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In this paper, a new hybrid conjugate gradient algorithm is proposed for solving uncon-
strained optimization problems, the conjugate gradient parameter βk is computed as a
convex combination of βHZ

k and βCD
k . Under the wolfe line search, we prove the suffi-

cient descent and the global convergence. Numerical results are reported to show the
effectiveness of our procedure.
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vergence; numerical results.

1. Introduction

Consider the following nonlinear unconstrained optimization problem:

min{f(x) : x ∈ R
n}, (1.1)

where the smooth nonlinear function and its gradient are available. There are many
different method for solving the problem (1.1). Here, we are interested in conjugate
gradient methods which have low memory requirements and strong local and global
convergence properties. To solve the problem (1.1) starting from an initial guess
x0 ∈ R

n, a nonlinear conjugate gradient method generates a sequence xk as

xk+1 = xk + αkdk, (1.2)

where αk > 0 is a step size, received from the line search and dk is the search
directions defined by

dk+1 = −gk+1 + βkdk, d0 = −g0, (1.3)
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where gk = ∇f(xk), and βk is an important parameter.The different choices for the
parameter βk correspond to different CG methods. Consider‖ .‖the Euclidean norm
and define yk = gk+1 − gk. The strong Wolfe line search conditions [16] frequently
used in the conjugate gradient methods are as follows:

f(xk + αkdk) − f(xk) ≤ δαkgT
k dk (1.4)

g(xk + αkdk)T dk ≥ σgT
k dk, (1.5)

where dk is a descent direction and 0 < δ < σ < 1.
There are many conjugate gradient methods; a great contribution in this sphere

is given by Hagar and Zhang [13]. Different conjugate methods correspond to differ-
ent values of the scalar parameter βk. Hybrid conjugate gradient methods combine
different conjugate gradient methods to improve the behavior of these methods,
which have been widely studied by many authors (see [1–3, 9, 15]).

The methods of Fletcher and Reeves (FR) [7], of Dai and Yuan (DY) [5] and the
Conjugate Descent (CD) proposed by Fletcher [6] are as follows: βFR

k = ‖gk+1‖2

‖gk‖2 ,

βDY
k = ‖gk+1‖2

yT
k dk

, βCD
k = − ‖gk+1‖2

gT
k dk

have strong convergence properties and, in the
same time, they may have modest practical performance due to jamming [1, 2]. On
the other hand, the following methods of Polak–Ribire [12] and Polyak (PRP) [14],

of Hestenes and Stiefel (HS) [8] or of Liu and Storey (LS) [11]: βPRP
k = gT

k+1yk

gT
k gk

,

βHS
k = gT

k+1yk

yT
k dk

, βLS
k = − gT

k+1yk

gT
k dk

may not always be convergent, but they often have
better computational performances.One of the conjugate gradient method which is
strong in theory is suggested by Hager and Zhang [13]

βHZ
k =

gT
k (yk−1 − 2 ‖yk−1‖2

sT
k−1yk−1

sk−1)

dT
k−1yk−1

. (1.6)

To achieve a method which possesses a good performance and strong convergence,
we suggest a hybridization of CD and HZ methods as a convex combination to
exploit the interesting features of each method.

The structure of the paper is as follows. Section 2 introduces our hybrid con-
jugate gradient algorithm, HYBRID,and proves that it generates descent direc-
tions satisfying the sufficient descent condition under certain circumstances and
algorithm. In Sec. 3, its convergence analysis is shown. In Sec. 4, some numerical
experiments and performance profiles of Dolan–Moré [18] corresponding to this new
hybrid conjugate gradient algorithm are presented. Finally, we make conclusions.

2. A New Hybrid Conjugate Gradient Method

We use the following conjugate gradient parameter where βk presents here the
convex combination of CD and HZ:

βNew
k = (1 − θk)βHZ

k + θkβCD
k (2.1)
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and θk is a scalar parameter satisfying 0 ≤ θk ≤ 1 which is to be determined. Hence,
the direction dNew

k is given by

dNew
0 = −g0, dNew

k+1 = −gk+1 + βNew
k dk. (2.2)

Note that; if θk = 0, then βNew
k = βHZ

k and if θk = 1, βNew
k = βCD

k , from the other
side, if 0 < θk < 1, then the parameter θk is selected in such a way that at every
iteration, the conjugacy condition (dk+1yk = 0). is satisfied independently of the
line search.

