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Existence and multiplicity of solutions for an elliptic system with nonlinear boundary

Tamrabet Sameh∗, Djellit Ali and Abdelmalek Brahim

abstract: In this paper, we establish some results on the existence of multiple nontrivial solutions for a
class of p(x)−Laplacian elliptic systems. Our approach relies on the variable exponent theory of generalized
Lebesgue–Sobolev spaces, combined with adequate variational methods and a variant of the Mountain Pass
lemma.
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1. Introduction

In this paper, we consider the nonlinear elliptic system ∆p(x)u = |u|p(x)−2
u in Ω

∆q(x)v = |v|q(x)−2
v in Ω

, (1.1)

with the nonlinear coupling at the boundary given by
|∇u|p(x)−2 ∂u

∂η = Fu (x, u, v) , on ∂Ω

|∇v|q(x)−2 ∂v
∂η = Fv (x, u, v) , on ∂Ω

, (1.2)

where Ω is a bounded smooth domain in RN (N ≥ 1) with smooth boundary ∂Ω, p, q ∈ C
(
Ω
)
, ∆p(x)

is so-called p (x)− Laplacian operator, i.e. ∆p(x). = div(|∇.|p(x)−2 ∇.). In the case p (x) = p, then

div
(
|∇u|p−2 ∇u

)
is well-known p−Laplacian and the problem is the usual p−Laplacian equation.

In the recent years, The study of nonlinear boundary value problems with variable exponents has
received much attention. They have frequently appeared in applications such as electro-rheological fluid
modeling [1], [5], [18] and image processing [11], because these problems are worth studying from a
purely mathematical point of view as well.

The study of the existence of infinitely many solutions for the boundary value problems and systems
have received great interest in recent years. We refer here some authors who have studied these types of
problems in RN [6].

In [19], the authors show by the mountain pass theorem, the existence of nontrivial solutions for the
following problem:

∆u = u, ∆v = v in Ω,
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with the nonlinear coupling at the boundary given by

∂u

∂η
= Fu (x, u, v) ,

∂v

∂η
= Fv (x, u, v) on ∂Ω.

By the fixed point argument, the authors in [20] obtains the existence of solutions for the following
problem:

∆u = u, ∆v = v in Ω,

with nonlinear coupling through the boundary given by

∂u

∂η
= f (x, u, v) ,

∂v

∂η
= g (x, u, v) , on ∂Ω.

In [21], the authors consider the existence of weak solutions for the following p−Laplacian system:

−∆pu = |u|p−2
u, −∆qv = |v|q−2

v in Ω,

with nonlinear coupling at the boundary given by

|∇u|p−2 ∂u

∂η
= Fu (x, u, v) , |∇v|q−2 ∂v

∂η
= Fv (x, u, v) on ∂Ω.

This paper is organized as follows. In Section 2, we first present some necessary preliminary results
on variable exponent Sobolev spaces in order to facilitate the reading of the paper. In Section 3, we state
the main results of the paper and we give the proof of the main results.

2. Preliminary results

To study the above nonlinear elliptic systems, we need some results on the generalized Lebesgue-Sobolev
spaces and introduce some notations, which will needed later.
Set

C+

(
Ω
)
=

{
h : h ∈ C

(
Ω
)
, h (x) > 1, for all x ∈ Ω

}
For p ∈ C+

(
Ω
)
, denote by 1 < p− := min

x∈Ω
p (x) ≤ p+ := max

x∈Ω
p (x) < ∞, we introduce the variable

exponent Lebesgue space

Lp(x) (Ω) :=

{
u;u : Ω → R is a measurable and

∫
Ω

|u|p(x) dx < +∞
}
.

We recal the following so-called Luxemburg norm

|u|p(x) := inf

{
α > 0;

∫
Ω

∣∣∣∣u (x)α

∣∣∣∣p(x) dx ≤ 1

}
,

which is separable and reflexive Banach space.
Let us define the space

W 1,p(x) (Ω) :=
{
u ∈ Lp(x) (Ω) ; |∇u| ∈ Lp(x) (Ω)

}
,

equipped with the norm

∥u∥ = inf

{
α > 0;

∫
Ω

∣∣∣∣∇u (x)α

∣∣∣∣p(x) dx+

∣∣∣∣u (x)α

∣∣∣∣p(x) dx ≤ 1

}
, ∀u ∈W 1,p(x) (Ω) .

