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Existence of solutions for a class of nonlocal elliptic transmission systems

Abdelmalek Brahim*, Tamrabet Sameh and Djellit Ali

ABSTRACT: This paper is devoted to the study of the existence of solutions for a class of elliptic transmi-
sion system with nonlocal term. Using the adequate variational approch, more precisely, the Mountain Pass
Theorem, we obtain at least one nontrivial weak solution.
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Mountain pass theorem.
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1. Introduction

Let © be a smooth bounded domain of RV, N > 2, and let Q; C Q be a subdomain with smooth
boundary ¥ satisfying Q; C Q. Writing I' = 9Q and Qy = Q\Q; we have Q = Q; UQy and 992, = S UT.

The purpose of this paper is to study the existence of at least one nontrivial weak solutions for the
following class of nonlocal elliptic

_M1 (/ |vu|p () dl‘) |Vu‘p (z)— 2vu) _ f(x,u) in Ql
(oN p(z)

—M: (/ (|va(x)d$) div |Vv|p(x) 2Vv> =g (z,v) in Q (1.1)
Q. P\T

v=20 onI’

with the transmission condition
u = v,

ou 1 ov
and M / Vu ’””)d) - M (/ va("”)dx> on X.
1(le<x>' | an 2o, 2@V an

Where p € C (ﬁ) , and M; and M, are continuous functions. 7 is outward normal to 25 and is

inward ;. The operator div (|Vu|p(w)_2 Vu) is called the p(z)-Laplacian, and becomes p—Laplacian

when p(z) = p (a constant). We confine ourselves to the case where M; = Ms = M for simplicity,
The problem (1.1) is related to the stationary problem of two wave equations of the Kirchhoff type

uy — My (/ |Vu)? dm) Au = f(z,u) in O
Q

ugr — Mo (/ |Vv|2d9c) Av =g (z,v) in Oy
Qo
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which models the transverse vibrations of the membrane composed by two different materials in 2; and
Q5. Controllability and stabilization of transmission problems for the wave equations can be found in
[20],[23]. We refer the reader to [2] for the stationary problems of Kirchhoff type, to [6] for elliptic
equation p—Kirchhoff type, and to [1] for p(z)—Kirchhoff type equation in unbounded domain.

We investigate the problem (1.1) in the case f(z,u) = A1 |u|"® 2w, g(z,v) = Az [v|"™ 2 where
A1,A2 > 0and p, g € C () such that 1 < ¢ (z) < p* (z) where p* (z) = J\],V_p]gzz) if p(z) <mnorp*(z)=o00
otherwise.

In order to study the existence of solutions, we assume that:

(M) There exists mg > 0 such that mq < M (¢).

(M3) There exists 0 < g < 1 such that M\(t) > (1— p)M()t.

such that M = [i M (s)ds.
The solution of (1.1) belonging to the framework generalized Sobolev space, which we will be briefly
discribed in the second section.

E = {(u,v) e WP () x Wg’p(m) (Q): u=vonX } )

where
WEP@ () = {v e W™ (Qy): v=0 on F}

equipped with the norm ||(U,’U)HE = ||vu||p(:x),ﬂl + ”vv”p(z),ﬁg '

Definition 1.1 We say that (u,v) € E is a weak solution of (1.1) if

1
M (/ — |Vu|p(w) da:) / |Vu|p(x) VuVzdx
o, P(2) (o2}

1
+M (/ —— |Vor®) dm) / IVo|P) VoVwda
Qgp(x) Q2
-1 / u) 7 yzde — )\2/ 07~ pwda = 0,
Ql QZ

for any (z,w) € E.

2. Preliminary results

In order to study the problem (1.1), we recall some definitions and basic properties of the variable
exponent Lebesgue—Sobolev spaces and introduce some notations. we refer
Set
Cy(Q)={h:heC(Q),h(z)>1, forallz e}

For p € C, (Q)7 denote by 1 < p~ := minp(z) < p™ := maxp(z) < oo, we introduce the variable
€N €N
exponent Lebesgue space

LP@ (Q) := {u; u: Q0 — R is a measurable and / |u|p(x) dx < +oo} .
Q

We recal the following so-called Luxemburg norm

[ulp(z),0 = Inf {a > O;/Q

which is separable and reflexive Banach space.

u(x)

(07

p(x)
de <1,
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Let us define the space
W) (@) = {u e 17 ()5 [Vul € 17 (@)},
equipped with the norm

Hu||1’p(x)’ \u| s \Vu\ (), Vu € Whp) ().
Let Wol’p(m) (Q) be the closure of C§° (Q) in W@ (Q).