Clearly,

dk+1 = −gk+1 + (1 − θk)
1

dT
k yk

(
yT

k gk+1 − 2
||yk||2
dT

k yk
dT

k gk+1

)
dk

+ θk
‖gk+1‖2

−gT
k dk

dk (2.3)

after some algebra, we have

θk =
2 ||yk||2

dT
k yk

dT
k gk+1

‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 + 2 ||yk||2
dT

k yk
dT

k gk+1

. (2.4)

It is possible that θk, calculated as in (1.3), has the values outside the interval [0,
1]. So, we fix it

θk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if
2 ||yk||2

dT
k yk

dT
k gk+1

‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 + 2 ||yk||2
dT

k yk
dT

k gk+1

≤ 0,

2 ||yk||2
dT

k yk
dT

k gk+1

‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 + 2 ||yk||2
dT

k yk
dT

k gk+1

if 0 <
2 ||yk||2

dT
k yk

dT
k gk+1

‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 + 2 ||yk||2
dT

k yk
dT

k gk+1

< 1,

1 if
2 ||yk||2

dT
k yk

dT
k gk+1

‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 + 2 ||yk||2
dT

k yk
dT

k gk+1

≥ 1.

(2.5)

Theorem 2.1. If the relations (2.1), (2.2) hold, then

dNew
k+1 = (1 − θk)dHZ

k+1 + θkdCD
k+1. (2.6)

Proof. We have dNew
k+1 = −gk+1 + βNew

k dk. After adding and subtracting(θkgk+1),
we obtain

dNew
k+1 = (1 − θk)(−gk+1 + βHZ

k dk) + θk(−gk+1 + βCD
k dk) (2.7)

from (2.7), implying

dNew
k+1 = (1 − θk)dHZ

k+1 + θkdCD
k+1.
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The following assumptions are generally utilized in global convergence of CG
algorithms.

Assumption 1. The level set S = {x ∈ IRn|f(x) ≤ f(x0)} is bounded, i.e. there
exists a constant B > 0, such that

||x|| ≤ B, for all x ∈ S. (2.8)

Assumption 2. In a neighborhood N of S, the function f is continuously differ-
entiable and its gradient ∇f(x) is lipschitz continuous, i.e. there exists a constant
0 < L < ∞ such that

||∇f(x) −∇f(y)|| ≤ L||x − y|| for all x, y ∈ N. (2.9)

Under these assumptions, there exists a constant Γ ≥ 0, such that

||∇f(x)|| ≤ Γ, (2.10)

for all x ∈ S ([2]).

2.1. Algorithm and sufficient descent condition

(HCDHZ Algorithm)

Initialization: Choose an initial point x0 ∈ IRn, ε > 0. Compute f(x0) and g0 =
f(x0). Set d0 = −g0, the initial guess α0 = 1

||g0||2 and k = 0.

Step 1: If ||gk|| < ε then Stop, else go to step 2.
Step 2: Compute αk by the strong Wolfe line search (1.4), (1.5).
Step 3: Generate the next iterate by xk+1 = xk + αkdk.
Compute gk+1 = f(xk+1) and yk = gk+1 − gk.

Step 4: If ‖gk+1‖2

−gT
k dk

dT
k yk − yT

k gk+1 +2 ||yk||2
dT

k yk
dT

k gk+1 = 0, then θk = 0, else compute
θk as in (2.6).Compute βk as in (1.2).

Step 5: Compute d = −gk+1+βNew
k dk. If the restart criterion of Powell condition

|gT
k+1gk| ≥ 0.2||gk+1||2 (2.11)

is satisfied, then dk+1 = −gk+1, else define dk+1 = d.
Step 6: Compute the initial guess αk = αk−1

‖dk−1‖
‖dk‖ . Put k = k + 1 and go to

step 1.

First, from Theorem 2.1, we have if θk = 0 then dNew
k+1 = dHZ

k+1 sufficient descent
condition holds for the hybrid method, if it holds for HZ method. Hager and Zhang
prove in ([13]) that dHZ

k+1 satisfies the sufficient descent condition for all k.

