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Abstract. This research work is related to study a class of hybrid integro-differential
equations (HIDEs) using conformable fractal-fractional derivative (CFFD). To establish
the condition of at least one solution to the said problem, Krasnoselskii’s fixed point
theorem is considered. Stability results are derived by the use of Ulam-Hyers (U-H) and
U-H Rassias. At the end of the paper, we added two pertinent examples for the purpose
of justification and strengthen of our derived results.
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1 Introduction

Boundary value problems (BVPs) are important for characterizing a wide
range of real world engineering and physical research challenges. Much re-
search has been done in the field of BVPs, which correspond to both ordinary
and fractional order differential equations. Using functional analytic tools
for qualitative theory, researchers have examined many BVPs. We refer [12],
[34] and references there in for more details about BVPs. In [29], authors
accumulated various BVPs concerned to real world problems of mathemat-
ical physics. Applications for BVPs with integral boundary conditions can
be found in a wide range of fields, including population dynamics, chemical
engineering, thermo-elasticity, blood flow issues, physical systems, thermo-
dynamics, and other dynamics (see [2]). In recent decades, FDEs have gained
much attention due to their wide use in these branches of science. Being the
generalization of classical derivatives,the importance of fractional calculus is
started at the same time as ordinary calculus were [21]. Using such types of
fractional order derivatives have numerous benefits [22] Various definitions
were defined by some researchers but the prominent role is of Riemann-
Liouvile and Coputo arbitrary order [3, 25].

Recently, Atangana in [4] introduced the fractal-fractional derivatives
(FFDs). Moreover, a relationship established between fractional and fractal
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calculus. However the application of Atangana Balenue Fractal derivatives
in neuroscience has been considered [13]. The qualitative theory of fraction
DE in CFD,s very recent. Using fixed point results, for developing sufficient
conditions we must see [31]. For the study of existence and stability of CFD
one can see [3]. For the justification of our results, Ulam-Hyers (U-H) and
U-H Rassias (U-H-R) theory as tools are helpful. The various applications to
the real world problems of the CFDs [38] can strengthen our problem. The
first ever used of chain rule by Khalil introduce the definition known as con-
firmable fractional order derivative (CFD). The properties of CED is much
similar with integer order [26]. The two operators Confirmable Derivatives
and Fractal Derivatives have prominent role in theory and applications [15].
Researchers have investigated various results for different problems of frac-
tional calculus, we refer to [9, 32]. Combining the two operators confirmable
and fractal fractional derivatives were used recently for different problems.
See some details for fractals fractional derivatives, we refer to [5, 36].

For physical applications, we refer to [8, 33]. Hybrid problems and systems
of FDEs have been analyzed by researchers using different tools of mathe-
matical analysis. In this regards, the significant contributions are cited as
[16, 14, 28, 30].

Recently, many authors focus on the development of techniques for dis-
cussing the solutions of fractional integro-differential equations. For example:

The nonlinear fractional integro-differential equation with nonlinear con-
ditions:

{ D (t) = f(t,u(t)) + [y k(t,s,u(s))ds, t € (0,T],
U(O):Uo—g(u),

was investigated in [1], where D? is the standard Caputo fractional deriva-
tive of order 0 < a < 1, ug € R, g, f and k are given continuous functions.
By employing the Krasnoselskii and Banach fixed point theorems, Ahmad
and Sivasundaram obtained the existence and uniqueness results.

Unhaley and. Kendre (2019), in [37] established the existence and unique-
ness of solution for iterative integro-differential equations of the type:

{ Dou(t) = f(t) + fy h(t,s)u(u(s))ds,
U(O) = Ug-.

In [20] A. A. Hamoud (2021), discuss the uniqueness and stability results for
nonlinear fractional Volterra—Fredholm integro-differential equation

‘D% (z) = f(z) + /Owh(gc,s)u(u (s))ds +/() k(z,s)u(u(s))ds,

x,s € J:=10,T],

with the boundary condition

au (0) +bu(T) =¢, a,b,ceR, a+b#0,
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where 0 < a < 1, f(¢), h(x,s) and k (x, s) are given continuous functions.
For some other results on fractional integro-differential equation, we refer
the reader to the papers [6, 7, 17, 18, 19, 23, 24].
In [27], S. Khan studied a class of hybrid differential equations using
conformable fractal-fractional derivative

{ CFFD“’Bb[u(t) —fp@)] =g nu), tel0,b] =7,
p(0) = fo h(p(s))ds,

We discuss our following single hybrid problem using confirmable fractional
derivative. We consider the following BVP of CFFIDE with integral bound-
ary condition given by

{C”D%ﬁww—fwumn:gew@xﬁK@ﬁw@»@ytej
pu(0) = [ h(n(s)) ds, 0
1

where f: T xR = R, g: J xR xR — R are continuous functions, and
K:AXxR—->R, A={(ts):0<s<t<b}.

