q
(v—e> <2471 [<1> + 1] e L'(Q).
Ue uo
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Finally, passing to the limit as ¢ — 0 in (4.3), using Fatou’s lemma, the dominated conver-
gence theorem and (H2), we obtain

o< / / L9 (x) — ug(y)1~"! (u%(x)—vqoc)_uZ(y)—vq(y)) dxdy
RN JRN

v — y|NFsip ul™ ) ud™ )
/ / Lo () —uoWI*™" (uf®) —v9() ug() —vI - iy
RV JRN |x — y|Nea ul ™! (x) ud ' )

[wx) — oM~ [v1) —udx) v —ud(y)

# L LS ( IR E TR Rt
[wx) — oM (vIx) —ud () 1) —ud ()

+ L ( W) ey )

g, v)  g(x, MO)
:/;2< qul — u )(q g)dxf()

0

From Corollary 2.7, we infer that ug = k v, for some k > 0. Without loss of generality, we
can assume that k < 1. Since 1 < ¢ < p and by using (H2), we obtain

lug(x) — Mo(y)l" lup(x) — uo(y)|?
/RN/RN Ty Ve B +/RN/R~ Ty D
) = vl v(x) — v
q
=k [/RN fRN Tx—yvnr 4 /RN fRN Tx— g PP

:kq/ g(X,U)UdXZ/k"_]g(x,v)kvdx
Q

_ p _ q
- / g(x,uo)uodx:/ / [uo(x) — up(y)l dxdy +/ / lup(x) — uo(y)l luolo) = w0
Q RN |x — y|NFsip R’V Jry  |x — y|[NVHs2a

which yields a contradiction. Hence k = 1 and up = v. O

Proof of Theorem 2.11 We first deal with the nonexistence of nontrivial solutions to (P1).
Assume that u € W is a nontrivial solution to (P1) and suppose that A < A1y, ,(a). Taking
u as a test function in (2.4) and by the definition of A; s, ,(a) and A; s, 4 (D), we have that

1 P 1 P
< o — » P — ” P
0 < Jlull? 317 (@) M,sy,p(@) Ha MHLI’(Q) < ””‘HW(»)pP(Q) Allaru L)
2 by |baul’ 1 0
= q — <
l,sz,q( )‘ uHLq(Q) ” “ qu(g)

which yields a contradiction. If A = Xy, ,(a), then from above u is an eigenfunction
associated to Ay, p(a) and Ay, 4 (D). Hence @y 5, p(a) = c @1 5,,4(b), for some constant
¢ > 0, which contradicts assumption (2.5).

Consider again u, a weak positive solution to (P1). Set ¢ > 0 and u = u + €. Then

¢1’Si’j ®) € L°°(£2). Choosing M € W as a test function in (2.4), we obtain
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/ / [ue (x) — ue (1P~ [¢1,sz,q(b)”(X) _ ¢l,sz,q(b)p(y):|d dy
RN JRV

|x — y|N+sip Ue(x)pP~! ue(y)r=!
(e @) — e [B1ssgBPQ@) G1ygBIP()
+/RN /RN X — y[ Vo [ Ue@P T u(y)r! }d“ly

p—1
=1 / a(x) (1) D520 (B)Pdx + A1 5y.0() / b(x) s i (B)Pdx. (44)
Q Ue Q u?

p—q+1
Next, we choose % € W as a test function for the eigenvalue problem associated
to (—A)g in Wy O
~1
/ [#1,5:.0 D)) = $1.55,0 DY D)]* [mxz,q(bw—‘f“ () Pl b)P4H! <y>] dxdy
RN JRN

e =yt uf ™ (x) ug ™)

sa(b
—Alw(mfb( )¢‘ ”()

By Theorem 2.3 and (2.2) (1n case p = q), we obtain

52 b
Mw(b)/ bx >¢’1 0O, +5a/ a(5) G500 (0) ()dx

:/ ¢],sz,q(b)(x) — Prsrg )N]' |:¢1,S2,p(b)p_q+l(x) _ ¢1,sz,q(b)p_q+l(y):|dxdy
R

v — y| N2 ul™(x) ul™ ()

RN
N / / |b1.52.9 (B) (x) — ¢lszq(b><y>|”
RN JRN

lx — |N+91p
(e () = ue N [ 91,00, (B)P () ¢1,32,q<b>ﬂ(y>]
/RN /RN lx — y|N+szq [ e (x)P—1 - e ()P dxdy
[te (¥) — tte NP7 [ B1.52,9 (0P (x) EPIOLE)
A{N /]RN lx — y|N+sip [ e (x)P—1 u (y)r1 ]dxdy. 4.5)