Theroughout, Let p∗ (x) be the critical Sobolev exponent of p (x) defined by

p∗ =

{
Np(x)
N−p(x) , if p (x) < N

∞, if p (x) ≥ N
,

p∗∂ =

{
(N−1)p(x)
N−p(x) , if p (x) < N

∞, if p (x) ≥ N
.
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Proposition 2.1 ( [9]) If q ∈ C+

(
Ω
)
and q (x) < p∗ (x) for any x ∈ Ω, then the embedding from

W 1,p(x) (Ω) to Lq(x) (Ω) is compact and continuous.

Proposition 2.2 ( [14]) If q ∈ C+

(
Ω
)
and q (x) < p∗∂ (x) for any x ∈ Ω, then the embedding from

W 1,p(x) (Ω) to Lq(x) (∂Ω) is compact and continuous.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the mapping
ρ defined by

ρ (u) :=

∫
Ω

[
|∇u|p(x) + |u|p(x)

]
dx,∀u ∈W 1,p(x) (Ω) .

Proposition 2.3 ( [10]) For u, uk ∈W 1,p(x) (Ω) ; k = 1, 2, ..., we have:

(i) ∥u∥ ≥ 1 implies ∥u∥p
−
≤ ρ (u) ≤ ∥u∥p

+

,

(ii) ∥u∥ ≤ 1 implies ∥u∥p
−
≥ ρ (u) ≥ ∥u∥p

+

,

(iii) ∥uk∥ → 0 if and only if ρ (uk) → 0,

(iv) ∥uk∥ → ∞ if and only if ρ (uk) → ∞,

Proposition 2.4 ( [9]) If u, un ∈ Lp(x) (Ω) , n = 1, 2, ..., then the following statements are mutually
equivalent:

(1) lim
n→∞

|un − u|p(x) = 0,

(2) lim
n→∞

ρ (un − u) = 0,

(3) un → u in measure in RN and lim
n→∞

ρ (un) = ρ (u) .

Theorem 2.1 ( [16]) Let E be an infinite dimensional Banach space and I ∈ C1 (E,R) satisfy the
following two assumptions.

(A1) I (u) is even, bounded from below; I (0) = 0 and I (u) satisfies the Palais-Smale condition (PS);

(A2) For each k ∈ N, there exists an Ak ∈ Γk such that sup
u∈Ak

I (u) < 0.

Then I (u) admits a sequence of critical points uk such that I (uk) < 0; uk ̸= 0 and uk → 0, as
k → ∞.

where Γk denote the family of closed symmetric subsets A of E such that 0 /∈ A and γ (A) ≥ k. Here

γ (A) := inf
{
k ∈ N;∃h : A→ Rk⧹ {0} such that h is continuous and odd

}
,

is the genus of A.

3. Main result and proof

The solution of (1.1)− (1.2) belonging to the product space Wp(x),q(x) (Ω) =W 1,p(x) (Ω)×W 1,q(x) (Ω)
equipped with the norm ∥(u, v)∥ = ∥u∥+ ∥v∥ .

In what follows, Wp(x),q(x) denote Wp(x),q(x) (Ω) .

Definition 3.1 We say that (u, v) ∈ Wp(x),q(x) is a weak solution of (1.1) − (1.2) if for all (z, w) ∈
Wp(x),q(x), ∫

Ω

|∇u|p(x)−2 ∇u∇zdx+

∫
Ω

|u|p(x)−2
uzdx

+

∫
Ω

|∇v|q(x)−2 ∇v∇wdx+

∫
Ω

|v|q(x)−2
vwdx

−
∫
∂Ω

∂F

∂u
(x, u, v) zdx−

∫
∂Ω

∂F

∂v
(x, u, v)wdx = 0,
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The Euler-Lagrange functional associated to problem (1.1) is defined as I :Wp(x),q(x) → R

I (u, v) = J (u, v) + F (u, v) ,

where

J (u, v) =

∫
Ω

1

p (x)

(
|∇u|p(x) + |u|p(x)

)
dx+

∫
Ω

1

q (x)

(
|∇v|q(x) + |v|q(x)

)
dx,

and

F (u, v) = −
∫
∂Ω

F (x, u, v) dσ.