Adopting the renowned fixed point theorems of Banach and Krasnoselkii
[30], adequate criteria are formulated for the uniqueness and existence of a
solution. It is important to highlight that fixed point theory is a useful in-
strument for examining a range of issues related to the qualitative analysis.
Through applications, the stability problem has attracted significant atten-
tion in a number of research domain [35] and [10]. Furthermore, stability has
recently been extensively investigated as a useful tool for various problems of
U-H type. Recently, stability analysis of multiple types by employing various
fractional differential operators has been explored by authors in [11] and [3]
utilizing the U-H idea. Considering the importance of the aforementioned
stability, we also look at some results for U-H and generalized U-H stabilities
for our topic under consideration. Examples are given to demonstrate the
results of this study.

2 Preliminaries

Here, we accumulate some definitions and results regarding conformable frac-
tal fractional derivatives required in our analysis.

Definition 2.1 ([4]) The conformable derivative of a function f (t) defined
on the interval [0,00) and for all t > 0, with order « € (0,1], is defined as
follows:

Crapn o LG = f(1)
§D8f (1) = lim - .
Importantly, when the function f is differentiable, we have:

Crarrm o SEHCET) = (1)
0 D7 f () = limy :

=t f'(1).




250 C. Kechar, A. A. Hamoud and A. Ardjouni

Definition 2.2 ([4]) The fractal derivative of a function f with order « is

given by:
Fpe () =t L0 =S ()

t—t e — t?

F na,B _ 1
ODt f(t)*tligll ta_t,ll ) 76>0
For differentiable mapping f, one has
Fra o fO) = f) T, 1o,
£pis 0= iy Mg = 0= §0E 0

Related integration is described as follows:

t
FIrp @) =a [ @
0
Lemma 2.3 ([5]) Let H € L [0,T], then the solution of

{ CEEDeB(ty=H(t), te J,
M(O) = Mo,

1s given by

i (t) = po + / B77 (¢ — 5) "V H (s) ds.

3 Main Results

In this section, we present our main results.

3.1 Integral representation of Problem (1)
The CFFIDE BVP (1) is equivalent to the following integral equation

w) = w+ [ ﬁsﬁ-la—s)“g(s,u(s), /OSK@,w(T))dT)ds
+f(tu(t), ted, (2)

Let us define a Banach space say X = C (J) with norm defined by

— ).
[l ] Jnax, | (2)]

Now, we present some hypothesis which are helpful in building our main
existence results.
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(H1) There exists constants Lg,, Lg,, Ly > 0 and p, g2, fi, iz € X such
that

|f (6 (8)) = f (& p2 ()] < Ly |1 — pial

‘g (t,,ul,/l,g) _g(taﬂ17ﬂ2)| < Lgl ‘/u’l —,l_Ll| +L92 |:U’2 _ﬂ2‘7

for each t € J.
(H2) There exist a function k (¢, s) € C (A,RT), as follows:

(K (85, 1 (5)) — K (t, 8, 2 (5))| < k(£ 8) [ (s) — pa ()] -

(H3) There exist nonnegative and continuous functions By, (¢) , Cy (t) , D, (t) >
0 with B} = [|Byl[, C; = ||Cyl|, and D} = || Dy|| such that

|9 (&, 1 (2) 5 p2 (1)| < Dy () + Co (1) |11 ()] + By () |2 (1)1,

for each (¢, p1,p2) € J X R x R.
(H4) For 1, po there exists constant Cj, > 0 such that

|h(p1) — R (p2)] < Cn <1 — pol .