By (4.4) and (4.5), we infer:

A M(b)/ bix )¢‘ 2g @ g /a(x)qm g (0P (V)dx

u \ P! i1
s / a(x) (*) B1.50.4(D)Pdx + A1 55.4(b) | b(x) ﬁfpl,sz,q(b)pd)ﬂ
Q Ue Q Ue

Applying Remark 4.1, we have that u > kd*' 7€ (x) for some k = k(ep) > 0, and for any
€o > 0. Finally, since s1(¢ — p) +s2p + 1 > 0, for €p small enough and passing to the limit
as € — 0% thanks to the dominated convergence theorem and Fatou’s lemma, we conclude
the proof of assertion (1) of Theorem 2.11.

We now prove assertion (2). Suppose that A g, ,(a) < A < ;. Hence, from [27,Theorem
1.1] the following problem:

(A w+ (=A)Pw = Bla@w’ +b@w!'], w>0 inQ w=0 inRV\Q

with f > max {)L, M,sang (b)} , has at least one solution. From Remark 4.1 again, we obtain

w e C%¥(Q), forsome o € (0, 51) and for any €p > O thereexists aconstant K = K (eg) > 0
such that K ~1d%1T€0 < ) < Kd%1=% in . Then, we infer that

(=A)Sw + (02w = Bla@w? ™ +bx)w! ] = ha@)w? ™" + A1 4 4 (B)b)WI "
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Hence, w is a supersolution to (P1). Next we introduce the truncated function g defined as:

ra()wP=l 4 4y 45 G)b)WI™L i s > w(x),
g(x,8) = 1 2a(0)s?™ 4 A1 4.5, (B)b(X)s?™"if 0 <5 < w(x),
0 if s<0.

Let G, the associated energy functional defined on W as:

|u(x)—u(y)|” lu(x) —u(y)|?
Gu) = /RN /RN y|N+Y1P /]RN /RN Y —————dxdy

u(x)
—// g(x, s)dxds.
QJo

G is well-defined, coercive and bounded from below on W. Moreover, it is easy to see
that G is weakly lower semi-continuous. Then, G admits a global minimizer up € W. By
the classical weak comparison principle (noting that w is a supersolution), we conclude that
ug € [0, w] . Finally, with similar arguments as in Theorem 2.10, we deduce u¢ # 0. Remark
4.1 implies thatug € C 0.¢(3), for some o € (0, 51) and for any €g > 0 there exists a constant
K = K(&y) > 0 such that K~ 1d51t€0 < y5 < Kd*1=0 in Q. O

Proof of Theorem 2.12 Let u1, u; be positive weak solutions to (P1) associated to i1, iy in
L*°(R2), respectively, i.e.

/ / w1 (x) = ur ()17 (@) — 2O ,
xdy
RN JRN

x — y[NFsip
[ (x) —ur (M (@) — D)
* /R /R x =y dxd
- [ hy(oud ™ ddx (4.6)
Q

and

/ / [t2(x) — ua (1P~ (W (x) — W (y)) dnd
RN JRN

|x — y|N+sip
[u2(x) — us (M7 (W (x) — W (y))
+\/RN /H‘QN |x_y|N+32q dXd
= / hy (o ud ™ Wdx 4.7)
Q

forany &, ¥ € W. Now, lete > 0, uj ¢ = uj + €, up = up + € and choose
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as test functions in (4.6) and (4.7), respectively. Then, summing the above equations, we get

[u1.c() —ur,cM]’ ™ (@) — D)
fRN /R X — [N+ axdy

[u1,600) —ureM] ™ (@00) — D)

* /RN fR x — y|V dxdy
[12,(¥) — 2, )"~ (W(x) — W(y))

* /R /R k= y|V dxdy
[12,6(¥) —u2,eN]" " (W) — W(y))

* /RN /R x =y dxd
uqfl qfl

5/ (hl(x> = — (02 )(ule uj Jdx.
Q2 ul,e u2,e

Passing to the limit as € — 0T with the dominated convergence theorem and Fatou’s lemma,
we obtain

0</ / [1 () — w2 (1)1 [u?(x)—»é(x) - u?(y)_ug(y):|dxdy
T Jry Jry e =y VAP W™ (x) Wy
i1 () =y (I [0 —ud) u‘{(y>—u‘§(y>'dxdy
|x — y|NFs2a w0 W)
[ur(x) — (I~ [udo) —uf o) u§ () —uf()] dxdy
jx — y[NFsip g™ () TGO
[u2x) — (1 [ud ) —ul(x)  wd () —uf ] drdy <0,
|x — y|N+s24 ud ™ () Wty -