For every (u, v) and (φ,ψ) in Wp(x),q(x)

J ′ (u, v) (φ,ψ) = D1J (u, v) (φ) +D2J (u, v) (ψ)

F ′ (u, v) (φ,ψ) = D1F (u, v) (φ) +D2F (u, v) (ψ)

where

D1J (u, v) (φ) =

∫
Ω

(
|∇u|p(x)−2 ∇u∇φdx+ |u|p(x)−2

uφ
)
dx

D2J (u, v) (ψ) =

∫
Ω

(
|∇v|q(x)−2 ∇v∇ψdx+ |v|q(x)−2

vψ
)
dx

D1F (u, v) (φ) =

∫
∂Ω

∂F

∂u
(x, u, v)φdx

D2F (u, v) (ψ) =

∫
∂Ω

∂F

∂v
(x, u, v)ψdx

Moreover, the functional I (u, v) is well defined and C1
(
Wp(x),q(x),R

)
and we have

I ′ (u, v) (φ,ψ) = D1I (u, v) (φ) +D2I (u, v) (ψ)

If F (x, 0, 0) = Fu (x, 0, 0) = Fv (x, 0, 0) = 0 for all x ∈ ∂Ω, then u ≡ v ≡ 0 is a trivial solution of the
system.

In this paper, we will introduce the following assumptions:

(H1) F ∈ C1
(
∂Ω× R2,R

)
and F (x, 0, 0) = 0.

(H2) According to the Sobolev trace embedding, we impose |F (x, u, v)| ≤ c1 + c2 |u|p1(x) + c3 |v|q1(x) ,
∀ (x, u, v) ∈

(
∂Ω,R2

)
where p1, q1 ∈ C+

(
Ω
)
, p1 < p∗∂ , q1 < q∗∂ , p−1 > p+, q−1 > q+.

(H3) F (x,−s) = −F (x, s) , x ∈ ∂Ω, and s ∈ R2.

Theorem 3.1 Under assumptions (H1)− (H3), Problem (1.1)− (1.2) admits infinitely many nontrivial
solutions.

In order to prove the theorem, we will verify that the symmetric mountain pass theorem can be
applied. We start with the following lemmas.

Lemma 3.1 Under assumptions (H1)− (H3), the functional I is bounded from below

Proof: It is clear that I is even, and I (x, 0, 0) = 0.
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We have

I (u, v) =

∫
Ω

1

p (x)

(
|∇u|p(x) + |u|p(x)

)
dx+

∫
Ω

1

q (x)

(
|∇v|q(x) + |v|q(x)

)
dx

−
∫
∂Ω

F (x, u, v) dσ

≥ 1

p+
ρ (u) +

1

q+
ρ (v)−

∫
∂Ω

F (x, u, v) dσ.

The continuous embedding of W 1,s(x) (Ω) into Lt(x) (∂Ω) such that t < s∗∂ leads us to exist two
constants λ1 and λ2 included in ]0, 1[such that

∥u∥W 1,s(x)(Ω) ≤ λ1 ⇒ ∥u∥Lt(x)(∂Ω) ≤ λ2,

the same argument as in [4],∫
∂Ω

F (x, u, v) dσ ≤ C
(
∥u∥p

−
1

p + ∥v∥q
−
1

q

)
,

Then, for (u, v) sufficientely small, we get

I (u, v) ≥ 1

p+
∥u∥p+p(x) +

1

q+
∥u∥q

+

q(x) − C
(
∥u∥p

−
1

p(x) + ∥v∥q
−
1

q(x)

)
.

As p−1 > p+ and q−1 > q+, I is bounded from below and coercive. 2

Lemma 3.2 Let (un, vn) be a Palais-Smale sequence for the Euler-Lagrange functional I. If conditions
(H1)− (H3) are satisfied, then (un, vn) is bounded.