We denote:

o (1) :/0 K (£, 5,0)| ds,

= t
o) =maxog (t),

t
Br = rtréz?}(/() k(t,s)ds,
b
= h ds.
Co = s [ h(u0)) s
Theorem 3.1 The problem (1) has a unique solution, if
Q= (Chb+ B (Ly, + Ly, Br) B (o, B) b7 4 L) < 1. 3)

Proof. Let N: X — X be the operator defined by

Nu(t)=/0bh(u(8))d8
# [t = (st K (s () dr ) ds 5 (. (0).



252 C. Kechar, A. A. Hamoud and A. Ardjouni

Let p1, po € X, then

|Np1s — Nyl

/ " (5)) ds

= max
te0,b]

R (5o ). [ K oo () ) ds 1 (o ()
—/bh(Mz (s))ds

)

0
— t Pt —s) ! s, 1o (s ) s, 7, o (7)) dr ) ds — 9
(a5t g(,m),/o K (s ,u())d>d F(tis (1)

from condition (H2), we get

/0 K (t,s,pu1(s))ds 7/0 K (t,s,pu2(s))ds

s/o (£, 5) [ () — 2 (5)] ds
< Bellus — psl, (4)

by (H1) and (4) we have,

o (0. [ s o)) —g (00, [ Kt a5)]
< Ly, |1 — piaf| + Lo Br (1 — piz]] (5)

hence, by (H4) and (5) we obtain

INu — Npsl|
b t
s)) — s))|ds N )
g/o h (g (5)) — B (2 ()] d +/0ﬂ (t-s)

p (u ©. [ K (s.7om <T>>df) g (u o K (5.7 <r>>df)
1 (i () = F (ta sz (0)
< Cnllpr = p2ll b+ (Lgy, + Lg, Br) |1 — pel] /0 BsP1(t —5)* "V ds+ Ly |1 — pal|

< (Onb+ B (Lgy + Ly i) B (00, 8) 007 1 L) 1 — o]
< Qi - gl

X ds

Hence, by inequality (3) operator N is a contraction. So by Banach contrac-
tion principle, the problem (1) has a unique solution.
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Theorem 3.2 Under the hypothesis (H1 — H4) the problem (1) has at least
one solution.

Proof. Let defined the space F = {u € X : ||u]| < p} and taking two
operators P, : X — X defined by

Qu(t) = f(t,n(1)),

Putt) = | " (s)) ds / (-5 g (s,u oni K (5,7 0(7) dT) ds.

Then for uq, po € X, one has

Qu1 — Quz|| = max |Qua (t) — Qua (1)]
= rtrglf (t, 1 (8)) = f (2 (1))
< Ly ||pr — p2| s

then the operator () is a contraction. Now, we show that the operator P is
bounded and continuous. Let u € E, then

b
|Pull = maxieo | Jy b (1 (5)) ds

v/ g (- (s,ms) g sK(s,T,um)dT) s

by using (H2), we find

/OtK(t,s,u(S))ds—/OtK(t,s,o)der/OtK(t’&O)ds

S/o |K(t,s7,u(s))—K(t7s,0)|ds+/0 |K (t,s,0)|ds

t
< k(t.s)d t
_\lul\rtrg};{/o (t,5) ds + max e (1)
< pBr + i, (6)

and by (H3) and (6) we get,

\g(wa),/tm,s,u(s))ds)‘

< Dy (1) + Cg () lltl] + By (&) (lell Br + o (1))
< Dy (t) + (Cy () + By (t) Bi) llull + By (2) ok (2)
< D+ (C; +B;Br) p+Bjok.
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and from (H4) we have

b b b
/Ohws))ds—/o h(u(O))ds+/0 (1 (0)) ds

< O |l + Co
< pCh + Co.

Which implies that

[Ppll
< pCh + Co + BB (a, B) b TP~ (Dr + (C; + B} k) p+ Biok)
< [(BB (o, /) 6°F771) (C5 + ByBi) + Cul p
+Co + (BB (o, ) b*°71) (D + Biok)
<p,
where
Co + (BB (o, 8) bTP1) (D} + Bioy)
P = T2[(BB (, B) 627 1) (C; + B3Bx) + Cn)

Hence ||u]| < p = p € E is Bounded. In the same way , we have ||Pu| < p
which mean P (E) < E.

