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Abstract

In the present manuscript, we discuss the Ulam stability of dynamic equations on
time scales. We get some stability requirements using a fixed point alternative on
complete generalized metric spaces. To illustrate the effectiveness and benefit of the
proven results, two examples are provided. Our findings extend some related
findings in the literature.
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1 Introduction

Stefan Hilger introduced the theory of time scales calculus in his doctoral thesis in
1988, which is a useful tool for combining continuous and discrete problems into a
single theory. Working with dynamic equations has the benefit of allowing us to
characterize continuous—discrete hybrid systems within a single framework. In
terms of time scales, the results are more all-encompassing and take a variety of
different results as an example. Consequently, any discipline containing both
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continuous and discrete problems could benefit from the study of dynamic equations
on time scales. As a result, in recent decades, the topic of dynamic equations has
gained a lot of popularity for application in the simultaneous mathematical
modeling of several situations. In addition, the problems about stability, periodicity
and positivity of solutions for dynamic equations have received the attention of
many authors, see [1-7, 9—14, 17, 21] and the references therein.

The first to discuss the stability of functional equations were Ulam [24] and
Hyers [16]. Ulam—Hyers stability is the name given to this sort of stability after that.
In 1978, Rassias [20] generalized the Hyers theorem, enabling the Cauchy
difference to be unbounded. Several mathematicians were drawn to and motivated
to investigate the Ulam—Hyers and Ulam—Hyers—Rassias stabilities of differential
equations as a result of this discovery, see the publications [8, 18, 19, 22, 23] and the
references therein.

Basci, Misir and Ogrekci [8] discussed the Ulam stability of the differential
equation

@'(¢) = ¥(,@(q)).

By applying a fixed point alternative on generalized complete metric spaces, the
authors demonstrated the Ulam—Hyers stability and Ulam—Hyers—Rassias stability
of the above equation.

Let Y be a time scale. In the present manuscript, we extend the findings in [8] by
proving the Ulam stability of the dynamic equation

ot (c) =¥(c,m(c), c€ Y, (L.1)

where ¥ : Y x R — R is a bounded rd-continuous function. To demonstrate the
Ulam-Hyers stability and Ulam—Hyers—Rassias stability of (1.1), we transform (1.1)
into an equivalent integral equation and then apply the fixed point alternative on a
complete generalized metric space. Finally, we present two examples to illustrate
our obtained findings.

2 Preliminaries

Definition 1 ([9]) A time scale Y is an arbitrary closed nonempty subset of R.

Definition 2 ([9]) Let Y be a time scale of R. The forward and the backward jump
mappings o, p : Y — Y and the graininess p : Y — R are defined, respectively, by

o(c)=inf{s € Y:s> ¢}, p(c) =sup{s € Y:s<c}, p(c) =0a(c) —c.

A point ¢ € Y is called left-dense if ¢ > inf Y and p(¢) = ¢, left-scattered if
p(¢) <g, right-dense if ¢ < sup Y and ¢(¢) = ¢, and right-scattered if 6(¢) > ¢. If Y
has a left-scattered maximum M, then Y* = Y\{M}. Otherwise, we define Y* =Y.
If Y has a right-scattered minimum m, we define Y, = Y\{m}. Otherwise, we
define Y, = Y.
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Definition 3 ([9]) The function w : Y — R is rd-continuous if it is continuous at
every right-dense point ¢ € Y and its left-sided limits exist, and is finite at every
left-dense point ¢ € Y. The set of rd-continuous functions @ : ¥ — R is denoted by

Cra = Cra(Y) = Cra(Y, R).

Definition 4 ([9]) Let @ : Y — R and ¢ € Y*. We define @”(c) (if it exists) with
the property that for every ¢ > 0, there is a neighborhood U of ¢ such that

|w(0(c)) — w(s) — @ (¢)(a(g) — s)‘ <élo(c) —s| forall s € U.

We call @*(c) the A-derivative of @ at ¢c. We say that @ is A-differentiable in Y* if

@ (¢) exists for all ¢ € Y*. The function @® : Y — R is said to be the A-derivative
of @ in Y*.

Now, we state some A-derivative properties. Note @’ (¢) = @(a(¢)).

Theorem 1 ([9]) Assume @, % : Y — R are A-differentiable at ¢ € Y* and let o be
a scalar.

(1) (@+%)"(c) = o2 (c) + %2(<).