Proposition 2.1 ([15]) W, ’p (@) (Q) is separable reflexive Banach space.

Proposition 2.2 ([14],[13]) Assume that Q is bounded domain, the boundary of Q2 prossesses the cone
property and p,q € C+( ) and q(z) < p* (x) for any x € Q, then the embedding from WHPE) (Q) to
L) (Q) is compact and continuous.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the mapping
p defined by

ooy () = [ [Vl e

Proposition 2.3 ([1/])  For u,u; € L*® (Q);k = 1,2, ..., we have
(1) |ulpy o >1 (= 1< 1)implies py).0 (v) (=1;<1);
)

(u) > 1
i) ulygpy.q > 1 implies |lul|” <pp<wm(u < Jul”" ;

(
(i) Julyguy0 < 1 implies [u]”" < pyeye (1) < ||u||”
() |uly).0 =a>0if and only if ppa) .0 (%) =

Proposition 2.4 ([1/]) Let p € Cy (Q), then the conjugate space of LP(*) (Q) is LI®) (), where ﬁ +
ﬁ = 1. For any u € L*™®) (Q) and v € LI®) (Q) we have

’/ uvdx
Q

Proposition 2.5 ([1/]) If u,u, € LP@) (Q), n = 1,2, ..., then the following statements are mutually
equivalent:

<2 |u|p(z),Q |U|q(z),ﬂ .

(2) lim py(a.0 (un —u) =0,

(3) un, — u in measure in @ and nlgrgopp(w)7g (un) = Pp),0 (u).

Lemma 2.1 ([5]) Let E be a closed subspace of WP (Q;) x W) (Q,) and
(s ) = Hully oy, 00 + 101 pay 0,

define a norme in E equivalent to the standard norm of WHP(®) () x WHP(®) (Qy)
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3. Main result and proof

The Euler-Lagrange functional associated to problem (1.1) is defined as [ : E — R

I (u,v) =J(u,v) — K (u,v)

J (u,v) = M (/Q ]ﬁ V@ dx) v (/Q ]ﬁ V[P dx)

1 1
K (u,v :)\/ —uq(m)dx—k)\/ — 0] g
(w:2) 19161(55)" ZQZQUU)H

Lemma 3.1 [5]  The functional is well defined on E, and it is of class C* (E,R), and we have

where

and

I' (u,v) (z,w) = J' (u,v) (z,w) — K’ (u,v) (z,w),

where

/ 1 p(@) p(e)-2
J (u,v) (z,w) = M — |Vu|" dx [Vul VuV zdz
o, p(x) [oh)
1 p(z) p(x)—2
+M —— |Vu|" dx |Vl VoVwdz
Q, P () Qo
and

K (u,0) (2, w) = /\1/

|u\q(m)_1 uzdx + A2 / |U|Q(m)_1 vwdz
o

Qg

Lemma 3.2 Under assumptions (M1) and (M2), if p* > q~—. Then there exists \* > 0 such that for
any A\ + Az € (0, \*) there exist n,b such that I (u,v) > b for (u,v) € E with ||(u,v)||z =n.

Proof: It is clear that I is even and I (0,0) = 0.
By using the compacteness embedding of WP(#) (Q) into L) (Q), we obtain

|u|q(z),ﬂl < Cl ||u||p(m),Ql

and
"Ulq(;c),ﬂg S C2 ||1)Hp(x),92
Then

ltlg@y,00 T Ply@y 0, < Crllullpe o, + C2 vl 0,
< Cll(u,v)g

1
We fix n € (0,1) such that n < rok Then the above relation implies

Ul gay.0n + 100y, <1, (w,v) €E

By using the proposition 2.2 and 2.5, we get

x + -
/Q 1|7 da < ¢ (Hung(m))ﬂl + ||u||g(z),ﬂl) L uewhe@ ()

and
T + - T
/Q [0 dz < e (HUHZ(I)@2 + ||v||g(r)792> . ve W@ (Q,)
2
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Then, for any (u,v) € E
/ ) d +/ 10]7®) da < Cg <||u||q(z n ||v||q(w),92)
Ql QZ
Hence, we deuce that
[l e [l do < € o)
Ql QZ

By using (M1) and (M2), and in view the elementary inequality
ja+ 0" <227 (lal” + [b])