If t; < to, then
|Pu tz) P (t1)]

=g (se). [ K (smar)ar ) ds

- ﬁsﬁ Y- g (s o), [ K () ar ) as

0

/Otl [(t1 — )" = (ta - s)‘“] Bs’~lg (s,u (s) /O K (8,7, 1 (7)) dT) ds
+ : BsP Lty —s)* 'y (s,u(s) : /OSK X (r))d7> ds
< /Otl [(tl - S)Ohl — (t2 — S)Ohl} BsP1|g <S,M (s) ,/OS K (s,7, 11 (7)) dT)
+ BsP71 (ty —5)* ! ‘g (&/x (s) 7/05 K (s,7, (7)) d¢>

ta
t1

ds

ds

ty
< [t = a9 857 D) 4 (€5 + BBl + Boi] ds
0
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tao
b [ 50 tam 9 [0+ (G + B30 sl + By s
t1

ta
= (D + (€5 + By) o+ Bioie) | [ 85 (o
0
t1

+ BsP1(t, — )" ds}
0

=B (D; + (Cy +ByBi) p+ Byok) B(a, B) [tg+5 - t;“ﬂ :

Now as t; — t2, we see that right side gives us zero. Thus ||Pu (t2) — Pu (t1)]| —
0 as t; — to. Hence P is equi-continuous. Thus by Arzeld-Ascoli theorem
the operator P is compact. Consequently, it follows that problem (1) has at
least one solution.

3.2 Stability Theory

Let us define a function 7 : J — R independent of p, such that for any € > 0.
Remark 3.3

(i) ©(t)<e,
(i1
{C“vwﬂuuw—fuJAwn=g(uuw,ﬁkwaauw»w)+ww»

1 (0) = [y h(u(s))ds,
(7)

where f: I xR =R, g: J xR xR — R are continuous functions. The
solution of (7) is given by

b
u@=f@MW+AhWMMS
s [ tam (s,u<s>,j€81r<s,7,u<7>>d7) ds
t PNt — ) (s)ds.
+Aﬂ (t—s)° " x(s)d (8)

In view of Theorem 3.1, and using Remark 3.3, one has from (8)

wu(t) = Nu(t) —|—/0 BsP1(t —5)* w (s) ds.

mm—NmmsAﬁﬁ*wﬂf*M@MS

< p**+P-18B (o, B) €
I (t) = Nu ()] < De.
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where
A =b*P18B (o, B).

Theorem 3.4 The solution of (1) is U-H stable and consequently generalized
U-H stable if the condition Q < 1 holds.

Proof. Consider p; be any solution of (1) and ug be a unique solution
of (1), then taking

1 — poll = rtneaflm (t) = pa (t)]
< t) — Ny (t N (t) — s (1)] .
_Itrglm() u()\+rtrg};<| p(t) — pz ()]

Using Theorem 3.1, we have

Iy = pol| < De+ Q= pall -

After, rearrangement one has from above relation

|1 — pal| < €.

A
1-Q
Hence the solution of (1) is U-H stable.

In addition, let there exist a non-decreasing function w : J — R such
that w (0) = 0, then from above inequality we have

A
lia = poll < T—qw (e,

where w (€) = €, we see that the condition of generalized U-H stability is also
holds.
Consider the given remark

Remark 3.5 For function 7 : [0,b] — R independent of u, we have
[ (O < A(H)e,

then the solution of
CEEDP ()= f(tp@)] = g (t,u(t), /0 K (t,s7u<s)>ds) +m(t),

b
p0) = [ s

has
u(t)f(t,u<t>>+/0bh<u<s>>ds
+f s (s g (so0), [ K (e ar) s

¢
Fl(t—s)* Ix .
—|—/0 Bs”7H(t —s) (s)ds

(9)

(10)
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Proof. In view of Theorem 3.1 yields

,u(t)zNu(t)—i—/Otﬁs’B_l (t—s)*""m(s)ds, t e J.

(1) = Nu (1) < / BsP1 (t — ) | (s)| ds
< /0 B (t— )" A (s) eds

= g/ob B (b— )"t X\ (s)ds
= €Xa 8.0
where Ay g = fob BsP=1 (b — s)* "' X (s) ds. Hence, one has
1)~ N ()] < A
Theorem 3.6 The solution of (1) is U-H Rassias stable if Q < 1.