(2) (2m)"(c) = 2™ (c).
(3) The product rules

Definition 5 ([9]) A function v: Y — R is regressive if 1 + u(¢)v(c) # 0 for all
¢ € Y. The set of all regressive rd-continuous function v : Y — R is denoted by

R =R(Y) =R(Y,R).
The set of all positively regressive functions R, is given by

RY=R*(Y,R)={veR: 1+ u(c)(c) >0 forall ¢ce Y}

Definition 6 ([9]) Let v € R. The exponential function on Y is defined by
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ey(c,s) = exp (/s é#m(v(l))Al) for s,c € Y,

where the cylinder transformation &, is introduced in [9, Definition 2.21].

Remark 1 ([9]) If v € R™, then e,(g,s) > 0 for all ¢ € Y. Also, the exponential
function @(c) = e,(c,s) is the solution to the initial value problem w?(g) =

v(¢)w(c), m(s) = L.
We give other properties of the exponential function in the next lemma.
Theorem 2 ([9]) Let v € R. Then
(1) e,(c,s) =1 and e (c,c) =1,
() en(a(c),s) = (1 + u(s)v(c))en(s, ),
. cw(S, s) where ©v(¢) = —%,

Il
o

— s = (5.9,

(4) )
(5) v C,S)E,)(S,r = @1)(C7r)7 A
(6) €2(.,5) = vey(.,s) and (;) _ )

(3!7('1;) e,‘f(A,g)'

3N

Lemma 1 ([1]) Ifv € RY, the

0<ey(s,s) < exp</> U(l)Al), Yoe Y.

Corollary 1 ([1) Ifv € R" and v(g) <0 for all ¢ € Y, then for all s € Y with s <g,
we have

O<en(c,s) < exp(/:u(z)m> <1.

Theorem 3 ([15]) Let (E, d) be a complete generalized metric space. Suppose that
the mapping A : E — E is contraction with the Lipschitz constant ¢ <1. If there is a

k € N such that d(AkH%, Ak%) < oo for some % € E, then the following are true
(a) the sequence {A"w} converges to a fixed point ¥* of A,
(b) ®* is the unique fixed point of A in
E = {w €E: d(AK%,w)<oo},
(c) if w € E*, then

1

=4
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3 Main results

Throughout this section, we define [ := [gy, ¢y + 6] N Y for the given real numbers
¢o and ¢ with 6 > 0. Also, we define the space E of all rd-continuous functions on [
by

E:={w: 1 — R is rd-continuous} = C,4(l, R). (3.1)
For every ¢ >0 and @ € E satisfying
@ (c) - Y(c, m(e))| <,
if there is a solution @, of (1.1) such that
l@(¢) — mo(s)| < Ke,

where K is a positive constant. Then, the Eq. (1.1) is Ulam-Hyers stable. If the
above statement remains true after replacing ¢ by ¢ : [0 — [0,00), where this
function does not depends on @ and @, then the Eq. (1.1) is Ulam—Hyers—Rassias
stable. For more detailed, we refer to Ogrekci, Basci and Misir [19], Tun¢ and Biger
[22].

In our proofs, we will need a completeness of the space (E,d) which is given in
the following result (see [8]).

Lemma 2 ([8]) Define the function d : E x E — [0, co] with
d(w, @) :=inf{C € [0,0] : |@(¢) — m2(¢)|eam(c, ¢o) < CD(¢), c €1}, (3.2)

where M > 0 is a given constant and @ : [ — (0,00) is a given rd-continuous
function. Then (E, d) is a complete generalized metric space.

Now, we are ready to study the Ulam—Hyers stability of dynamic Eq. (1.1).

Theorem 4 Suppose that the function ¥ : | x R — R is rd-continuous and satisfies
the Lipschitz condition

|Y(c, @) — Y(c,m)| < glw| — @] for all ¢ € I, @y, m; € R,
where ¢ > 0. If a rd-continuous function @ : | — R satisfies
|o*(c) — ¥(c,m(c))| <& forall c €1, (3.3)
and some ¢ >0, then (1.1) admits a unique solution @, satisfying

lw(c) —wo(c)| < (e + 1)d¢ forall cel.

Proof Let E be the space defined by (3.1). We define a functiond : E x E — [0, o]
with
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d(wm, @) := inf{C € [0,00] : |[@1(5) — @2(c)]ec(o+1)(S,60) <C, ¢ € I]}.

Then, by applying Lemma 2, (E,d) is a generalized complete metric space. Now,
define the mapping A : E — E by

(Aw)(c) :==w(gy) + [; Y(s,w(s))As, c€l, w€E.