From (2.2), we then get up = kup, for some constant k > 0. If k > 1, then we are done
while for k < 1, since 1 < ¢ < p, we obtain

[z (x) — ua (Y|P / / luz(x) — ua ()14
/RN /I-KN |x — y|N+sip T =y Ve Ry Jry  |x — y|NT024 T =y Ny XY
[y (x) —ur (P / / [1(x) —ur (M9
ke — 7 dxdy — 7 dxd
= [/RN /RN v — y|Vrp T Jow Jon Tl =y Y

§k‘1/ hl(x)u?dnghz(x)ugdx
Q Q

which contradicts that 5 is a solution (with potential s7). Hence k > 1 and u; < us. ]

Finally, we prove applications to Theorem 2.4 extending [2] and [7] in the non local setting:

Proof of Proposition 2.13 Assume that the lvea_k solution v in the problem (2.6) does not
Vanlsh From regularity theory v € C%%(Q), for some « € (0,s) and v > 0 in Q. Using
f(v ) with ve = v + €, for € > 0, as test function in (2.6)and thanks to regularity theory,
u € L*®°(R). Therefore, since f is Lipschitz, we have for any x, y € R" and for some
suitable L > 0 :
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ul(x) — ul(y)
fwax)  fw)(y)
uP (x) u?(y) u?(y) u?(y)

= Foow ~ Frow ‘f(ve)(x) ICI)

_ [ =) a0~ u ()]

1
p _
) ‘f(ve)(x) f(ve)(y)‘ = 7o

Fwo@)
FG) = £ @)
P
O 0 o)
L Jullfn
< f’(’é) el <t ) — ()] + ﬂfg;‘” v() — o)l

= C(L. €, p, llull o) (lu(x) —u)| + [v(x) —v()D.

Hence S Wé "7 (Q). Then, from (2.2), we obtain

’f(v)

0</ / luG) —uI” _/ / Ve (¥) = ve(MIP 72 e @) = ve())
RY JRY  [x — y|VFP P Jaw S [x — y|N+sP

[ w0 u(y)” ] dxdy
Fe) ~ Fe()

:/Qm(x)updx—/ az(x)]{((v:) Pdx.

Passing to the limit as € — 0" and using Fatou’s lemma, we obtain:

0< / (a1(x) —ax(x)HuPdx <0
Q
which is a contradiction. Hence, v must vanish in 2. O

Proof of Lemma 2.14 Let (¢,)neN a sequence such that ¢, € C°(R2), ¢, > 0, with g, — u
in Wé’p(Q), set e > 0 and v = v + €. Then, by (2.2) (with g = p), one has

0</ / lgn (x) — §0n()’)|p dy—/ / Ve (x) = ve(MIP ™2 (Ve (x) — e ()
RN JRN |x_ |N+Yp RN JRN |x_y|N+Sp

[ on(x)P on(¥)?P ]dxd

fe@)  fue(y)
lgn (x) — @n(¥)IP f() o
Sl YT dxdy — A Pdx.
/RN/RN x— Ve $Fwo

Passing to the limit as € — 07 and using Fatou’s lemma, we obtain:

[@n (x) — @n(M)I? / p
———dxdy — A ndx.
0</1;N/1%N y|N+Sp dy ngldx

By taking the limit as n — oo, we finally get (2.7). O
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Proof of Theorem 2.15 Let (u,v) be a weak positive solution of (2.8). Namely, for all
d1, @y € Wy''(Q), we have

/ / |u(x) —u(y)P > (@) —u()(@1(x) = 21(y)) |
RN JRV

|X _ le—H‘p

Z/f(v)q%dx, 4.8)

Q

/ / ) = v W) = vON@E) = 20D [ (W)
xdy= | ———

RN JRN

|x_y|N+sp Q up—1

d>2dx.
4.9)

Choosing ®; = u and &, = flzzl) with v = v + ¢, for all € > 0, in (4.8) and (4.9)
respectively, we obtain

/ / ju) —uml” dy_/ / Ve (¥) = veIP 7 (Ve () = ve ()
=y Jev e — y N RN JRV lx — y|N+sP

2
[ ul(x) —uP(y) ]dx dy = / uf(v) —u (f(v))
S (e(x)) fe(») Q S (e)

By passing to the limit as € — 0" and using Fatou’s lemma and (2.2), we get:

Ju) —u)I” o) = v ) — v(y)
RN JRN e

|x_y|N+Ap |x_y|N+S2P2

[ ul(x) — uP(y) Ddxdyzo

f@)  f)

From Theorem 2.4, we get v” = kuf (u) in 2, for some constant k > 0. |
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