Theorem 2.2. If dT
k yk �= 0 and

d0 = −g0, dk+1 = −gk+1 + τdk, (2.12)
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for any τ ∈ [βHZ
k , max{βHZ

k , 0}], then

gT
k+1dk+1 ≤ −7

8
‖gk+1‖2, (2.13)

then the search direction dk satisfies the sufficient descent condition.

Proof. Suppose τ = βHZ
k . Multiplying (2.4) by gT

k+1, we have

gT
k+1dk+1 = −‖gk+1‖2 + βHZ

k gT
k+1dk

=
yT

k gk+1(dT
k yk)(gT

k+1dk) − ‖gk+1‖2(dT
k yk)2 − 2||yk||2(gT

k+1dk)2

(dT
k yk)2

then by the inequality (uT v ≤ 1
2 (||u||2 + ||v||2)), we have

gT
k+1dk+1

≤
1
2 (1

4 (dT
k yk)2‖gk+1‖2 +4(gT

k+1dk)2‖yk‖2)−‖gk+1‖2(dT
k yk)2 − 2‖yk‖2(gT

k+1dk)2

(dT
k yk)2

= −7
8
‖gk+1‖2.

If τ �= βHZ
k , then τ ∈ [βHZ

k , 0]. After multiplying (2.6) by gT
k+1, then we obtain

gT
k+1dk+1 = −‖gk+1‖2 + τgT

k+1dk.

If gT
k+1dk ≥ 0, then (2.7) follows immediately, since τ ≤ 0.
If gT

k+1dk ≥ 0, then

gT
k+1dk+1 = −‖gk+1‖2 + τgT

k+1dk ≤ −‖gk+1‖2 + βHZ
k gT

k+1dk.

Second, from Theorem 2.1 if θk = 1, we have dNew
k+1 = dCD

k+1.
So, if the sufficient descent holds for CD method, it holds for HCDHZ method.

The following theorem prove the sufficient descent for CD method.

Theorem 2.3. Assume that Assumptions 1 and 2 hold, and the conditions (1.4),
(1.5) hold, then the search direction dk satisfies the following sufficient descent
condition:

gT
k+1dk+1 ≤ −K‖gk+1‖2, ∀ k ≥ 0, (2.14)

where K = 1 − σ, ∀ σ < 0.5.

Proof.

dNew
k = dCD

k = −gk+1 +
‖gk+1‖2

−gT
k dk

dk. (2.15)
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Multiplying by gk + 1T , we get

gT
k+1d

CD
k+1 = −gT

k+1gk+1 +
‖gk+1‖2

−gT
k dk

gT
k+1dk

≤ −‖gk+1‖2 +
‖gk+1‖2

−gT
k dk

(−σgT
k dk).

Now, we have

gT
k+1d

CD
k+1 ≤ −(1 − σ)‖gk+1‖2,

where K = 1 − σ > 0.

Finally, (0 < θk < 1): There exist two real numbers μ1, μ2 such that 0 < μ1 ≤
θk ≤ μ2 < 1, Then

gT
k+1d

New
k+1 ≤ μ1g

T
k+1d

CD
k+1 + (1 − μ2)gT

k+1d
HZ
k+1. We evidently can achieve that

there exists a number K > 0, such that

gT
k+1d

New
k+1 ≤ −K‖gk+1‖2. (2.16)

3. Convergence Analysis

Lemma 3.1 ([17]). Assume that Assumptions 1 and 2 hold. Consider any method
of the form (1.1), where dk is a descent direction and αk satisfies the standard Wolfe
conditions (1.4) and (1.5). Then we have that

∑
k≥0

(gT
k dk)2

‖dk‖2
< +∞.

We see that, if αk satisfies the strong Wolfe line searches, then αk must satisfy
the Wolfe line searches. Thus, lemma 3.1 also holds under the strong Wolfe line
searches.

Lemma 3.2 ([10]). Suppose that Assumptions 1 and 2 hold. If dk is a descent
direction and αk satisfies

gk+1dk ≥ σgkdk, σ < 1 (3.1)

then

αk ≥ (1 − σ)
L

|dT
k gk|

‖dk‖2
. (3.2)

Proof. We use (3.1), the Cauchy Schwarz inequality, it holds that

−(1 − σ)gT
k dk ≤ dT

k (gk+1 − gk) ≤ Lαk‖dk‖2.