Clearly, any fixed point of A solves (1.1).
According to fundamental theorem of calculus Aw € E and thus we get

|(A@o)(c) — w0(§)|€e(g+1)(€, So) <00,

for arbitrary @, € E and all ¢ € [, which means d(Awy, mwy) <oo for all w, € E.
Similarly

|@0(c) = @(S)lecer(s: o) <00,

for all w € E and all ¢ €[, which means d(wy,w)<oo for all w€E, ie.,
{w € E:d(wy,w)<cxx} =E.

Now, we will show that A is a contraction on E. For any @, @, € E, by using
Theorems 1 and 2, we obtain

[(A@1)(¢) = (Am2) (<))

S

i [W(s,@(s)) — P(s, m2(s))]As

< /g|‘I’(s,w1(s)) — W(s,m(s))|As

<Q/ |w1 )|AS

p / j1(5) — () ecer1) (5: So)e(rn) 5. o) As

< od(w, ;) / e(o+1)(8,50)As

<o

< d(@1,@2)e(p41)(S; o)

“o+1

for all ¢ € [. Thus, for any @, @, € E and for all ¢ € 1, we have

(A®1)(©) — (A®)()lecior (6 S0) < Q—ﬁld@—n,wz»

Hence, for all @, @, € E we have

d(Awl, sz) S

0 f_ ld(wl,wz).

So, A is a contraction on E. Consequently, we have demonstrated that all
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assumptions of Theorem 3 are satisfied with k = 1 and E* = E.
On the other hand, according to (3.3), we get

—e<a@®(c) — (¢, m(c))<e forallcel.
By integrating this inequality from ¢, to ¢, we get
[@(¢) — (Am)(5)| <e(s — ) for all ¢ € 1.
By multiplying this inequality by ec,41)(S, Go) and applying Theorems 1 and 2, we
obtain
[(A@)(¢) — a(S)lece+1) (6, o) &6 = Go)ec(ern (6, ) forall ¢ € 1,
which means
d(Aw, @) <e(c — Go)eo(or1) (S, So) < edecr1)(S, <o) for each ¢ € I

By applying Theorem 3, the dynamic Eq. (1.1) admits a unique solution @y : [ — R
satisfying

1

AT S T )

d(Aw, @) < (0 + 1)edec(p41)(¢, <o) for each ¢ € 1.

From definition of d we get

|w(;) - ‘WQ(C)|€9(Q+1)(Q, g()) < (Q + 1)85ee(g+1)(5, QO)’
and thus we obtain
|@(¢) — @o(¢)lec(e+1)(6: 50) < (@ + 1)de for all ¢ € 1.
Now, the proof is complete. U

Now, we will prove the Ulam—Hyers—Rassias stability of (1.1).

Theorem 5 Suppose that the function ¥ : | x R — R is rd-continuous and satisfies

the Lipschitz condition
|V(c,m1) —W(c,m2)|<¢lc) — ¢ forall c € I, @y, @ € R.

where ¢ > 0. If a rd-continuous function @ : | — R satisfies
|wA(g) - ‘P(g,w(g))| < o(¢) for all ¢ € [, (3.4)

where the function ¢ : | — (0,00) is non-decreasing rd-continuous and satisfies

/; : @(s)As

Then, (1.1) admits a unique solution @, satisfying

<K¢(g) for each ¢ € [. (3.5)
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|w(c) — @o(c)| <K(1+ 9)o(c) for all ¢ € I

Proof Let E be the space defined by (3.1). We introduce a function d : E X E —
[0, 00] with

d(my, @) == inf{C € [0,00] : [@1(c) — @2(<)|ec(or1) (5, So) < Co(s), ¢ € 1}.

Then, by applying Lemma 2, (E,d) is a generalized complete metric space. Now,
define the mapping A : E — E by

(Aw)(¢) :=w(gy) + /; Y(s,m(s))As, c€ll, w €E.

Clearly, any fixed point of A solves (1.1). Moreover, as in proof of Theorem 4, it
can be demonstrated that d(Awy,wp)<oo for all wy€E and
{w € E:d(wy,w) <o} =E.

Now, we will prove that A is a contraction mapping on E. By integrating by parts,
we get

/ 0(5)e(ein (5, 0)As

< 1 (e >——1 S
€1 (8, G
=9 1<PC (e+1)\S5 S0 o+ 1 ;0(/7

A(Q)e(gﬂ) (a(s),co)As.