Let (un, vn) be a Palais-Smale sequence for the functional I. This means that I(un, vn) is bounded
and ∥I ′(un, vn)∥∗ → 0 as n → +∞. By coercivity of the functional I, we deduce that the sequence
(un, vn) is bounded.

Lemma 3.3 Let (un, vn) be a Palais-Smale sequence for the Euler-Lagrange functional I. If conditions
(H1)− (H3) are satisfied, then (un, vn) contains a convergent subsequence.

Proof: Let (un, vn) be a Palais-Smale sequence for I. By lemma 3.4 the sequence (un, vn) is bounded
in Wp(x),q(x). Since Wp(x),q(x) is reflexif and separable Banach space, then there is a subsequence again
denoted by (un, vn) which converges weakly in Wp(x),q(x). Namelly (un, vn)⇀ (u, v) weakly in Wp(x),q(x).

⟨I ′ (un, vn)− I ′ (u, v) , (un − u, 0)⟩ =

∫
Ω

((
|∇un|p(x)−2 ∇un − |∇u|p(x)−2 ∇u

)
∇ (un − u)

+
(
|un|p(x)−2

un − |u|p(x)−2
u
)
(un − u)

)
dx

−
∫
∂Ω

(
∂F

∂u
(x, un, vn)−

∂F

∂u
(x, u, v)

)
(un − u) dσ,

we get

⟨I ′ (un, vn)− I ′ (u, v) , (un − u, 0)⟩ → 0,∫
∂Ω

∂F

∂u
(x, u, v) (un − u) dσ → 0,

un → u in Lp(x) (Ω) , un → u in Lp(x) (∂Ω) as n→ ∞, then∫
Ω

(
|un|p(x)−2

un − |u|p(x)−2
u
)
(un − u) dx→ 0,
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as n→ ∞, we obtein∫
∂Ω

∂F

∂u
(x, un, vn) (un − u) dσ

≤
∫
∂Ω

∣∣∣c1 + c2 |u|p1(x) + c3 |v|q1(x)
∣∣∣ |un − u| dσ

≤ c1 |un − u|1 +
∣∣∣|u|p1(x)

∣∣∣
p′
1(x)

|un − u|p1(x)
+
∣∣∣|u|q1(x)∣∣∣

q′1(x)
|un − u|q1(x) ,

such that 1
p1(x)

+ 1
p′
1(x)

= 1, 1
q1(x)

+ 1
q′1(x)

= 1.

We get |un − u|1 → 0,
∣∣∣|u|p1(x)

∣∣∣
p′
1(x)

,
∣∣∣|u|q1(x)∣∣∣

q′1(x)
are bounded and |un − u|p1(x)

→ 0, |un − u|q1(x) →
0.

To show that ∇un → ∇u strongly, we use the following inequality, for any ζ, η ∈ RN : 22−p |ζ − η|p ≤
(
|ζ|p−2

ζ − |η|p−2
η
)
(ζ − η) ,

(p− 1) |ζ − η|2 (|ζ|+ |η|)p−2 ≤
(
|ζ|p−2

ζ − |η|p−2
η
)
(ζ − η)

if p ≥ 2
if 1 < p < 2

.

We put
Up = {x ∈ Ω, p (x) ≥ 2} Vp = {x ∈ Ω, 1 < p (x) < 2} ,
Uq = {x ∈ Ω, q (x) ≥ 2} Vq = {x ∈ Ω, 1 < q (x) < 2} ,

Therefore for p (x) ≥ 2, using the above inequality, we have∫
Up

|∇un −∇u|p(x) dx ≤ c
∫
Up

(
|∇un|p(x)−2 ∇un − |∇u|p(x)−2 ∇u

)
(∇un −∇u) dx→ 0.

Thus we get
∫
Ω
|∇un −∇u|p(x) dx→ 0.