Since dk is a descent direction and σ < 1, then it is not difficult to get the assertion.
Obviously, from (1.5) and (2.13), the stepsize αk obtained in HCDHZ algorithm

2150187-6
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satisfies (3.2). According to the Assumptions 1 and (2.13), it is easy to obtain that
gT

k dk �= 0 for ∀ k ≥ 0. Thus, αk = 0 does not satisfy (1.5). This indicates that
αk obtained in HCDHZ algorithm is not equal to zero, i.e. there exists a constant
λ > 0 such that

αk ≥ λ, for all k ≥ 0. (3.3)

The following theorem establishes the global convergence of HCDHZ algorithm with
the strong Wolfe line searches.

Theorem 3.1. Consider the iterative method of the form (1.1), (1.6), Let all con-
ditions of Theorem 2.2 hold, then either gk = 0 for some k, or

lim
k→+∞

inf ‖gk‖ = 0. (3.4)

Proof. Suppose that (3.4) does not hold. then there exists r > 0 such that

‖gk‖ ≥ r. (3.5)

From Theorem 2.3, we have

gT
k dk ≤ −K‖gk‖2

, for all K.

The fort wolfe condition gives

dT
k yk ≥ −(1 − σ)gT

k dk ≥ K(1 − σ)‖gk‖2
. (3.6)

It follows, from Assumptions 1 and 2, that

‖yk‖ = ‖gk+1 − gk‖ ≤ ‖xk+1 − xk‖ ≤ L.D, (3.7)

where D is the diameter of {‖sk‖ : k = 0, 1, . . .}.
We have

|βNew
k | ≤ |βHZ

k | + |βCD
k |

≤ ‖yk‖‖gk+1‖
K(1 − σ)‖gk‖2 + 2

‖yk‖2‖dk‖‖gk+1‖
K2(1 − σ)2‖gk‖4 +

‖gk+1‖2

−K(1 − σ)‖gk‖2

≤ γLD

K(1 − σ)r2

(
1 + 2

LD2

λK(1 − σ)r2

)
+

γ2

−K(1 − σ)r2
= M

and

‖dk+1‖ ≤ ‖gk+1‖ + |βNew
k | ‖sk‖

αk

≤ γ + M
D

λ
= E

which implies that
∑
k≥0

1
‖dk‖2

= +∞. (3.8)
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On the other hand, we have that
∑
k≥0

(gT
k dk)2

‖dk‖2
= +∞,

which contradicts with (3.8), Hence, (3.5) does not hold, and the claim (3.4) is
proved.

4. Numerical Example

In this section, we present the computational performance of a Mathematical imple-
mentation of HCDHZ algorithm on a set of unconstrained optimization test prob-
lems. The comparisons with other conjugate gradient algorithms are presented using
the performance profiles of Dolan and Moré [18] and the parameters in the strong
Wolfe line searches are chosen to be δ = 10−4 and σ = 0.1. We stop the iterations if
the criterion ‖gk‖∞ ≤ ε = 10−6 is satisfied. On the one hand, for the ith problem,
let fM1

i and fM2
i be the optimal values obtained by M1 method and M2 method,

respectively. We say that, for the ith particular problem, the performance of M1
method is better than the performance of M2 method if

|fM1
i − fM2

i | < 10−3 (4.1)

and number of iterations, or CPU time of M1 method is less than that of M2
method, respectively. We compare the performance of HCDHZ to the HZ and CD
conjugate gradient algorithms. Figures 1 and 2 represent the performance profiles
of HCDHZ versus HZ and CD based on the CPU time and number of iterations,

Fig. 1.
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Fig. 2.

respectively, and they show that our procedure HCDHZ is better in terms of effec-
tiveness and robustness.

5. Conclusion

In this paper, a new hybrid conjugate gradient algorithm is proposed and ana-
lyzed.The parameter θk is computed as a convex combination of HZ and CD, in
such that the conjugacy condition is satisfied. The sufficient descent and global
convergence was proved and the numerical performance supports the effectiveness
and robustness of our procedure.
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