J(uwv) = M / L \Gup@ ) + 37 / L@ dg
le(JT sz(l’)
1 q(z) / I
— |u dr — A\ — | dx
/qu@:) | 2 )o@ "

we obtain

> M(/ |vu|“)dx)/ 9@ da
oM p(x) of p(r)
1
M( |W|” )/ —— Vo' da
Q2P($)
1
—)\/ —uqz)daj—)\/ 0|9 dg
ek 2 )0 a@
> moll=p ( / Vul"® do + / |Vv|p(z)dx>
D Q1 Qo
2 [ e = 22 [ ) da
q Q1 q Qo
mo(l—,u) pT pT
2 T (IVul2y 00 + V02 00)
)\1+>\2
CAGREON TSI
mo (1 —p
> 20020 (g, o, + el )
A+ A
—o, Ay
- 21_p+m0(1—u) »*
> T (.0 + Il 0.)
AL+ A
AR YT
o1-pt + A+ A
> U= oy - 22 o),

By the above inequality, we define
21-7" (1—p) pp 1
Crpt
Then, for any A\;+A2 € (0, A*) and (u,v) € E with ||(u, v)|| = n, there exist b > 0 such that I (u,v) >

A=

b
O



6 B. ABDELMALEK, S. TAMRABET AND A. DJELLIT

Lemma 3.3 Assume that (M1) - (M2) holds. Then there exists (e1,e2) € E with ||(e1,e2)| > n such
that I (e1,e2) < 0.

Proof: From (M2), we can obtain for ¢ > ¢

A (1) < MUo) o2

where C' is constant, and t( is an arbitrarily positive constant.
Choose ug € WHP(®) (Qy) and vy € WP (Qy) , ug,vp > 0 and ||(u,v)| 5 > 7. It follows that if £ > 0
is large enough then

—~ 1 - 1
I (tug,tvg) = M (/ — \Vtu0|p(m) d:l:> + M (/ _— |Vtvo|p(z) dx)
o P (l’) Qo p(:v)

1
—)\1 — |tu0|q(m) d.’E — )\2 / — |t’l)0|q(x) d{E
, ¢(z) , 4(2) )

i 1 T—n
<c ( / Vtuo \P @) dx) e ( / |Vt @ dx)
o, p(z) 0, 7(x)

7/\1 |tU0|q(z) dr — Ag |tv0|Q(I) dr

N N
oN) Q(CU) Qs q ()

< gt [(/ Vo [P dm) t (/ V[P da:) _”1
(pm)r [V Q2

Atd” Aot
-~ / o) d — 225 / 0] dz
q [oF) q Q2

Cti=7
= = [max{|V“0|p(x> o, Vol icl Ql} +max{|W0|p<x> n »IV20licE QQH
)

At

.
in {Juol” ) o JoolT g b — 22 min {Juol? ) g ol o, ¥ <0
M V0l g(2),0, + 1Y0lp(a),0, e I V0l g(2),0, 7 1V0lp(a),Q,

with ¢ > 0 sufficiently small, ¢~ < ¢ < % and p < 1, we conclude that I (tug,tvy) < 0 and
I (tug,tvg) — —o0 as t — +o0. O

Lemma 3.4 The functional I satisfies the Palais-Smale condition (PS). for any c € R.

Proof: Let (up,v,) C E be a Palais-Smale sequence at a level ¢ € R, satisfies I (up,v,) — ¢ and
I' (up,vy,) — 0, we will show that (uy,,v,) is a bounded sequence.
ct+ 12> 1 (un,vn) — q% (" (unyvn) , (tn, vn))

i 1 p(x) r 1 p(x) B 1 (@)
> M (le 51Vl dx) + M (fQQ 5 Vol dx) A /Q g ) da

—/\2/ L@ g — Ly (/ |, @ dx>/ IV, [P da

0, 4(2) q- o, P () o

Y (/ 1an|p(x)dx>/ Vo, [P® da + L / |u|q<”)dx+if/ 0|7 d
q sz(ﬁﬂ) Qo qa Jo, q Ja,

) mo
er

1-— 1
> 7( / |Vun|p(gﬂ) dx + (L= p)mo li) Mo / |an|p(m de — M\ / — |u\q(1) dz
p Q q(x)

_AQ/ (0] s — / VP dis — / Vou P© da
\ Q, Q(x) \ qa Jo, qa Ja,
2 [ s 22 ) da
q Ql q Q2
> mo ((1 :_/1') . 1_) / ‘Vun|10(:r) da 4+ myg ((1 _+M) . 1_) / |vvn|p(x) dx
p q Q1 p q Q2
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1 1 1 1
+\1 ( ) |u| "™ da + )\2/ ( - ) 0] da
q‘ q(x o \4~  q(2)

—~

(I—p 1 z x
2 o (2 LY (], + i)
(1—u) 1 -
2 mo (L5 = ) (Il + Il )
(1—p) 1
—p— — K -
> 21 P mO( ) Un , Un b
L

Since pT < ¢, dividing the above inequality by ||(un,,v,)|| and passing to the limit as n — oo we
obtain a contradiction. Then the sequence (uy,,v,) is bounded in E.