Proof. Consider 1, p1 € X, then using Theorem 3.1, we have

— || = ) — g (t
||/~t1 M2|| Igg}}%() M2()|
< t)— Nu(t Nu(t) — t
Jgglm() u()\Hgg};cl p(t) — pa (1)]
< eapp + Qlpr — p2 -

So

)\a,Bb
. < 9 9 .
s = pall < 77" €

257

Hence the solution of (1) is U-H Rassias stable. Further there exist a solution

¥ : [0,b] — R non-decreasing function such that ¢ (¢) = ¢, then

6/\@7 b
i = pal] < T2 ()

which implies that the solution of considered problem is generalized U-H

Rassias stable.

4 Applications

Here, we present examples regarding illustration of essential main results.
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Example 4.1 Consider

{ CFFD [u(t) — f (tp ()] =g (t, (), Jo K (t, s, (s)) dS) , te[0,1],
1(0) = [y h(p(s))ds,

(11)
where
@) +1 exp (—[p (H)])
L) =" p(u(t) = —
[t () ranET (1 (1)) BTo0
cos? mt\ (i} + | 1
t = -t
g(aﬂh/’@) (t+13)<|u1|+1 +e >+1+t2M27
(t7/1'1>/1'2) € [071] XRXR>
and
s
K (t = ————sinpu.
(t,s, 1) S S
Firstly, it can be easily proved that
9, 2) — 9t Bl < () s — il + ez — ol
g\t, k1, U2 g\t, 1, 42)| > t+13 M1 M1 1+t2 H2 H2|,
also
s
| (t, 8,11 (5)) — K (t, 5,12 (5))| < 301 +69) 1 (8) — p2 (s)],
thus,
t
S 1
= kt )ds = —ds = —
= e [ = s [t =
Clearly
h(pa (t) = h(p2 (t) < % 1 — pal
and

1 b () = £ Ctopi2 ()] < 5 s — o]

io, we have o = 3, B=1,b=1, Ly = 5=, Ly, = 0.0769, Ly, =1, C, = 55
nd

Q= (Cub+ B (Lg, + Lg,B) B (a, )b P71 4 Ly) = 0.24975 < 1
Hence, Theorem 3.1 implies that problem (11) has a unique solution. Also,

assumptions of Theorem 3.4 holds, consequently the solution of (11) is U-H
stable. In the same way, we can deduce the other kinds of U-H stability also.
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Example 4.2 Consider

{ CEEDES [ () = f (6 (0)] = g (L (8), Jy K (ts,n(s))ds ), ¢ € [0,1],
p(0) = [ hip(s))ds,

(12)
where
sin | ()| 45 | (2)]
t t) = —————— h t)) =
Pt = DS ) = 2
gt p2) = t+ a + ! M2
T Set (14 py) 14477
(tmulu,u?) € [07 1] X R x Ru
and
s
K(t = ———sinu.
(t,s, 1) o1+ o) A
Firstly, it can be easily proved that
o 1 _ 1 B
lg (t, pa, p2) — g (¢, i1, )| < 5 [y — | + T 2 — fe2|,
also
s
|K (¢, 8,01 (s)) — K (£, 5, p2 ()] < 91 +1) 1 (s) = p2 ()],
thus,
t t s 1
= k(t,s)ds = 7 ds=—
P fél[?fﬁ/o (t, ) ds fé}?ﬁ]/o 9(1+0)" " 36°
Clearly
1
h t)) —h t) < — —
(1 (t)) (12 (t) < 150 I — pal,
and
1
Lf (o (8) = f (2 (t)] < b5 lp1 — pal -
So, wehaveaz%,ﬁz%,b:l, szi, Lg, :%, Ly, =1, Ch:ﬁ.

And
Q= (Cub+ B (Lg, + Lg, Bk) B(c, B~ 4+ L) = 05312 < 1.
Hence, Theorem 3.1 implies that problem (12) has a unique solution. Also,

assumptions of Theorem 3.4 holds, consequently the solution of (12) is U-H
stable. In the same way, we can deduce the other kinds of U-H stability also.
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5 Conclusion

This word was devoted to investigate a class of HIDEs with CFFD. We have
deduced sufficient results for the existence theory and different kinds of U-H
stability using fixed point theory and functional analysis tools. Some perti-
nent examples were given to demonstrate the establish results. The CFFD
is a powerful tool and can be used as another alternative in investigation of
various dynamical problems. We concluded that the presented analysis will
provide basis for deducing new results for more general nonlinear problem
using CFFD. Therefore, in the future for useful results, various problems can
be examine through this type of analysis.
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