Using the monotonicity of ¢, we obtain

1

/ @(s)e(gr1)(5,S0)As < m(p(;)e(gﬂ)(;,go) for all ¢ € [
o

Now, for any @;,w; € E, let Cgp, o, €[0,00] be an arbitrary constant with
d(w, @) < Cg, o, that is
|@1(5) — @2(S)|es(or1)(S, o) < Cayoy@(c) for all ¢ € 1.

Using Theorems 1 and 2, it then follows, for any @, @, € E,

[(A@1)(c) = (Am2)(¢)]

/ (s, 1 (s)) — (s, ma(s))]As

0

'Y

)

< [ 190, @1(5) — s, ma(5)) s

5

<o [|wl (s) — wa(s)|As

S0
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€o(o+1) (s, Qo)e(g+1) (5,60)As

= Q/g;wl(s) — m(s)

SQCw,,wa(c)/ e(or1)(5,60)As < Co,m () e(0+1)(S, %),
Co

o+1

for all ¢ € [. Thus, for any @, @, € E and for all ¢ € [, we have

[(A@1)(¢) = (Am2)(¢)lece+1)(8; G0) < Con9(S)

_e
0+1

Hence, for all @, w, € E we have

d(AW1,A?D2) < d(wth)a

Y
+1

(4

and we note that ¢/(¢ + 1) <1. So, the mapping A is contraction on E. Conse-
quently, we have demonstrated that all assumptions of Theorem 3 are satisfied with
k=1and E*f =E.

On the other hand, according to (3.4), we get

—¢(c) <@™(c) = ¥(s,m(c)) < 9(c) for all ¢ € 1.
By integrating this inequality from ¢, to ¢ and applying the inequality (3.5), we get
l@(s) — (Am)(s)| <Ko(c) for all ¢ € 1.
By multiplying this inequality with e~ (,11)(¢, o) we obtain
[@(5) — (A@)(5)]es(g41) (S5 S0) < Ko (S)ea(or1) (S, So)
which means that
d(Aw, @) <Ko(g)eco+1)(S,So) for all ¢ € 1.

By applying Theorem 3, the dynamic equation (1.1) admits a unique solution @ :
I — R satisfying

1
ST g/er 1)

for all ¢ € [. From definition of d(w, m), we get

d(wv IH()) d(Aw, w) < K(l + Q)Q(Q)eg(g+1)(§, CO)?

|@(c) — @o(c)lesorn) (S c0) K (1 + 0)@(c)esor1)(S:So)s
and thus we obtain
[@(¢) — @o(¢)| SK(1+¢)o(c) forall ¢ € 1.
Now, the proof is complete. O

Example 1 Let Y be a time scale. Consider the dynamic equation
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@ (c) = ;cos(g) + %arctan(w(g)), (3.6)

on the interval [ :=[0,6] N Y, § > 0. In this case, we have

Y(c,a(c)) = %cos(g) + %arctan(w(g)).

Obviously, W satisfies the Lipschitz condition with ¢ = % since
2
W (c, @) — (¢, m)| < §|w1 — .

Hence, by using Theorem 4, (3.6) is Ulam-Hyers stable on [.
Now, if we define ¢ : | — R by ¢(c) = e,(c,0), 1 > 0, we have

| otons

Then, the condition (3.5) holds with K = 1/1. Hence, by applying Theorem 5, (3.6)
is Ulam-Hyers—Rassias stable on [.

¢ 1 1
= [ euts. 085 % Fes(5.0) = S0

Example 2 Let Y be a time scale. Consider the dynamic equation

@’ (c) = sin(¢) + écos(w(g)), (3.7)

on [ :=[gy, 8] N Y, where ¢j,d € Y with 0 > ¢,. Since
. 1
¥(c, @(c)) = sin(c) + 5 cos(w(c)),
we have
1
|P(c,m1) — (¢, m)| < §|w1 — @3-

Hence, all conditions of Theorem 4 are satisfied. So, the Eq. ( 3.7) is Ulam-Hyers
stable.
For ¢(c) = e;(c, o) (4 > 0), we obtain

/; o(5)As

Then, according to Theorem 5, the Eq. (3.7) is Ulam—Hyers—Rassias stable.

1 1
< ;ez(g, o) = z(p(g) for all ¢ € I.

4 Conclusion

In this manuscript, we have considered the Ulam stability of a class of nonlinear
dynamic equations on time scales. We have obtained some new Ulam stability
criteria using a fixed point alternative on complete generalized metric spaces. We
have provided two examples to illustrate the effectiveness of proven findings. Our
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findings extend some well-known findings. As a future research, the Ulam stability
of delay dynamic equations might be considered.
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