Thus, there is a subsequence denoted again (uy,v,) weakly convergent in W,
that (uy,v,) is strongly convergent to (u,v) in E.

we recall the elementary inequality for any ¢, € RYV:

)- We will show

z),q(x

227 | —nf” < (P72 ¢~ " n) (=), it p>o
(=1l =l (¢l + )"~ < (KK =P~ n) (—m) I T<p<2

Indeed (uy,,v,) contains a Cauchy subsequence.

Put
Upo, ={r €, p(x) 22} Voo, ={re, 1<p(x) <2}
Up, ={r€Q2,p(x) 22} Vyo, ={rc1<p(x) <2}

Therefore for p (z) > 2, using the above inequality, we get

1 1
227" \[ (/ — |Vun\p(z) dx) M (/ — |Vum|p(x dz) / [Vu, — Vum|p($) dz
i p(z) Ql p(z) o

<M (/ |V, [P dx) ( |v P d:v) |vun\”<ﬂ”>*2 Vi (Vg — V) da
Q) p () (z)
1
-M (/ |V, [P d:c) < |V 2ty | P dx) |Vu P72 Gy, (Vg — V) do
0 p () N p(z)
1 1 _
<M (/ |Vun\p(x) da:) ( — |Vum|p(x) dm) |Vun\p(x) Y, (Vu, — Vuy,) dz
Q p(x) o, P(2) Up.0,
-M </ 1 IV, P d > M < 1 |V 2ty [P dx) IVt [P 72 Vg (Vg — V) do
0, P (@) o, p(2)
1
<M / — Vumpm)dx> I (U, vpy — Uy,
([ 5717 )t~ 0, 0)
1
—M / Vu, p(z) d.ﬁ) J’' U, Ump) (U, — Uy, 0
1
=M / — Vump(r)dx> I’ (un, ) (Un, — U, 0
([ 5717w (s 0) )
1
—-M / — Vunp(gc)dx> I (Ups Vyn) (U, — Uy, O
([, 7t 7o (i tm) )
1
+M </ Vi, [P® dx) K’ (tun,vn) (tn, — Uy, 0
[ (1.2 )
1
-M / — |V, |P® d:c) K' (U, V) (U, — U, O
([ 57517 (1m0 )
if we put

X, =M (/ |, @ dm)
o p(z)

then the positive numerical sequence is bounded. We can write
2-r" x X, / [Vuy, —Vum|p(w) dr < X1 (Un, vy) (Un — U, 0)

Up,a,
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*XnI/ (um> Um) (Un — Um, 0) + XmK/ (un> Un) (Un — Um, 0)
=X K (U, ) (ty, — U, 0) .
When 1 < p(x) < 2, we use the second inequality (see [[1]]), to get

p(x)(p(w)—2)

Vit — Vi [P@ dar < / Vit — Vit ["@ (| Vit + [V ]) 25

Vp, 1 Vol
p(z)(2—p(x))
(IVun| + [Vuml) z dz
p(x) p(x)(p(z)—2) p(x)(2—p(x))
§2‘|Vun—Vum| AVt + V|2 X ||Vt + V| 2 )
p(x) 2—p(x)

ot
2

i=%

%i
< 2max (/ IVt — V| [V, + Vi, [P 2 dac) X max (/ Vi, + Vg, [P dx)
Q1 ) = Q1

< 2max (p~ — 1)% nax [/ [Vt [P 72 Vg, (Vg — Vg, ) da
i= i= Q ‘

o 2—p’

— / \Vum|p(x)_2 YVt (Vg — Vi) d:c} X max </ |V, + Vum|p(z)>
Ql Q1

1=

Taking into account Proposition 3., Proposition 4., the fact that ||[I’ (uy,v,)|| = 0 as n — oo and the
fact that the operator K’ is compact, it is easy to see that

lim Vit — Vg [P da = 0.
(951

n,m—co

In the same way we show that

n,Mm—00

lim Vo — Vo, [P de = 0.
Q2

Hence, (uy,,v,) contains a Cauchy subsequence. The proof is complete. o

Theorem 3.1 System (1.1) has at least one nontrivial solution (u,v).

Proof: In view of Lemmas 3.1, 3.2, 3.3 and 3.4, we can apply the Mountain-Pass theorem (see [1]) to
conclude that system (1.1) has a nontrivial weak solution in FE. O
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