For 1 < p (x) < 2, we have∫
Vp

|∇un −∇u|p(x) dx ≤
∫
Vp

|∇un −∇u|p(x) (|∇un|+ |∇u|)
p(x)(p(x)−2)

2 (|∇un|+ |∇u|)
p(x)(2−p(x))

2 dx

≤ 2
∣∣∣|∇un −∇u|p(x) . |∇un +∇u|

p(x)(p(x)−2)
2

∣∣∣
2

p(x)

×
∣∣∣|∇un +∇u|

p(x)(2−p(x))
2

∣∣∣
2

2−p(x)

≤ 2max
i=±

(∫
Ω
|∇un −∇u|2 |∇un +∇u|p(x)−2

dx
) pi

2

max
i=±

(∫
Ω
|∇un +∇um|p(x) dx

) 2−pi

2

≤ 2max
i=±

(p− − 1)
−pi

2 .max
i=±

[∫
Ω
|∇un|p(x)−2 ∇un (∇un −∇u) dx

−
∫
Ω
|∇u|p(x)−2 ∇u (∇un −∇u) dx

] pi

2

max
i=±

(∫
Ω
|∇un +∇um|p(x)

) 2−pi

2

.

Then
∫
Ω
|∇un +∇um|p(x) → 0.

Finally we obtain un → u, in W 1,p(x) (Ω) .
By the same above argumentn we can obtain vn → v, in W 1,q(x) (Ω). 2

Lemma 3.4 Assume (H1)− (H3) hold. Then for each k ∈ N , there exists an Ak ∈ Γk such that

sup
u∈Ak

I(u, v) < 0.

Proof: Let w1, w2, ..., wk ∈ C∞(Ω) such that

{x ∈ ∂Ω;wi(x) ̸= 0} ∩ {x ∈ ∂Ω;wj(x) ̸= 0} = ∅, if i ̸= j,

and
|{x ∈ ∂Ω;wi(x) ̸= 0}| > 0,

∀i, j ∈ {1, 2, ...k} .
Taking Fk = span {w1, w2, ..., wk}; clearly dimFk = k.
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Denote S =
{
w ∈Wp(x),q(x); ∥w∥ = 1

}
and for 0 < t ≤ 1, Ak(t) = t(Fk ∩ S). For all t ∈ ]0, 1],

γ (Ak (t)) = k. We show now that for any k ∈ N∗, there exists t such that

sup
u,v∈Ak(t)

I (u, v) < 0,

Indeed, we have

sup
u∈Ak(t)

I (u, v) ≤ sup
w∈Fk∩S

I (tw) = sup
u0,v0∈Fk∩S

I (tu0, tv0)

= sup
u0,v0∈Fk∩S

{∫
Ω

1

p (x)

(
|∇tu0|p(x) + |tu0|p(x)

)
dx

+

∫
Ω

1

q (x)

(
|∇tv0|q(x) + |tv0|q(x)

)
dx−

∫
∂Ω

F (x, tu0, tv0) dσ

}

= sup
u0,v0∈Fk∩S

{∫
Ω

tp(x)

p (x)

(
|∇u0|p(x) + |u0|p(x)

)
dx

+

∫
Ω

tq(x)

q (x)

(
|∇v0|q(x) + |v0|q(x)

)
dx− c

∫
∂Ω

|tu0|p1(x) dσ

−c
∫
∂Ω

|tv0|q1(x) dσ − c |Ω|
}

≤ sup
u0,v0∈Fk∩S

{
tp

−

p−
ρ (u0) +

tq
−

q−
ρ (v0)− ctp

+
1

∫
∂Ω

|u0|p1(x) dσ

−ctq
+
1

∫
∂Ω

|v0|q1(x) dσ − c |Ω|
}

≤ sup
u0,v0∈Fk∩S

{
tp

−

p−
+
tq

−

q−
− ctp

+
1

∫
∂Ω

|u0|p1(x) dσ − ctq
+
1

∫
∂Ω

|v0|q1(x) dσ − c |Ω|

}

It is easy to verify that sup
u∈Ak

I (u, v) < 0, for t sufficiently large. 2

Proof: (of theorem 3.2)
Evidently, I(0, 0) = 0 and I is an even functional. Then by Lemmas (3.3), (3.4), (3.5) and (3.6),

conditions (1) and (2) of Theorem 2.5 are satisfied. Then, by Theorem 2.5, problem (1.1)-(1.2) admits an
infinitely many solutions (uk, vk) ∈ W which converging to 0 and (u0, v0) can be supposed nonnegative
since I(u0, v0) = I(|u0| , |v0|). 2
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